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1 Introduction

Gauged supergravity is a very useful tool in many areas of string theory such as flux
compactifications and the AdS/CFT correspondence (see [1] for a review). Due to these
applications, gauged supergravities in various dimensions as well as their Kaluza-Klein
(KK) dimensional reductions have been extensively explored. It is well known that lower-
dimensional gauged supergravities can be obtained from dimensional reductions of higher-
dimensional theories. Up to now, many examples have appeared and amongst them, [2,
3] and [5-8] are recognizable primary examples. In this paper, we are interested in
gauged supergravities in three dimensions in order to incorporate both the principle of
c-extremization and null-warped AdS3 solutions.



The complete classification of Chern-Simons gauged supergravities in three dimensions
has been given in [9]. Most theories constructed in this formulation have no known higher-
dimensional origin. The three-dimensional gauged supergravities obtainable from dimen-
sional reductions form a small part, with non-semisimple gauge groups, in this classifica-
tion [10]. Unlike in higher-dimensional analogues, only a few examples of three-dimensional
gauged supergravities, which play an important role in AdS3/CFT5 correspondence, have
been obtained by dimensional reductions [11-13]. In this paper, we will extend this list
with more examples of gauged supergravities in three dimensions arising from wrapped
D3-branes in type IIB supergravity.

Recently, c-extremization for N' = (0,2) two-dimensional SCFT’s has been proposed
and various examples of gravity duals in five- and seven-dimensional gauged supergravities
exhibited [14, 15]. Recall that c-extremization is a procedure that allows one to single
out the correct U(1)gr symmetry of the CFT from the mixing with other U(1) symme-
tries. Soon after, c-extremization was formulated purely in the context of the AdS3/CFTy
correspondence by explicitly showing that, in the presence of a gauged SO(2)r ~ U(1)g
R symmetry, the so-called T tensor of the three-dimensional gauged supergravity can be
extremized leading to the exact central charge and R symmetry [16]. This realization is
similar to how a-maximization of four-dimensional SCFT’s [17] can be encoded in five-
dimensional gauged supergravity [18] in the context of the AdS5/CFT, correspondence.!
Interestingly, in three dimensions, not only is the central charge reproduced, but the mo-
ment maps comprising the 7" tensor give information about the exact R symmetry. In this
work we will provide more details of the results quoted in [16] and also exhibit another
(related) example by considering twists of generic SCFT’s with Sasaki-Einstein duals.

In three dimensions, where a vector is dual to a scalar, the matter coupled super-
gravity theory can be formulated purely in terms of scalar fields resulting in a non-linear
sigma model coupled to supergravity. N’ = 2 supersymmetry in three dimensions requires
the scalar target manifold to be Kéahler. Gaugings of the theory are implemented by the
embedding tensor specifying the way in which the gauge group is embedded in the global
symmetry group. In general, the moment map of the embedding tensor, given by scalar
matrices V, determines the T' tensor which plays an important role in computing the scalar
potential and supersymmetry transformations. As a general result, NV = 2 supersymmetry
allows any proper subgroup of the symmetry to be gauged. Furthermore, there is a possi-
bility of other deformations through a holomorphic superpotential W. The scalar potential
generally gets contributions from both the 7" tensor and the superpotential. However, any
gauging of the R symmetry requires vanishing W.

The particular higher-dimensional theories we choose to reduce can all be motivated
from the perspective of ten dimensions. From either an analysis of the Killing spinor
equations [20], or by following wrapped D-brane intuition [21], it is known that supersym-
metric AdS3 solutions supported by the five-form RR flux of type IIB supergravity, or in
other words, those corresponding to wrapped D3-branes, have seven-dimensional internal
manifolds Y7 and bear some resemblance to Sasaki-Einstein metrics. More precisely, Y7

'A concrete realization is presented in [19].



can be expressed locally in terms of a natural U(1) fibration (the R symmetry) over a
six-dimensional Kéhler base that is subject to a single differential condition

1 -
OR = 5}22 — R;;RY, (1.1)

where R and R;; are, respectively, the Ricci scalar and Ricci tensor of the metric of the
Kéhler manifold. Through the supersymmetry conditions [20, 21], the Ricci scalar R is
related to an overall warp factor for the ten-dimensional space-time.

Of course the above equation can be simplified considerably by assuming that the
Kahler manifold is also Einstein, but in general, solutions with non-trivial warp factors can
be difficult to find. A search for IIB solutions tailored to this context can be found in [22],
where a solution originally found in [23] was recovered. The challenges here are reminis-
cent of generalisations of direct-product AdS,; and AdS5 solutions to warped products. To
support this observation, we recall that, for an Ansatz covering the most general supersym-
metric warped AdSs solutions of type IIB supergravity [24], the only warped geometry?
noted by the authors beyond the special case of Sasaki-Einstein was the Pilch-Warner solu-
tion [26]. On a more recent note, warped AdSy solutions of eleven-dimensional supergravity
generalising Sasaki-Einstein have been found [27, 28]. In the face of these difficulties, it is a
pleasant surprise to witness the ease at which supersymmetric solutions with warp factors
can be constructed in five-dimensional supergravity through twisted compactifications on a
constant curvature Riemann surface 3 of genus g and how the principle of c-extremization
accounts for the central charge and exact R symmetry of the dual N' = (0,2) SCFT [14, 15].

c-extremization aside, we can further motivate the study of three-dimensional gauged
supergravities through the continued interest in “null warped” AdSs space-times. Over the
last few years, we have witnessed a hive of activity surrounding warped AdSs space-times
and their field theory duals [29], primarily in Topologically Massive Gravity (TMG) [30, 31].
Indeed, the mere existence of these solutions and the fact that they are deformations of
AdS3 with SL(2,R) x U(1) isometry, raises very natural questions about the putative
dual CFT. Since relatively little is known about these theories, the common approach
is to extract information holographically from warped AdS3 solutions. To date, in three
dimensions, warped AdS3 solutions have cropped up in a host of diverse settings, including
of course, solutions [29, 32, 33] to TMG, solutions [34] to New Massive Gravity [35], Higher-
Spin Gravity [36], topologically gauged CFTs [37] and three-dimensional gravity with a
Chern-Simons (CS) Maxwell term [38], where the latter is embeddable in string theory.
As we shall see, within the last class of three-dimensional theories, one also finds gauged
supergravities.

Indeed, “null warped” AdSs are central to efforts to generalise AdS/CFT to a non-
relativistic setting, where holography may be applicable to condensed matter theory via
a class of Schrodinger space-times. Taking the catalyst from [39, 40], through fledgling
embeddings in string theory [41-44], various attempts have been made to provide a working
description of non-relativistic holography. On one hand, one may wish to start with a

2A class of solutions can be generated via TsT transformations [25] starting from AdSs x S°, but as the
transformation only acts on the internal S°, the final solution is not warped.



recognisable theory with Schrodinger symmetry, such as a non-relativistic limit [45, 46]
of ABJM [47], but holographic studies [48-50] fail to capture the required high degree of
supersymmetry. On the other hand, if one starts from gravity solutions with Schrédinger
symmetry, one may be more pragmatic and obtain an effective description of the dual non-
relativistic CFT, valid at large N and strong coupling [51].> Similar points of view were
also advocated in [55-57]. Whether the dual theory is a genuine CFT as proposed in [29],
or some warped CFT, is an open question drawing considerable attention.

The structure of the rest of this paper is as follows. In section 2, we present an overview
of our knowledge of supersymmetric AdSs geometries arising from wrapped D3-branes. In
section 2.2, we focus on geometries with a U(1) R symmetry dual to N = (0,2) SCFT’s and
present known examples preserving at least four supersymmetries, all of which will corre-
spond to the vacua of the gauged supergravities we discuss later. In section 3, we provide
more details of the KK reduction reported in [16]. In section 4.1, we present the three-
dimensional gauged supergravity corresponding to a twisted compactification of an N =1
SCFT with a generic Sasaki-Einstein dual. In section 4.2, we generalise the KK reduc-
tions discussed in [38] and identify the corresponding gauged supergravities. In section 5
we present some simple constructions of null-warped AdSs, or alternatively Schrédinger
geometries with dynamical exponent z = 2, before discussing some open avenues for future
study in section 6.

2 AdS; from wrapped D3-branes

2.1 Review of wrapped D3-branes

In this section we review supersymmetric AdSs geometries arising from D3-branes wrapping
calibrated two-cycles in manifolds with SU(2), SU(3) and SU(4) holonomy. To this end, we
follow the general ten-dimensional classification presented in [21] and later indicate where
particular explicit solutions fit into the bigger picture. The approach of [21] builds on
earlier work concerning wrapped Mb-branes [59, 60] and M2-branes [61].

We recall that the general “wrapped-brane” strategy [59] involves first assuming that
AdS3 geometries start off as warped products of the form

dsy = L™ 'ds® (R) + ds* (M), (2.1)

where both the warp factor L and the metric on Mg are independent of the Minkowski
factor. Here the Minkowski space-time should be regarded as the unwrapped part of the D3-
brane, and as expected, the D3-branes source a self-dual RR five-form flux F5 = © + %10
invariant under the symmetries of the Minkowski factor.

For the particular geometries of interest to us, the metric and the flux for the geometry
may be expressed as [21]

ds?y = L 1ds? (RM) + ds? (Myg) + Lds? (R8_2d> :
© =vol (RM) Ad (L7 Jaq) , (2.2)

3Separately it has been argued [52, 53] that generic non-relativistic quantum field theories have a holo-
graphic description in terms of Horava gravity [54].
4See [58] for a recent discussion.



wrapped brane | manifold | supersymmetry | R symmetry
Kéhler 2-cycle CYs N = (4,4) SO(4) x U(1)
Kéahler 2-cycle CYs N =(2,2) U(1) x U(1)
Kéhler 2-cycle CY, N =(0,2) U(1)

Table 1. Wrapped D3-brane geometries and their supersymmetry.

where d = 2,3,4. In each case we require the existence of globally defined SU(d) struc-
tures, specified by everywhere non-zero forms Jog, {294 on Moy, The accompanying torsion
conditions follow from the SU(4) x R case of [62], with the conditions for smaller structure
groups being determined through decompositions of the form

Jadro = Jag + TN 22,

Qogra = Qog A <€2d+1 + i62d+2) . (23)

As explained in detail in [21], the supersymmetry conditions for AdSs space-times may
then be derived by introducing an AdSs radial coordinate r, writing the (unit radius) AdSs
metric in the form

ds? (AdSs) = e ?"ds* (RM) + dr?, (2.4)

redefining the warp factor, L = e?"\, and performing a frame rotation of the form
A"2dr = sin 01 + cos 0 0, (2.5)

where 0 parametrises the frame-rotation, which is further assumed to be independent of the
AdSs radial coordinate, and 4, v are respectively unit one-forms on My; and the overall
transverse space.” Omitting various technicalities associated to this frame-rotation one ar-
rives at a simple but effective derivation of the supersymmetry conditions for various AdSs
space-times of type IIB supergravity. A summary of the outcome may be encapsulated in
table 1 which we reproduce from [21].

As can be seen from the above table, in each case the cycle being wrapped is the same,
but as the dimensionality of the Calabi-Yau n-fold (CY},) increases, the preserved super-
symmetry decreases. For D3-branes wrapping Kéhler two-cycles in C'Y2 manifolds, one can
generically have SO(4) x U(1) R symmetry provided the radial direction (2.5) involves a
rotation. Upon analytic continuation, one recovers the half-BPS LLM solutions [63] with
isometry R xSO(4) x SO(4) x U(1), however there appear to be no known AdS3 space-times
in this class. On the contrary, when # = 0, i.e. when the radial direction is purely trans-
verse, one recovers the well known AdSs x S3 x C'Ys solution® with R symmetry SO(4). In
either case the supersymmetry is N' = (4,4).

®For SU(4) structure manifolds there is no transverse space so there = /2.

5Specialising to C'Ys = T* and performing T-dualities we arrive at the usual form of the D1-D5 near-
horizon sourced by three-form RR flux. We also remark that the geometry sourced by five-form flux and
three-form flux are also related via fermionic T-duality [64] as explained in [65].



For D3-branes wrapping Kéhler two-cycles in C'Y3, supersymmetry is reduced to N =
(2,2), while the associated R symmetry group is U(1) x U(1). Examples of these space-
times can be found in the literature [66, 67]. Finally, for D3-branes wrapping Kéhler two-
cycles in C'Yy the dual SCFTs preserve N' = (0,2) supersymmetry and the U(1) Killing
direction is dual to the R symmetry. A rich set of examples of these geometries exist in
the literature [14, 15, 22, 23, 67, 68]. In the notation of [21], the metric and flux may be
expressed as

ds?, = A\ 7tds? (AdS3) 4+ Ads? (Mg) + A7 (dy + B)?, (2.6)
© = vol (AdS3) A [d (A"%(dy + B)) —2A71J], (2.7)

where 0y, is the Killing vector dual to the R symmetry. The SU(3) structure manifold Mg
is subject to the the conditions [21]:

dJ =0, (2.8)
J2ANdB = §A2J3, (2.9)
dQ = 2i(dy + B) A Q2. (2.10)

The first condition implies that Mg is a Kéhler manifold, while the last condition simply
identifies the Ricci form R = 2dB.

2.2 D3-branes with N/ = (0,2) SCFTs duals

Now that we have covered AdSs space-times arising from D3-branes wrapping Kéhler two-
cycles in Calabi-Yau manifolds in a general manner, here we focus on the particular case
where the manifold is C'Y,. Since this case preserves the least amount of supersymmetry,
it includes geometries dual to two-dimensional SCFTs with N = (2,2) and N' = (4,4)
supersymmetry as special cases.

While the characterisation of wrapped D3-branes [21] presented in the previous section
offers a welcome sense of overview, henceforth we switch to the notation of [22], which is
itself based on the work of [20]. The generic AdSs solutions corresponding to wrapped
D3-branes are then of the form [22],

1
ds? = L* [62Ad82 (AdS3) + 162’4 (dz + P)* 4 ¢ 24ds? (Mﬁ):| ,

Fy = LA VOl(Ang) A I:;J — éd (€4A (dZ + P))]
1 4 1
L [T ARA @z + P)+ 5 o dR (2.11)

where L is an overall scale factor, *¢ refers to Hodge duality with respect to the metric of the
Kihler space, dP = R, with R being the Ricci form on Mg.” The warp factor is related to

"The Ricci form is defined by Rij = %RUMJM, where R;jj; is the Riemann tensor. Recall also that the
Ricci scalar R and the Ricci tensor R;; may be expressed in terms of the Ricci form as R = J i Ri; and
Rij = —J;"Ru;.



the Ricci scalar through 8¢e=#4 = R, a relation that can be inferred from (2.9). The closure
of F5 leads to the differential condition on the curvature (1.1). Finally, to make direct
comparison with the previous incarnation of this solution (2.6), one can simply redefine

A=e 24 =2, P=2B, Q=¢7Q, (2.12)

where we have added a tilde to differentiate between complex forms. The five-form
fluxes (2.7) and (2.11) are related up to a factor of —4 and follow from the choice of nor-
malisation adopted in [20]. This point should be borne in mind when making comparisons.

Examples. To get better acquainted with the form of the general soution, we can con-
sider some supersymmetric solutions that will correspond later to the vacua of our gauged
supergravities. We begin with the well-known AdSs; x S3 x T* solution corresponding to
the near-horizon geometry of two intersecting D3-branes. Via T-duality it is related to the
D1-D5 near-horizon where the geometry is supported by a RR three-form.

To rewrite the solution in terms of the general description (2.11), we take

A =0,
dz 4+ P = (d¢3 — cos ¢1de2) ,
ds* (Mg) = ds* (T*) + i (d¢? + sin® ¢1de3) , (2.13)

where ¢; parametrise the coordinates on the S normalised to unit radius, the same radius
as the AdSs factor. Despite this solution fitting into the general ten-dimensional framework,
it preserves sixteen supercharges and is dual to a SCFT with A" = (4,4) supersymmetry.

Before illustrating the most general solution of [14, 15] in its ten-dimensional guise, we
can satisfy the required supersymmetry condition

a1+ az + a3 = —k, (2.14)

where & is the curvature of the Riemann surface 3, more simply through setting all the a;
equal, a; = %, and taking the Riemann surface to be a unit radius Hyperbolic space, kK = —1.
This solution originally featured in [67]. With these simplifications the solution reads

3
4 1 N 2
ds? = 5ds? (AdSy) + 5ds? (H2) + Y dye? + if (d%- +A) , (2.15)
i=1
32 4 >
Fs=(1 ~ 22 5ol (A 1(H?) — — vol (A 2 A (dpi+ A)
5= (1+%) | =g vol( dS3) A vol (H?) 57 Vol ( dsg)A;d(M,)A de; + :
where the p; are constrained so that Z?Zl u? = 1. Note now that all A; are equal,

A; = A, and dA = — 1 vol(H?). It is easy to determine the one-form K = fe*4(dz + P)
corresponding to the R symmetry direction

Kzg ng;uf <dtpi+fl)

, (2.16)




and check that it has the correct norm K? = €24 = 2 [20]. Taking into account the

factor of —4 in the definitions of the flux, and also setting L = 1, we then learn from
comparing (2.11) with (2.15) that

3
32 4 R
— ZZVol(H?) — — 2 i+ A) =2 2ARK). .
g1 VolH") — 5 ;:1 d(p;) A (dei + A) J+d(e*"K) (2.17)
One can then determine J
4 2 &
_ = 2 < 2 . A
J = g vol (H?) + ;:1: A (i) A (api+ A), (2.18)

which comes with the correct factor of vol(H?),

4 4
5 (M) = o ds? (1) + [0+ i+ i + st (s = o)
+ udid (dey — dws)® + 3p3 (dws — dgs)? |, (2.19)

so that vol(Mg) = %J 3. Observe also that J is independent of K since p;du; = 0 follows
from the fact that the pu; are constrained. In addition, the final difference in angular
coordinates @9 — @3 can be written as a linear combination of the other two, so we only
have four directions separate from those along the H2. As a further consistency check, we
have confirmed that the Ricci scalar for Mg is R = 8¢~*4, in line with our expectations.

We can now repeat for general a; subject to the single constraint (2.14). This also
comprises the only example we discuss where the warp factor A is not a constant. In the
notation of [14, 15], the ten-dimensional solution is

3
ds? = A3 |2 ds? (AdSs) + €29ds? (zg)] +A72Y) X (du? + 7 (di + Ai)Q) . (2.20)
=1

3

_ 3f+2 i(v2,2 a; 2
Fy = (1+%)vol (Ang)/\;e f+2g [2){ (X2uZ-A) VOI(EQ)—Wd (,U«i)/\(dSO‘f'Ai)],
where
3
A= "Xpi,  XiXpX3=1, (2.21)
=1

and as before the u; are constrained. The constrained scalars X; can be expressed in terms
of two scalars ¢; in the following way

1 2

X, = e*§<*6<ﬂ1+\/5902)’ X, = e*g(%%*ﬁﬂ@) X5 = e Vel (2‘22)



To give the full form of the solution one also needs to specify the values of the various
warp factors e/, e9 and scalars X; [14]:8

o 2 29 a1 X9 + as Xy
= et = —————,
X1+ Xo+ X3 2
xyxpt = aletasma) oy e 0ot as o) (2.23)

az (a1 + az — az)’ as (a1 + a2 —agz)
From the higher-dimensional perspective afforded to us here, the canonical R symmetry

corresponds with the Killing vector [15]

3
X,
Op =2y ——F——0,,. 2.24
P ; Xl + X2 T X3 Pi ( )
Again, one is in a position to determine the dual one-form
3
K =elA72 Y (dei+ Ay) (2.:25)

i=1

2

and confirm that it squares correctly K2 = ¢4 = Aze?f. Proceeding in the same fashion

as above, one can then determine J

3
1 S 3f (.2 O 53
=N A i F A + 20 (205 + k) 2263 vol (2|, (2.2
J ;4[ ai(Qai—i—n)e d (p7) A (dg; + A;) + a(a~|—/-£)HuZe vol (Zg) ], (2.26)

where we have adopted the notation of [15], namely

O = a% + a% + a% —2(a1az + aras + azasz) ,
Il = (*al + as + a3) (a1 —as + CL3) (a1 + a2 — ag) . (227)

The accompanying expression for the manifold Mg is

ds? (M) = Ae? 2 ds? () + € [Xfldu% + X5 dpd + X5

X X
+ A #3 (XaDer — X1Dg2)? + “Zpiid (XsDpr — XiDegs)?
X
+K1M%M§ (X3Dp2 — X2D<P3)2] ; (2.28)

where we have further defined Dyp; = dg; + A;. One can check it is consistent with
the expression for J and furthermore that one recovers the previous expressions upon
simplification, i.e. setting a; = %, k= —1.

These solutions will all be utilised later when we come to discuss three-dimensional
gauged supergravities with vacua corresponding to the above supersymmetric solutions. In
the next section, we begin by discussing an example of a generic reduction, in other words
one where the warp factor is not a constant, by providing further details of the reduction

and resulting three-dimensional N' = 2 supergravity initially reported in [16].

8The solutions with g = 1 were studied in [69], while for g = 0, g > 1, modulo issues related to the
range of the parameters, the solutions can be mapped to (4.6) of [70] through interchanging the scalars
¢1 <> —¢2 and redefining the parameters accordingly a; = —em;/(mi1 + ma + m3), where e = 1 for Xy = 52
and ¢ = —1 for $y; = H.



3 An example of a generic reduction

In this section we illustrate an example of a generic reduction, where we use the word
“generic” to draw a line between dimensional reductions with non-trivial warp factors
from the ten-dimensional perspective, and those that are direct products. Recall that,
in addition to the famous KK reductions based on spheres [2, 3, 5-8], which give rise
to maximal gauged supergravities in lower dimensions, generic KK reductions based on
gaugings of R symmetry groups, notably gaugings of U(1) R symmetry [71, 72] and SU(2)
R symmetry [73, 74] exist despite the internal space not being a sphere. This observation
leads to the natural conjecture [72] that gaugings of R symmetry groups are intimately
connected to the existence of consistent KK dimensional reductions. Here should be no
exception, so we expect that one can gauge the existing U(1) R symmetry present in (2.11)
and reduce to three dimensions.

However, in contrast to similar reductions to four and five dimensions, for instance [71,
72], here in addition to retaining the gauge field from the R symmetry gauging, we also
require an additional scalar so that the three-dimensional gauged supergravity fits into the
structure of N' = 2 gauged supergravity as laid out in [9]. More concretely, we require
an even number of scalars to constitute a Kahler scalar manifold. While the reduction we
discuss presently assumes additional structure for the Mg, i.e. the existence of a Riemann
surface, it would be interesting to identify truly generic reductions without having to specify
the internal six-dimensional Kéahler manifold.

Here we will present further details of the dimensional reduction from five-dimensional
U(1)? gauged supergravity to three-dimensional N' = 2 gauged supergravity reported
in [16]. While not being the most general reduction, from the ten-dimensional vantage
point it provides a neat example of a reduction where the warp factor, and the associated
Ricci scalar of the internal Mg, is not a constant. We also do not need to address the full
embedding of the three-dimensional theory in ten dimensions, since we can work with the
U(1)? gauged supergravity in five dimensions.

The bosonic sector of the action for five-dimensional U(1)? gauged supergravity can
be found in [75]. Tt arises as a consistent reduction from type IIB on S°; so it is directly

9

connected to ten dimensions” via the equations of motion, and corresponds to the special

case where only the SO(2)? Cartan subgroup of SO(6) is gauged. The action reads

2 3
1 1 o .
Ls=Rx1— §Zd4pi/\*d<pi—§ZXi F" N\ xF"
i=1 =1
3
+4g°> " X; ol +F A F? A A, (3.1)
i=1

9The bosonic sector also appears as a reduction from D = 11 supergravity [76] where it is based on
the existence of near-horizon black holes [77]. Interestingly, one can start from D = 11 and reduce to
D=4 U(l)4 gauged supergravity, which, for consistency, requires F* A F? = 0. Taking a near-horizon
limit prescribed in [77] one finds the bosonic sector of D = 5 U(1)® gauged supergravity, without such
a condition.

,10,



where ¢ is the gauge coupling and the constrained scalars X; we have defined earlier (2.22).
From varying the potential with respect to the scalars it is easy to see that there is only a
single supersymmetric AdSs vacuum at X; = 1.

As commented in [75], or by inspection from the equations of motion in appendix C,
one can consistently truncate the theory by setting first o = 0 implying that X; = X =
X5 /2 This truncation is consistent provided F! = F?. Furthermore, one can take an
additional step and set 1 = 0 leading to minimal gauged supergravity in five dimensions.

Dimensional reduction. As it turns out, this dimensional reduction can be performed
consistently at the level of the action. Simply put, this means that we can adopt the
space-time metric Ansatz

ds? = e 19453 + 29ds*(3,) (3.2)
where ¥ is a constant curvature Riemann surface of genus g and we have used C' to denote
the scalar warp factor in five dimensions. In addition, we have orchestrated the warp factors
so that we arrive directly in Einstein frame in three dimensions.

The metric on the Riemann surface may be expressed as

ds? (8,) = e (de + dy2) , (3.3)

where the function h depends on the curvature s of the Riemann surface. It is respectively,
h=—log ((1+2%+4%)/2) (k =1), h =log(2m)/2 (k = 0) and h = —log(y) (k = —1),
depending on whether the genus is ¢ = 0,g = 1, or g > 1. In addition, one takes the
following Ansatz for the field strengths,

F'=G" —a;vol (%), (3.4)

where closure of F' ensures that a; are constants and G* is closed, G = dB".
In doing the reduction at the level of the action the following expression for the five-
dimensional Ricci scalar is useful

R+1=Rx31—6dC A*3dC + 2ke 5 %3 1. (3.5)

The resulting three-dimensional action in Einstein frame is

2 3
1 1 —2 i i
£B =R x3 1 — 6dC A x3dC — 3 -2_1 d; A *3dp; — 56’40 E_l X; 2GE A %3G

3
1
+ (Z [4g2e4CX;1 - 268%3)(;2} + 2/<;eGC> s1+ L0 (3.6)

where the topological term takes the form

£

top =01 B*NG® +aaB* NG' + a3B' A G, (3.7)

We remark that the reduction and the resulting potential appeared previously in [78].
In appendix C, we have confirmed that it is indeed consistent.
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Dualising the action. Now that we have the action, we would like to rewrite it in the
form of a three-dimensional non-linear sigma model coupled to supergravity so that we can
make contact with three-dimensional gauged supergravities in the literature [9]. We take
our first steps in that direction by dualising the gauge fields, or more appropriately, their
field strengths, and replacing them with scalars:

G' = X274« DY;, DY) =dY; + azB% 4 ayB3,
G? = X2e74Y 4« DY,, DYy =dYs + a1 B® + a3B?,
G? = X274 4« DY;, DY =dY3+ a1 B>+ ayBh. (3.8)

Through these redefinitions, we can recast the action (3.6) in the following form

2 3
1 1
3) — _ _ = . .~ 40 2n V- .
LY = Rx1—6dC A *dC 5 ;:1 dp; A xdep; 26 ;:1 X;DY; A xDY;

+ L% 4 @B A G® + ayB3 A G + 3B A G, (3.9)

where we have omitted the explicit form of the potential as it will play no immediate role.
We have also dropped all subscripts for Hodge duals on the understanding that we are
now confining our interest to three dimensions. Note that the Chern-Simons terms are
untouched and when we vary with respect to B® we recover the duality conditions (3.8),
so it should be clear that the equations of motion are the same and we have just rewritten
the action.

At this point, before blindly stumbling on, we will attempt to motivate the expected
gauged supergravity. Firstly, we know from the Killing spinor analysis in [15] that the AdSs3
solutions generically preserve four supersymmetries, meaning we are dealing with A/ = 2
supersymmetry in three dimensions. Indeed, for N' = 2, we have precisely an SO(2) R
symmetry group under which the gravitini transform and in this case the target space is a
Kahler manifold with the scalars pairing into complex conjugates. Naturally, a prerequisite
for a Kéahler manifold is that we have an even number of scalars, and we observe that after
dualising, this is indeed the case. So, we will now push ahead and identify some features
of the N' = 2 gauged supergravity.

To identify the scalar manifold it is good to diagonalise the scalars by redefining them
in the following way

1 1
Wi =2C+ —=p1 + —=y2,
1 %Wl \/5802
1 1
Wo =2C 4+ —p1 — —p2,
2 \/5% \/5902
2
W3 =2C— — (3.10)

\/6()01 .

In terms of the original X; these new scalars are simply e"Vi = eQCXi_ L
With these redefinitions, the Kahler manifold now assumes the simple form

RO

1
scalar — 5 [dW’L /\ >i<dVVZ + 6_2WiD}/;' /\ *D}/Z} (311)

3
=1

2
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and we are in a position to identify it as [SU(1,1)/U(1)]3. The Kihler structure of the scalar
target space can be made fully explicit through the introduction of the Kéhler potential
of the form

3
K== log(Rz) (3.12)
i=1

where we have introduced complex coordinates z; = e"Vi +Y;. This means that the metric
for the manifold is g; = 0;0;K = ie_QWi, where 0; = 0,,,0; = 03,.

Having identified the scalar manifold and the Kéhler potential, we turn our attention to
the scalar potential. In the language of three-dimensional N' = 2 gauged supergravity [9],
the scalar potential is comprised of two components, a T' tensor and a superpotential W:

£8) = 872 — 8¢H9,To.T + 8¢X|W |2 — 2g% X D;W D; W, (3.13)

pot =

where the Kéahler covariant derivative is D;W = 0;W + ;KW and W is holomorphic, so

O;W = 9;W = 0. While W plays a natural role when eleven-dimensional supergravity is

reduced on S? x C'Y3 to three dimensions [11], whenever the R symmetry is gauged, consis-

tency demands that W = 0. Thus, to make contact with the literature, we face the simpler

task of identifying the correct 1" tensor and making sure that the potential is recovered.
After rewriting the scalars, the potential takes the more symmetric form

£(3)t _ 492 [e_Wl_WS + e~ W2=Ws + e_Wl_W2:| + e~ Wi—Wa—Ws
po

_ % [a? e 2WatWa) 4 2 o= 2WitWs) 4 2 =214 W2) | (3.14)

Note that in performing the reduction we have not been picky about supersymmetry and
a priori, neglecting the gauge coupling g, which can be set to one, the constants x and a;
are unrelated. However, setting g = 1 for simplicity, one can find the appropriate T' tensor

1 Wy W W W, —
T=——laie”V>™Ws 4 qpe M= Ws 4 gge™ Wﬂ +

1
1 = [e_Wl +e W25 (3.15)

2

and check that it reproduces the potential on the nose provided (2.14) is satisfied. This is
precisely the condition identified in [14, 15] for supersymmetry to be preserved. Though
it happens that the existence of what is commonly referred to as a “superpotential”, in
this case T, could conceivably be related to some fake supersymmetry structure for the
theory, the fact that we recover the supersymmetry condition is reassuring. In fact, in
appendix C.1 we reduce some of the Killing spinor equations and show that they also lead
to the same T' tensor. Thus, once the potential (and also T') is extremised, the Killing
spinor equations are satisfied.

Central charge and exact R symmetry. At this stage it should be obvious that
we have a potential with a supersymmetric critical point provided condition (2.14) holds.
Furthermore, once we extremise 7', we in turn extremise the potential and arrive at the
supersymmetric AdS3 vacuum. As discussed in [16], the extremization of the T" tensor offers
a natural supergravity counterpart for c-extremization [14, 15]. Recall that c-extremization
has been proposed for SCFTs with N/ = (0, 2) supersymmetry as a means to identify the
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exact central charge and R symmetry where ambiguities exist due to the U(1) R symmetry
mixing with other global U(1) symmetries that may be present.
Like the trial c-function proposed in [14, 15], T is also quadratic and comes from
squaring the moment maps V'
T =2V'0,;V7, (3.16)

contracted with the embedding tensor ©;; [9], where the index i ranges over the various U(1)
symmetries, which for the immediate example, ¢ = 1,2, 3. In addition, since the embedding
tensor also appears in the Chern-Simons terms in the action, it also related to the 't
Hooft anomaly coefficients which appear in the trial e-function for c-extremization [14, 15].
Indeed, for the class of wrapped D3-brane geometries discussed in [14, 15] this can all be
made precise through the relations [16]

cr =3nndeT™t, R=2VT7'Q;, (3.17)

where cp is the exact central charge, R is the exact R symmetry, 0y, is related to the volume
of the Riemann surface, 7y, = 2w vol(Xy), d¢ is the dimension of the gauge group and Q;
denotes the charges corresponding to the U(1) currents.

All that remains to do is simply to identify the minimum of the potential by extremising
T. The critical point of T corresponds to the following values for the scalars:

leln&, WQZIH&
as +az — aq a1+ asz —az

(3.18)

W3 = In |: @142 :| .

ay +as —asg

Once written in terms of C, ¢ and ¢s or in terms of C' and X;, this precisely gives the
AdSs3 critical point of [14]. Then, slotting the critical value of T" into the (3.17), we arrive
at the exact central charge and R symmetry,

a1a2a
—127721\[271@2 2
2a; (2a;
R = W’ (3.20)

CR (3.19)

where we have made use of (2.27) to display the result. In deriving (3.19) we have used
the fact that the dimension of the gauge group at large N is dg = N2, while for (3.20) it
is good to use the fact that the moment map is V; = ie_Wi. The central charge and R
symmetry agree with those quoted in [14, 15] and reproduce the coefficients of the Killing
vector corresponding to the R symmetry (2.24).

4 Less generic reductions

Experience suggests that it is much easier to construct KK reduction Ansétze for direct
product solutions than those that are warped products. This should come as no surprise
since warped products are often more involved and consequently it may not be easy to iden-
tify a symmetry principle to guide the construction of a fitting Ansatz. For dimensional
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reductions from ten or eleven dimensions to five-dimensional gauged supergravities admit-
ting AdSs vacua, the restrictions are quite clear. Starting with coset reductions [5-8, 79, 80],
through generic Sasaki-Einstein reductions [81-84] to the more general cases, the richness
of the reduced theory gradually decreases until one is left with minimal gauged supergrav-
ity [71, 72]. For warped AdSs solutions, only reductions to minimal gauged supergravity
are known, with a notable exception being KK reductions [85] based on Y4 spaces [86, 87],
which when uplifted to eleven dimensions, the vacua correspond to warped solutions.

In this section we will discuss KK reductions to three dimensions confined to the
special case where the Kahler manifold is a product of Kéhler-Einstein spaces. As a direct
consequence, (1.1) simplifies to

R? = 2R;;R". (4.1)

A nice treatment of this special case can be found in [22] which we follow. We take the
internal Kahler manifold to be a product of a set of two-dimensional Kéahler-Einstein metrics

st ( E“) (4.2)

Since Mg now has constant curvature, it is easy to satisfy (4.1). The Ricci form for Mg
takes the form

3
R=> L, (4.3)
=1

where J; are the Kéahler forms of the constituent metrics and the constants [; are zero,
positive or negative depending on whether the metric is locally that on 72, S% or H?. We
also have the one-form connection P = ). P; with dP = ), 1;J;. Slotting (4.3) into (4.1)
we find a single constraint on the I;

lils + l1l3 4+ 1513 =0, (4.4)

and discover that the overall warp factor is determined,
1 1
K3

Finally, the expression for the five-form flux (2.11) simplifies and assumes the following form

F5 = (1 + *) L*vol (Ang) [Jl (lz + 13) + Jo (ll + lg) + J3 (ll + lg)] (4.6)

2 Z l;

We now can make some comments. Demanding that the ten-dimensional space-time
has the correct signature, we require R > 0 from (4.5). In the light of (4.4), this means
that the potential solutions are constrained to be either S% x T or S? x S% x H?. The first
option here corresponds to the famous intersecting D3-branes solution, while the second
case was considered in [67]. We note that when the K Egi) space is H?, it is a well-known
fact that one can quotient the space without breaking supersymmetry leading to a compact
Riemann surface with genus g > 1. The Ricci tensor for these solutions can be found in
appendix D.
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4.1 Twists of SCFTs with Sasaki-Einstein duals

In this section we will discuss KK reductions on the first class of products of Kéahler-
Einstein spaces by confining our attention to spaces with curvature, I; # 0. For simplicity,
we will take [1 =[5, and the requirement that the scalar curvature of the internal Mg be
positive (4.5) subject to (4.4) means that there is only one case, namely Mg = H? x K Ey,
where K Ey is a positively curved Kihler-Einstein manifold.'® For concreteness, we take
(I1,12,13) = (2,2, —1) so that the H? is canonically normalised.

Our next task is to construct a ten-dimensional Ansatz. While we could begin from
scratch, we can incorporate some results from the literature as, in the end, a natural
question concerns how they may be related. So we opt to kill two birds with one stone by
simply reducing the IIB reduction on a generic Sasaki-Einstein five-manifold SE; [81-84]
further to three dimensions on a constant curvature Riemann surface (H?). We will follow
the notation of [82] and subsequent comments are in the context of that work.

To achieve our goal, we make two simplifications. Firstly, we truncate out the complex
two-form Lg, since as our internal space is now six-dimensional, a complex (2,0)-form,
Qg, is less natural. We can easily replace it with a field coupling to the complex (3,0)-
form Qg via the five-form flux, but this will simply give us an additional complex scalar.
More importantly, one can ask what is the fate of the complex scalars £ and y under
dimensional reduction. Recall that they feature prominently in embeddings of holographic
superconductors [88] (see also [89, 90]). However, since &, x couple to the graviphoton Aj,
it is not possible to twist Ay in the usual way to produce a supersymmetric AdS3 vacuum
without truncating out £ and x. As such, we will have nothing to say about models
for holographic superconductivity here. Moreover, as the same fields support the non-
supersymmetric Romans’ vacuum in five dimensions, we do not expect to find an analogue
in three dimensions that follows from the reduction procedure.

The five-dimensional action in Einstein frame can be found in (3.10) of [82]. With the

above simplifications taken onboard, for completeness, we reproduce the kinetic term

28 8 4
£ = R vol; — AU A=dU = 2dU AxdV = 2dV A=dV = fe*da A xda (4.7)
- ld¢ A xd¢p — 20 VK AxKy — e WP H AxHy — e VTG A %Gy
8(U+V)F2 A xFp — 6_%(U+V)K2 A xKo — %6%(2(]_‘/)_@5}[2 A xHo

CU-VI+0Gy A %Gy — 3e3 U0y A xHy — LesWUHVIToG, A5Gy,

wl

e

ol

(&

the scalar potential

£6), = [2ae80UH) _4ed (04 _ =50+ ol (48)

10Suitable choices for K Ey4 include S? x %, CP? and del Pezzo dPy, k= 3,...,8.
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and the topological terms are given by the expression

ﬁgg; = —-A1NKo N Kgy — (dk‘ —2F — 2A1) A [ng A (dC — 201) + (db — 231) A dCQ}
+ A1 A (dk‘ — 2E1) VAN [(db — 231) ANdCT —dBy A (dC — 201)]
+ 241 ANdE1 N (db — 231) A (dc — 201) + A1 A (db — 231) A (dC — 201) A Fy

—4Cy NdB>. (49)

In turn, the above fields can be written in terms of various potentials and scalars in five
dimensions

G = dc—2C) — adb + 2a By,

Hi = db— 2B,
Ki = dk — 2B, — 24,

Py = dAy,

Gy = dCt — ad By,

Hy — By,

Ky = dE1 + % (db— 2B1) A (de — 2C1) (4.10)

thus ensuring the that ten-dimensional Bianchi identities (appendix A) for the fluxes hold.
In total we have 7 scalars U, V, k,b, ¢ including the axion a and dilaton ¢, 4 one-form
potentials A, By, C1, E1 and 2 two-form potentials By, Cs.

Dimensional reduction. Having introduced the five-dimensional theory, we are in a
position to push ahead with the same reduction as section 3 to three dimensions on a
constant curvature Riemann surface ¥;. We consider the usual metric Ansatz'!

ds? = e 19ds3 4 29ds® (), (4.11)

where warp factors have been chosen so that we end up in Einstein frame, and for the
moment, we will assume that we have a constant curvature Riemann surface and not
specify its curvature k. Supersymmetry will later dictate that x < 0. As for the rest of
the fields, the five-dimensional scalars reduce to three-dimensional scalars. The fact that
the field strengths Hy, G1 appear in the Einstein equation mean that we cannot twist with
respect to By and (] since such a twisting is inconsistent with the assumption that the
Riemann surface is constantly curved. This leaves A; and Fj, or their field strengths,
which we twist in the following way

Ky = —evol (%) + K2,
Fy = evol (By) + Fy, (4.12)

where tildes denote three-dimensional field strengths. e is dictated to be a constant through
F;, = dA; and no twisting along K imposes the requirement that we twist K5 in the

"Here C without subscript will denote the scalar warp factor and Ci is a one-form.
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opposite way. This latter point is also in line with our expectation that one can fur-
ther truncate the theory to minimal gauged supergravity through K; = 0, Ko = —F5 in
five dimensions [82].

Since we are not twisting By, C1, the field strengths G1, H1, G2, Hy reduce directly to
three dimensions. On the contrary, we can consider a decomposition for the three-form
field strengths G'3, H3 on the condition that we respect the symmetries of ;. So we can

decompose

Cy = evol (X4) + Co, By = fvol (%) + By, (4.13)
leading to two new scalars e, f in the process. The corresponding field strengths can then
be written as

1
G3 = M Avol (£g) + gvols, M, =de —adf + 7€ (de —2C) — adb+ 2aB;),

1
Hj =N1/\V01(Eg)+hV013, N :df+§€ (db—2B1). (4.14)

One can check that this choice is consistent with the closure of the Bianchi identities.
The scalars g,h are, up to an integration constants Aj, s, set by the equations
of motion

g = _46—%(4U+V)—¢—8(J A1+ f)
h o= 4em3(@UHVIT6=8C (o o — g (A1 + f)). (4.15)
We will normalise these so that \; = 1.
We now reduce directly at the level of the action and take care to check in appendix E
that one gets the same result from reducing the equations of motion, thus guaranteeing the

consistency of the reduction. Dropping tildes, as only the three-dimensional fields remain,
the resulting kinetic terms are

2 4 1
£ = Rvols —6dC/\>de—?8dU/\*dU—%dU/\*dV—ng/\*dV — 5¢*daAxda (4.16)

1
— —do¢ A xdp — 2e VK A kK — e UG A %Gy — e U Hy A xH,

e3(AU+V)+9=4C y 1 A *Ml_%6§(4U+V)f¢f4CN1 ANy — e~ S UHVHC e A g

N~ N~

S UHVHC R *F2—%e§(2U’V)+¢+4CG2 A %Gy — %e%(QU*V)*d’HCHQ A *Ho

while those of the scalar potential take the form
ﬁl(i)t —4C [2%20 + 24ef§(7U+V) o 46§(75U+V) - 867%(4U+V)
1

_ 5626—40 (eg(U+V) n 2€—§(U+V)) _ R~ 34U+V)—¢—4C 1+ f)?

_Re BUURVIHOAC (1 o (1 4 f))Q] vols . (4.17)
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The topological term is then given by the expression

£®

top

—26A1/\KQ—4(1+€)A1/\dBl+4(1+f)A1/\d01

By A Ka+ 21 A [df A (de—2Cy)—de A (db—2B1)+ge (db—2B1) A (dc—201)}
ok de + %e(db - 231)) AdCy — <de + %e (de — 201)> A dBl] . (4.18)

Now is an opportune time to identify the supersymmetric AdSs vacuum. This can be
done by comparing directly with (6.9) of [22] (see also [23]). For concreteness we can take
KE; = 5% x 82 to exhibit the explicit solution, but one can consider other choices. The
form of the space-time metric before rescaling is

2
ds* = L? [\%ds (AdSs3) + [ (d””;dy> *2[ Zl d6? + sin® 0;d¢?)

\)

1
Ve <d ——Zcos&dgbl) o (4.19)

where AdS3 is normalised to unit radius and all normalisations for the H?, parametrised by
(7,y), and two S?’s, parametrised by (6;, ¢;) are now explicit. We have also reintroduced an
overall scale factor L. We omit the five-form flux as it will not provide any new information
and it is enough to compare the ten-dimensional metrics.

To make meaningful comparison with the KK reduction Ansatz of [82], we need to
compare with the following space-time Ansatz

ds? = e 3UUHV) [¢710062 4 €20ds? (S,)] + €2V ds® (KEy) + €2 (n+ A1)?,  (4.20)

where dn = 2J and the Kahler-Einstein metric g;; with positive curvature is normalised
so that R;; = 6g;;. To make the connection, we first rescale the K E, factor in (4.19) by a
factor of three, take L? =2/ (3\/§) and make the following identifications

d
(n+ 4;) = <dz — cos 01dg1 — cos Oadgy — ;) . (4.21)
The supersymmetric AdS3 vacuum can then be identified
1
U=V =0, C:—ilog?), e=f=-1, (4.22)

where k = —1, since the H? was normalised to unit radius, and e = —31 follows from (4.21).
One can indeed check that this choice leads to a critical point of the potential and that the
AdS3 radius of the three-dimensional space-time is £ = %.

Further truncation & supergravity. In this subsection we consider the above action
with the three-form fluxes truncated out by setting b = ¢ = By = C; = By = (5 = 0,
e = f = —1. Even from the ten-dimensional perspective, it is known that it is always
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consistent to perform this truncation to just the metric, fields in the five-form flux and the
axion and dilaton.!?

We now recast the simpler action in the more familiar language of three-dimensional
gauged supergravity. In part this will involve dualising the one-form potentials. To do so

we redefine the following fields

Koy = 3U+V)=40 , Dy, DY; = dYs + By
Fy= e 3UH)=4C Dy, DYy = dYs + Bs, (4.23)
while, at the same time, adding the following additional CS terms
LY = 2By NKy + By AFy. (4.24)

The covariant derivatives are chosen so that the equations of motion are still satisfied once

B; are integrated out. We can then redefine K;

1
K, = §DY1, DY; = (dY; —4E; — 4A,), (4.25)
and finally introduce the following scalars
2 4
Wi = —4U, W2:§<U+V)—2C, Wgz—g <U+V)—2C. (4.26)

The scalar manifold is now [SU(1,1)/U(1)]*, which should be familiar from previous anal-
ysis, and the kinetic term for the action becomes

Liin = —%dw1 A xd Wy — %e2W1DY1 A*DY] — dWs A xdWs — V2DV, A xDY5
- %dw3 A *dWs3 — %eQW3DY3 A *DY3 — %dqﬁ A xd¢p — %e%da Axda. — (4.27)
We can thus introduce the complex coordinates
2z =e Vitiy;, i=1,2,3, 2 =e%+ia, (4.28)
allowing us explicitly to write the Kahler potential I as
K = —log (Rz1) — 2log (Rz2) — log (Rz3) — log (Rz4) . (4.29)

While we could have made this point earlier, it is now clear that the axion a and the
dilaton ¢ decouple completely and can be truncated out. They also do not feature in the
scalar potential.

In terms of the other scalars the potential takes the form

Lpot = |2ke2V2tWs 4 g Wi WatWs _ 4 2(WitWa) _ g 2(Wi+Ws) (4.30)

—%62 (€4W2 + 262(W2+W3)):| vols .

12T performing this truncation we remove the six scalars coming from the RR and NS three-form fluxes.
In general, it is possible to see that one always has an SU(1,1)/U(1) factor, but it is not clear if the remaining
twelve scalars constitute a Kéhler manifold. It is also possible that the vacuum spontaneously breaks N = 4
supersymmetry to A" = 2, for example [82] in five dimensions. We leave this point to future work.
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We can then work out the corresponding 7" tensor in terms of € and &,

€ € K
W2 _ Z Wt Ws _ Wit Wa | WitWs Y W (4.31)

T =
4 2 2e

We note that x and € are not independent and we require x = 3¢ so that the T tensor
reproduces the potential. Once they are identified in this way, and taking into account the
fact that kK < 0,€¢ < 0, one finds a vacuum at

1
Wi =0, Wy =Ws=—log(—¢)=U=V =0, C= ilog(—e). (4.32)
Setting € = —%, we arrive at the result quoted previously.

Central charge and R symmetry. In fact we have already discussed the central charge
for this case as it corresponds to a particular example in section 3, namely a; = %, Kk =—1,
thus ensuring that (2.14) is satisfied. However, to avoid the onerous task of rescaling
metrics and comparing solutions, we can simply recalculate the central charge using the
standard holographic prescription [91, 92]

3¢

BT TG0

(4.33)
where ¢ is the AdS3 radius and G®) the three-dimensional Newton’s constant. Using the
conventions of [14, 15] where G®) = 1/(4nxN?), one can check that the result agrees
with (3.19) when a; = 1.

It is also of interest here to ask about the R symmetry? The ten-dimensional origin
of our reduction makes it clear that there is only a single U(1) R symmetry, so there is no
ambiguity. However, without this insight, we can ask what the three-dimensional theory
can tell us about the R symmetry. Once we truncate out K, we have essentially two U(1)
symmetries and the moment maps V'’ associated to these can be worked out by comparing
the T tensor (3.16) with the CS term in the action. We find that the components of the

embedding tensor are ©o3 = 2¢, O = —2¢ and, for agreement, the moment maps are
y2 = Lows ps = Lows (4.34)
4 ’ 4 ’ ’

where ¢ = 2,3 label the U(1)’s associated to the gauge fields E; and A; respectively. We
can then extract the R symmetry

2 2
R= ng(l)z + gU(l)g , (4.35)
where we have again used indices to distinguish the U(1)’s. We can now compare to our
earlier result (3.20) by inserting a; = % and one arrives at the same numbers, up to a

relative sign. This relative sign can be traced to the relative sign in (4.12) and by simply
changing the sign of A; in ten dimensions, one can find perfect agreement.
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4.2 Intersecting D3-branes

In this section we discuss dimensional reductions to three dimensions for intersecting D3-
branes. Some of the work presented here will not be new and will recover the recent work
of [38]. Although we could approach this task directly from a ten-dimensional Ansatz, it
is handier to make use of an intermediate reduction to six dimensions on a Calabi-Yau
two-fold [93], details of which can be found in appendix F.

As such, we adopt the same strategy as [38], but an important distinction is that
we will not impose truncations directly in six dimensions and then reduce. Instead, we
will reduce directly so that we can unify the reductions presented in [38]. In addition,
we will make statements about the underlying gauged supergravity, an aspect that was
overlooked in [38]. Note that it is expected that the three-dimensional gauged supergravity
be a theory with A/ = 4 supersymmetry, so that the scalar manifold is a product of
quaternionic manifolds [9], but this falls outside of our scope here and we hope to address
this question in future work. Finally, we remark that these reductions are related to those
of [11] via T-duality and uplift, a point that is fleshed out in appendix B.

So the task now is to perform the reduction on S3, written as a Hopf-fibration, from the
six-dimensional theory presented in [93] to extract a three-dimensional gauged supergravity.
Strictly speaking we are then doing a reduction on the D1-D5 near-horizon or its S-dual F1-
NS5, so further T-dualities along C'Yy = T x T? will be required to recover the intersecting
D3-brane vacuum discussed previously. We will come to this point in due course.

Dimensional reduction. Starting from the six-dimensional theory in appendix F, we

adopt the natural space-time Ansatz
1 1
dsg = e V"2V ds3 + 1eZUds2 (5?) + ZeZV (dz + P+ Ay), (4.36)

where U,V are warp factors and A; is a one-form with legs on the three-dimensional space-
time. Our Ansatz fits into the overarching description for supersymmetric AdS3 solutions
from wrapped D3-branes presented earlier with choice (l1,l2,l3) = (0,0,4). In contrast
to [38], this means that P = — cosfd¢ so that dP = vol(S?) = 4J3. In addition, A = 0
follows from (4.5).

For the three-form fluxes, we consider the following Ansatz

1 1
F3 = GO5 (dz+P+A)ANJ3+GiAJ3+Go A 3 (dz + P+ Ay) + ge V=3V voly (4.37)
1
Hy=sina(dz+ P+ A) A Jy+ HiAJs+ Hy A (de+ Pt Ar) + heSU =3V vols
where the Bianchi identities (see appendix A) determine the following:

Go =2 (cosa — sinaxy)

G1 =de—x1db—2(C; — x1B1) — (cosa — sinax) Ay,

Go = dCy — x1d By,

Hy =db— 2By —sinaAq,

Hy = dB; . (4.38)
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Here y1 is the scalar axion of type IIB supergravity and we have introduced the constant
«, scalars b, ¢ and one-form potentials By, C]. The remaining scalars, ¢;, x; = 1,2, of the
six-dimensional theory simply descend to become three-dimensional scalars.

We now plug our Ansatz into the equations of motion of the six-dimensional the-
ory (F.3)—(F.9), the details of which can be found in appendix F. In the process one
determines the form for g, h:

g =2e" 917927V =2V (cosa + sinaye), (4.39)

h = 2e217927V =2V [sin 0 — cos axa + (cos a + sin axs) x1] (4.40)

where we have normalised the integration constants for later convenience.
One finds that the equations of motion all come from varying the following three-
dimensional action:
L® =¥ 4B 4 L (4.41)

in pot top
where the kinetic term is

1 1 1
£¥ = Rvols — 5461 Axdgy — Z*dya Awdys — Sdea A xdey
1
- 5e2<f>2d><2 A xdys — 6dU A *dU — 4dU A «dV — 2dV A «dV
1 1 1
- §e_¢1_¢2_4UH1 AxHy — §e¢1_¢2_4UG1 NGy — 56_¢1_¢2+4UH2 A xHo

1 1
— §e¢1_¢2+4UG2 A xGy — §€4U+4VF2 A *xEFy (4.42)
and the scalar potential takes the form

LB _|ge—U—2vV _ o

—8U _ o p1+¢p2—8U—-4V
pot T 2e [

e sin o — cos vy 4 (cos o + sin arxz) x1]?

_ e~ P1+¢2—8U—4V (cos o + sin aX2)2 — 9~ P1—$2—8U—4V 12
— 9e$1—d2—8U—4V (cos a — sin ax1)2 vols . (4.43)

Finally, the topological term takes the simple form

£

top = X2 (Hi NG — Gy N Hy) — (cosaCy +sinaBi) A Fy. (4.44)

When U =V =¢; = x; =c=b= Ay = By = C; = 0, the above scalar potential
has a critical point corresponding to either the D1-D5 near-horizon, its S-dual, or a one
parameter interpolating vacuum. We have chosen the integration constants so that an
SL(2,R) transformation, parametrised by the constant «,

Cy cosa —sin o Cy
4.4
(Bg) - (sina CcoS v ) (Bg) (4.45)

takes one from the vacuum supported by a RR three-form flux (« = 0) to the vacuum
supported by a NS three-form flux (a = 7). In each case the AdSs radius is unity. It is
known more generally that the effect of an SL(2,R) transformation is simply to rotate the
Killing spinors [94],'2 so supersymmetry is unaffected.

13Tn this immediate context, see [65].
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Ten-dimensional picture. As we have reached our three-dimensional theory through
the result of two steps, a reduction on a Calabi-Yau two-fold [93] and a further reduc-
tion generalising the recent work of [38], here we wish to pause to consider the higher-
dimensional picture. We would also like to recast the KK reduction Ansatz in terms of
the generic form of wrapped D3-branes. Specialising to CYs = T2 x T?, we can perform
two T-dualities along the second T leading to the following NS sector with the metric in
string frame:

1 1
asy = et [cwavag gz () Lo e paa] g
+ e%(¢1*¢2)d82 (T12) + e*%(¢1*¢2)d52 (T22) ,

Hz = [2sinaJs + Ho] A = (dz + P+ A1) + Hy A J3 4+ he V=3V vol3, (4.47)

1
2
¢ = % (614 ), (4.48)

where ¢ is the new ten-dimensional dilaton. Note that the three-form flux Hs is not affected
by the T-duality. The accompanying RR fluxes then take the form

1
Fy = |GoJo A J3 + gePr =220V 1 A J3] Ao (dz+ P+ Ar)+ eP1=02 U Go ATy A T3

1
+Gi NI N3+ GQ/\JQ—€¢1_¢2_4U*G1/\J1 /\§(dZ+P—|—A1)

+ G0€¢1_¢2_8U_4V volg AJ1 + ge_GU_SV volg AJs ,

F3=dxy; AJo—dxs A Jp, (4.49)
where J; =vol(T%), Jo=vol(T%) and, as before, J3= 1 vol(S?) and there is no axion, F; =0.

Further truncations. FEven if we dualise the gauge fields in the action (4.42), since we
have an odd number of scalars and N/ = 2 supergravity in three dimensions has a Kahler
scalar manifold, one will need to truncate out some fields to find a gauged supergravity
description. In this subsection we consider some further truncations and make contact with
the work of [38] in the process.

Settinga=x; =c=A41=C1 =0, ¢1 = ¢po = ¢, U = =V, and finally employing the
following identification

Bi=A (4.50)

one can check that our action can be brought to the form of (4.7) of [38]:

L) = Rvols + (474 — 275 voly —dg A xdp — 4dU A +dU
1 1
— 56_2¢_4U Hy AxHp — 56—2¢+4U Hoy A Hy . (4.51)
Note we have set £ = 1 for simplicity, but this can be reinstated if one rescales the radius of
the Hopf-fibre S3 correctly. We have also retained the scalar field b, which one is required

to set to zero to make direct connection with [38].
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The reduction of [38], where the six-dimensional space-time is supported solely by RR
flux, involves setting ¢1 =—¢a=0¢, x;=b=a= B;=0. Making the further identifications

A~

Ci=-4, A =24, (4.52)
one arrives at
£8) = Rvols —d¢ A xd¢ — 6dU A +dU — 4dU A «dV — 2dV A xdV
Loy i P L ooprav s L augay
26 (dc+2 <A A))/\* (dc+2 (A A)) 26 FAxF 26 FAxF
+ [Se—GU 2V _ 9e=8U _ 9=26-8U~4V _ 9.2¢-8U —4‘/} voly +2A A F. (4.53)

Once one sets ¢ = 0 one can again confirm this is the same action as (4.17) of [38]. A
further truncation of action (¢ = 0 = A,U = —V') permits warped black string solutions,
the holographic interpretation of which was considered in [95].'4

An obvious truncation not discussed in [38] is the truncation to just the NS sector. In
some sense this may be regarded as the S-dual of the truncation we have just discussed.
We can do this by setting a = 5, x; = c=C1 =0 and ¢1 = ¢2 = qg The resulting action is

LB = Rvoly —dé A xdd — 6dU A *dU — 4dU A #dV — 2dV A *dV
1 o 1 o 1
— 56_2¢_4UH1 A xHqp — 56_2¢+4UH2 A xHy — §64U+4VF2 N xFy

+ |8eT6U=2V _ 978U _ 9e—20-8U—4V _ 262¢_8U_4V} volg —B1 A Fy. (4.54)

Up to a rewriting, b = ¢, A; = 24, B; = —A, ¢ = —¢, this action is identical to (4.53).

Rewriting the supergravity. Here we identify the underlying gauged supergravities.
As a warm-up we consider the action (4.51), but make a conversion from the three-
dimensional Yang-Mills (YM) Lagrangian to a Chern-Simons Lagrangian following gen-
eral prescriptions given in [9] (see also [10, 96]). This procedure replaces every YM gauge
field with two gauge fields and a new scalar field. This allows us to trade the following
Yang-Mills term in the action

1
£ = —5¢ 20T Hy n < Hy (4.55)

with the terms 1
L&y = —5¢* DG ADG + Hy A By, (4.56)

where DdN) = dd~> — By and we now have two gauge fields By, By and an additional scalar (5
Varying with respect to By we get

Hy+ eV « D =0, (4.57)

which, on choosing the gauge ¢ = 0, we can integrate out B; to recover the original
Lagrangian. The equation of motion following from varying B; now reads

dBy +2¢72*" W s« H =0, (4.58)

41t is easier to start with the action in [95] and use the EOM for A to find the form for the action above.
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which can be shown to be equivalent to that of the original Lagrangian once one im-
poses (4.57). The equation of motion for ¢ is trivially satisfied through (4.57).
With these changes, the scalar kinetic term of the full Lagrangian (4.51) is given by

1 1 - -
L = —d¢ A xdg — 4dU A +dU — s¢ 0T VH AxHy — ST UDARDS (459)
where as before H; = db — 2B1. We redefine all of the scalars through
Yi=¢, Ya=b  Wi=¢-2U,  Wa=—¢—2U, (4.60)

so that the scalar kinetic term becomes
2
1
Lign = —5 > [AWi AxdW; + VDY, A +DY]] (4.61)
i=1
The corresponding scalar manifold is clearly [SU(1,1)/U(1)]? and the Kihler potential is
KK =—75",1og(Rz;), where z; = e=Wi +4Y;. In terms of W;, the scalar potential becomes

ﬁgl)t _ [4€W1+W2 _ 262(W1+W2)] vols . (4.62)

The corresponding T tensor is found to be
1
T= 3 (eW1 +e2 - eW1+W2> (4.63)

with only one critical point at W, = W5 = 0. Here it is not immediately obvious that this
is the only option. Recall that for A/ = 2 gauged supergravity, when the R symmetry is
gauged, no holomorphic superpotential can appear [9]. Now when the R symmetry is not
gauged, as is the case here, one can consider replacing the 7' tensor with the free energy
F = —T + X2W. However, since e = eV17W2_ we can see that a problem arises with W
being holomorphic, so this does not appear to be an option.

We now move onto the second action that results from truncating out all the NS three-
form flux fields. Referring to (4.46), (4.49), this means that we set « =b = B; = x; = 0.
With this simplification, one further observes that it is consistent to set ¢1 = —¢o = ¢.
This is simply (4.53) with the scalar ¢ reinstated and A; and C; rewritten accordingly,
Ay =24, C = —A.

We can now diagonalise the scalars by redefining them

Wi=—-¢p—-2U,  We=¢—-2U,  Wz=-2U-2V, (4.64)
leading to canonically normalised kinetic terms:
3
1
L) = —2 " [AWi A#dW; + 2ViDY; A xDY] . (4.65)

24
=1

In the process we have redefined Yo = ¢ so that DYy = dY5 + 2(fl — A) and in addition
dualised the one-form potentials, A, A so that

F =24 4 Dy, DY; =dY; + By,
F=e W= yDy;, DYz =dYs+ Bs. (4.66)
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As should be customary at this stage, we have to add a corresponding CS term so the new
topological term is
r®

top =2ANF+BANF+BsA\F. (4.67)
Introducing complex coordinates in the usual fashion, z; = e~ + Y}, i = 1,2, 3, the
Kéhler potential for the scalar manifold is K = — ), log(Rz;).
In terms of our new scalars W;, the potential takes a simple form and is symmetric in

all the scalars W;:

Cr()i)t =2 [46W1+W2+W3 — 2WitWs) _ 2(Wi+W2) _ 62(W2+W3)} vols . (4.68)
A suitable choice for the corresponding 1" tensor is
T = _eWQ + 1<6W1+W2 o €W1+W3 + 6W2+W3) (4 69)
2 ’ ‘

though symmetry dictates that there are other choices and we can send W7 — Wy — W3 —
W1 to uncover the other options. Regardless of how we choose T', the critical point is located
at W; = 0. Since the R symmetry is gauged, we do not expect a holomorphic superpotential.

5 Null-warped AdSj; solutions

Recently, it has been noted that null-warped AdS3 solutions, or equivalently geometries
exhibiting Schrodinger symmetry with z = 2, can be found in three-dimensional theories
that arise as consistent reductions based on the D1-D5 (or its S-dual) near-horizon geome-
tries of type IIB supergravity [38]. In section 4.2, we identified the relevant theories in
the gauged supergravity literature and here we will discuss some of the solutions. Prior
to [38], it was noted that non-relativistic geometries with dynamical exponent z = 4 could
be found in an N = 2 gauged supergravity that is the consistent KK reduction of eleven-
dimensional supergravity on S? x C'Y3 [11].1> We will now address a natural question by
scanning the other gauged supergravities we have identified for non-relativistic solutions
with dynamical exponent z.

Before doing so, we recall some facts about Schrodinger solutions in three dimensions.
Starting from an AdSs3 vacuum, solutions with dynamical exponent z arise as solutions to
Chern-Simons theories where the relevant equation is

d*3F+%F:O, (5.1)

with F' = dA and ¢ denotes the AdS3 radius. Taking the derivative of (5.1), we see that x
must be a constant. Adopting the usual form of the space-time Ansatz

d 2
ds2 = 2 (—)\2rzdu2 + 2rdudv + 4742> , (5.2)
r
the Einstein equation, through the components of the Ricci tensor:'6
2 22 _
Ry =—7, Ryy = 7522 (z—1)r* 1, R__ =0, (5.3)

5 These were mistakenly labelled null-warped AdSs, but this label should be reserved solely for the z = 2
case in the literature.
16We have used the dreibein et = fr2du,e” = (72 (dv— $X°r""'du) ,e" = £ 5.
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determines the constant x in terms of the dynamical exponent, x = z. Observe here that
A is an arbitrary constant that can either be set to unity through rescaling the metric, or
when set to zero, one recovers the unwarped AdS3 vacuum.

Now the task of searching for new solutions becomes a very accessible goal; one simply
has to identify ¢ and compare the equations of motion of the theory with (5.1) to extract
k and thus z. For the gauged supergravity discussed in section 3, namely the theory given
by the action (3.6), the AdSs radius is

1 2aia0a3
2T e 7’

which in general depends on the parameters a;. For simplicity, we confine our search to

/ (5.4)

the case where G; = G, i.e. they are all equal. After changing frame to Einstein frame,
consistency of the three equations (C.5) then places constraints on a;:

2 2 2
{a1 Zagzag}, {a1 = as = 7a3}, {a1 = a3 = 7CL2}, {a2:a3:7a1}. (55)

Combining these with the condition for a supersymmetric vacuum (2.14), one reaches the
conclusion that good AdSs solutions exist only for ¥y = H 217 The two independent
choices we find are

111 T2 2
(a17a27a3) — <37 §7 3> 3 ((11,(12,@3) — <117 ﬁa 11) ) (56)

where one is free to consider various cyclic permutations of the latter. The first choice leads

to the non-integral value z = % with ¢ = %. The second choice does produce an integer,
8

namely z = 18 with ¢ = {5. Thus, within the limited scope of our search, we do not find
any null-warped AdSs (z = 2) solutions here.

Moving on, we can turn to the gauged supergravity corresponding to twisted com-
pactifications of N'= 1 SCFTs, namely (4.16). A particular case of this we have already
covered above. Referring the reader to equations (E.1) and (E.6), if one truncates consis-
tently to just K1, Ko and Fy, and regardless of how one further truncates to an equation
bearing resemblance to (5.1), one finds the dynamical exponent z = %. This should not
come as a surprise as once one truncates to these fields, the theory should correspond to
five-dimensional U(1)? theory where one identifies two of the gauge fields and truncates
out a scalar.

However, for the action (4.16), we do have other options. As we are considering a null
space-time, it is consistent to truncate to just the scalar ¢ and one-form ' with the various
other scalars taking their vacuum values. Obviously, this is not a consistent truncation in
general, but since we assume Go A *Go = G1 A *G1 = My A «*M; = 0 in this case, we do
not have to worry about the consistency of equations such as (E.5), (E.7) and (E.8). Note
that M; is not independent and is related to G, M; = %Gl. This in turn means that, in

addition to the Einstein equation, we only have two flux equations
9
l

"One can compare the values of a; against figure 1 of [15].

d*xG1 =0, d*xGy—-%xG1 =0, (5.7)
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where we have used ¢ = % and e2¢ = % If we further truncate to set *G1 = —%Gg, then we
can find null-warped AdS3 solutions with z = 2. This allows us to determine ¢ which can
be set consistently to zero. In the notation of section 4.1, the solution may be expressed as

2 2 z7,2 dr?
ds* = 07 | —r*du” + 2rdudv + —5 |,
4p2
2
Cy = gﬁrdu, (5.8)

where we have rescaled Cy so that A = 1.

We can also consider deformations for AdS3 supported by the scalar b and one-form
Bj. This involves consistently truncating the action (4.16) to Ny, H; and Hs and since this
may be regarded as the S-dual of the truncation presented immediately above, we recover
the same solution.

For some sense of completeness, we also touch upon the existence of solutions for the
theory arising from a dimensional reduction on S? x T* from ten dimensions presented
in section 4.2. Schrédinger solutions based on the D1-D5 near-horizon, or its S-dual F1-
NS5, have already been the focus of considerable attention in the literature. Not only
have solutions been constructed directly in ten dimensions [55], but examples in the three-
dimensional setting have also been identified in [38]. Though not mentioned in [38], an
S-duality transformation is all that is required to generate an example supported purely
by the NS sector provided one starts with the RR supported two-parameter family of [38].
Rather than take this path, we will work directly with our reduced theory and employ an
appropriate Ansatz. We will also make use of a further truncation.

Starting from the action in section 4.2, we take o = 5 and truncate out various fields
U=V =¢; =x; =a=c=Cy =0. This corresponds to setting the scalars to their AdS;
vacuum (¢ = 1) values and the choice of « is appropriate for a vacuum supported solely
by NS flux. Further truncating out A; leads to the condition *H; = Hs, leading to the
equations of motion:

d * H2 = —2H2 s
R,ul/ - _Qg/ux + HQ,upHQ,/p ) (59)

where we have used the fact that B; is null. Note that the CS equation is now in the
accustomed form (5.1), so we can be confident we have a null-warped solution. It is then
a straightforward exercise to provide the explicit form of the solution that satisfies these
equations of motion:

2

d
ds? = —r*du® + 2rdudv + L,
472

By =rdu. (5.10)

It would be interesting to see if any solutions can be generated through applying
TsT [25] transformations, such as those considered in [97].
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6 Outlook

Our primary motivation for this work stems from [16] where five-dimensional U(1)? gauged
supergravity was dimensionally reduced on a Riemann surface and the lower-dimensional
theory re-expressed in terms of the language of three-dimensional gauged supergravity [9].
As explained in section 3, the 7" tensor presents a natural supergravity counterpart to the
quadratic trial function for the central charge presented in [14, 15] and it is a striking feature
that the T tensor, through the embedding tensor, knows about the exact R symmetry.
Without recourse to the higher-dimensional solution, this provides a natural way to identify
the exact central charge and R symmetry directly in three dimensions.

Since any solution to this particular three-dimensional gauged supergravity uplifts to
the U(1)? theory in five dimensions, which is itself a reduction of type IIB supergravity [75],
we have also taken the opportunity to step back and address consistent KK reductions to
three dimensions for wrapped D3-brane geometries. As reviewed in section 2, the origin of
supersymmetric AdSs geometries in type IIB can be traced to D3-branes wrapping Kéhler
two-cycles in Calabi-Yau manifolds, with CFTs of interest to c-extremization, namely those
with A/ = (0,2) supersymmetry, resulting when a two-cycle in a Calabi-Yau four-fold is
wrapped. All AdSs solutions of this form fall into the general classification of supersym-
metric geometries presented in [20] and at the heart of each supersymmetric geometry is a
six-dimensional Kéhler manifold Mg, satisfying the differential condition (1.1).

Not only does this condition appear in the flux equations of motion, but the Einstein
equation is satisfied through imposing this condition. This makes the task of finding a fully
generic KK reduction, in contrast to the case studied in section 3, where one assumes the
presence of a Riemann surface, an inviting problem. It is expected that one can gauge the
U(1) R symmetry and reduce to three dimensions in line with the conjecture of [72] that
gaugings of R symmetry groups always lead to consistent reductions to lower-dimensional
gauged supergravities. What is not clear at this moment is whether a truly “generic”
reduction - one working at the level of the supersymmetry conditions - on Mg exists, thus
mimicking general reductions to five dimensions discovered in [71, 72], or whether one needs
to specify more structure for the Mg. An added subtlety here is that since the reduced
theory is expected to fit into N' = 2 gauged supergravity, it is not enough simply to retain a
gauge field coming from an R symmetry gauging and an extra degree of freedom is required.

Naturally enough, what we have discussed here just pertains to D3-branes and AdS3
vacua also arise in eleven-dimensional supergravity arising from wrapped Mb5-branes. It is
then fitting to consider KK reductions from eleven dimensions to three-dimensional gauged
supergravity. While supersymmetric AdSs solutions can be found by considering twists of
seven-dimensional supergravity [15, 98, 99], more general solutions are expected to fit into
the general classification of supersymmetric solutions presented in [59, 60]. A particular
case discussed in [15], namely seven-dimensional supergravity reduced on H? x H?, we have
already considered!® and we will report on M5-brane analogues in future work [100].

In addition to the c-extremization angle, another thread to our story concerns the
search for null-warped AdSs or Schrodinger (z = 2) solutions. While it is likely that we

81t corresponds to N = 2 supergravity with Kihler manifold [SU(1,1)/U(1)]*.
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have recovered some known solutions, and found solutions with more general z, we believe
that the solutions based on H? x K FE, internal geometries are new. What remains is to
check whether they preserve supersymmetry, and indeed the identification of the Killing
spinor equations for the reduced theories in sections 4.1 and 4.2 needs to be considered
if one is to discuss supersymmetric solutions. The reduction in section 3 aside, we have
simply focused on the bosonic sector and the equations of motion. It may also be interesting
to study families of Schrédinger solutions interpolating between the D1-D5 vacuum and
F1-NS5 vacuum directly in three dimensions. This would presumably overlap with the
higher-dimensional examples presented in [55]. It is expected that some supersymmetry
is preserved.

Combining the principle of c-extremization [14, 15], which can be understood in terms
of three-dimensional supergravity [16], and the fact that null-warped AdSs solutions clearly
exist, it is worth considering if c-extremization can be extended to warped AdSs. The most
immediate setting to address this question is the theory of section 3, however, as we have
seen, the simplest solutions appear to preclude solutions with z = 2. A more thorough
search for null-warped solutions is warranted. If they do not exist, one can imagine starting
from a more involved theory in five dimensions that includes the U(1)? gauged supergravity.
Evidently, the more involved reductions based on H? x KFE; and S? x T* allow solutions,
so it can be expected that this question can be addressed in future work.

It would equally be interesting to look for a holographic analogue of c-extremization in
two dimensions.'® Starting from eleven dimensions, one can reduce to four dimensions [75]
retaining the Cartan subgroup U(1)* of the R symmetry group. Relevant solutions are
already known [70, 78], and the two-dimensional theory one gets from twisted compactifi-
cations on Riemann surfaces are likely to be in the literature, for example [101], and may
be related to BFSS matrix quantum mechanics [102]. At a quick glance, it looks like we
have some of the jigsaw pieces in place.

One of the potentially interesting avenues for future study is to explore the connection
between supersymmetric black holes in five dimensions and null-warped AdSs space-times.
For non-relativistic geometries with z = 4, it was noted in [11] that these geometries
naturally appear when one considers a general class of five-dimensional supersymmetric
black holes and strings and then reduces on an S%. The corresponding picture for the
known null-warped solutions can also be worked out. It would be interesting to extend
recent studies of the classical motion of strings in warped AdSs3 backgrounds [103] to
higher-dimensional black holes.

Finally, we are aware of string theory embeddings of holographic superconductors in
four and five dimensions [88-90], where an important element in the construction is the
presence of charged scalars that couple to the complex form of the internal Kéhler-Einstein
manifold. To date, there is no example of an embedding of the bottom-up model considered
in [104], though strong similarities between the supersymmetric geometries here and Sasaki-
Einstein manifolds suggest that this may be a good place to look. So far we have been
unable to find a consistent reduction based on Mg = S? x T* or Mg = H? x K E,, but one
could hope to address the problem perturbatively. Such an approach was adopted in [105].

19WWe are grateful to N. Halmagyi for suggesting this possibility.
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A Type IIB supergravity conventions

Our conventions for type IIB supergravity follow those of [82], which for completeness, we
reproduce here. Restricting ourselves to the bosonic sector of type IIB supergravity, the
field content consists of RR n-forms F,,), n =1,3,5, the NS form H 3, the dilaton ¢ and
the metric. The forms satisfy the Bianchi identities

dF(5)+F(3)/\H(3) =0, (A1)
dF(g) + F(l) A H(3) =0, (A.2)
dFy) =0, (A.3)

which can be satisfied through the introduction of potentials C',,_1), B(s). In terms of these
potentials, the forms are F(5) = dC(4) — 0(2) A H(g), F(g) = dC(g) — C(O)H(g), F(l) = dC(O),
H3) = dB(g). In addition to the self-duality condition on the five-form, *F5) = F(5), the
equations of motion take the form:

d(ecb*F(?))) —F(5)/\H(3) =0, (A5)
d (62(1) * F(l)) + €¢H(3) A *F(3) =0, (AG)
d (e*‘p * H(3)) — €¢)F(1) A *F(3) — F(3) A F(5) =0, (A?)
1 1

20 —-® [<i]
dxd® —e F(l)/\*F(l)+§€ H(g)/\*H(g) —56 F(3)/\*F(3) =0, (A.8)

1 1 1
Ryn = iaMC(O)GNC(O) + §8M¢8N¢> + %FMPQRsFNPQRS

1

Ze_q) <H]V1[DQHNPQ - 1129MNHPQRHPQR> ;

1 1

Z€q> (FJ\fQFNPQ - 12QMNl*ﬂpc')Rl*ﬂPQB> . (A.9)
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B Connection between [11] and [38]

In this section we will discuss the connection between two dimensional reductions from
higher-dimensional supergravities to three-dimensional theories that have appeared in the
literature. Both theories admit supersymmetric Schrédinger solutions, however, for those
based on the D1-D5 near-horizon [38] the dynamical exponent z = 2 appears, while the
dynamical exponent quoted in [11] is z = 4.

Recall that these theories support AdS3 vacua whose higher-dimensional manifesta-
tions are AdS3 x S® x CY3 geometries of type IIB supergravity and AdS3 x S? x CY3
geometries of eleven-dimensional supergravity, respectively. Specialising to the case where
the Calabi-Yau three-fold is a direct product involving a torus 72, CY; = CY, x T2, it is a
well-known fact that the geometries are related via dimensional reduction and T-duality.
This raises a question about the difference in the quoted dynamical exponents. Here we
address that issue and show that a sub-truncation of [38] and [11] is common and that
amongst the z = 2 solutions presented in [38], one can also find a z = 4 solution.

We start by considering the KK reduction Ansatz from eleven-dimensions. The solution
appearing in [11] has a higher-dimensional manifestation of the form

dsi; = e *Wds3 + e2Wds? (S?) + ds? (CYa) + dat + dag,
Gy = (a vol(S?%) + H3) A (Jey, + das A dag) | (B.1)

where we have consistently truncated out the fields f,V, By leaving just a scalar W and
one-form potential By, where Hy = dBy. Here (z5,26) label coordinates on the 72 and
« is a constant. Plugging this Ansatz into the equations of motion of eleven-dimensional
supergravity one finds [11]

d (€4W *3 Hg) = —2aH2 s <B2)
1
dx3 dW = 5eWHg A x3Ho + (6_6W — a26_8W) volg , (B.3)
and the Einstein equation which we omit.

Dimensional reduction on xg and T-duality on x5 leads to the following IIB KK re-
duction Ansatz

dsiy = e "Wds3 + eV ds® (S?) + ds? (CYa) + (dzs — arcos Ode + By)?, (B.4)
Fy = (14 #10) [a vol (S2) A Jo, + Jevs A HQ] A (des — acos0de + Bs)

where (0, ¢) parametrise the two-sphere S? and all other fields, including the dilaton
are zero.

At this point it is easier to compare with the ten-dimensional uplift [93] of the six-
dimensional Ansatz considered in [38] to get our bearings. After rescaling the metric to
make the transition to string frame, the ten-dimensional space-time may be written as

ds?y = e%"'%dsg + ¢ Fds? (CY3),
1 1
ds? = e U2V ds? + 162(] ds* (S%) + 1eW (dip + cos 0dep + 2A4)? (B.5)
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where we have set the length-scale ¢ corresponding to the AdSs3 radius to unity for sim-
plicity. To compare the metrics we note that we require the following identifications:

1 1
b=dr=dr=-2V, M=ce’, =y, a=-5 By=4A (B

While this places us in the class of consistent reductions in section 4.2 of [38], the added
condition that the dilaton ¢ is zero tells us that the scalars ¢,V appearing in equations
(B.25) and (B.29) of [38] are zero. These equations together then tell us that the two gauge
fields appearing in [38] should be identified A = +A. For CY, = T*, the RR-sector is then
simply related via T-duality.

The choice A = A immediately leads to the condition F? = 0 through (B.25), however
there is another option. We can choose A = — A with the further relation

A= %e‘w xg F. (B.7)

With this relation one can then satisfy oneself that (B.27) and the U equation from (B.29)

of [38] can be identified with (B.2) and (B.3) above, meaning that this particular sub-
truncation of both reductions is the same.

Indeed, since the higher-dimensional AdSs solutions can be related via dimensional

reduction and T-duality, it is expected that the KK reductions are also related at some level.

C Details of reduction of D = 5 U(1)® gauged supergravity

Here we begin by recording the five-dimensional equations of motion one gets from varying
the action (3.1). The equations of motion for the gauge fields A;, i = 1,2, 3, are

d(X{?«F') = F2 A F?,
d(XQQ*F2) = F'NF?,
d(X5%+F%) = F' A F?, (C.1)
and those of the scalars are given by
1
d*dp; = - (X7 2FY AxFY 4+ X5 2 F2 A +F? — 2X52F3 A+ F3)
2L (X7 + X5 —2X571) vols (C.2)
\fﬁ
dxdpy = ( XTEFYARFY — X2 F2 A« F?) — g%2v2 (X7 = X571 vols .

Finally, the Einstein equation reads
1< 1< 1
= 9 Z 0upiOypi + B Z Xi_2 (F/ipF; P— GQMVFpZUFZpU>
j i=1

— uvy 92ZX ! (C?’)
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The reduction at the level of the equations of motion is most simply performed be first
reducing on the internal space, in this case a Riemann surface X;, and then rescaling the
external space-time to go to Einstein frame. Thus, here we consider the initial Ansatz for
the five-dimensional space-time

ds? = ds3 4 €29ds® (%), (C4)

where C' is a scalar warp factor depending on the coordinates of the three-dimensional
space-time.

To reduce the gauge field strengths we consider the Ansatz (3.4). The equations of
motion for the gauge fields now reduce as

d (XerQC *3 Gl) = — (a3G2 + a2G3) ,
d (X2—2€20 *3 GQ) = — (a3G1 + a1G3) ,
d (X5%e* %3 G?) = — (1G? + axG"). (C.5)

From the scalar equations of motion, we find
1
d (620 *3 dcpl) = %620 [Xlz (Gl A #3GL + a%e_4c volg) + X;Q <G2 A %3G?
+ ade ¢ v013> —2X32 (G A x3G® + a2e ¢ V013):|

(X X - 2X5t) vols,
1
d (620 *3 d<p2) = \ﬁew {Xl_z (Gl A %3Gl + a%e‘ﬁ‘o V013) — )(2_2 <G2 A x3G?

+ a2e 3¢ vol;;)] — 2/2¢%e%¢ (Xf1 — X;l) vols . (C.6)

The Einstein equation along the Riemann surface presents us with another scalar
equation of motion, this time for C":

3 3
1 2 | P 4
—2C . __ —2 2 —4C i i po 2 -1
~ V,V'C — 20, A0"C + e K—QiZ;Xi (3%@ = 5 GG ) -39 Z;X :
(C.7)

where k is the curvature of the Riemann surface.

Finally, the Einstein equation in three dimensions may be written as

2 3
1 -2 ) i 1 ) i po
Ry = 2(V,V,C + 8,C0,C) + Z; upidupi + 5 Z; X; <GWGVP — S 9w Gp G >
1 3
—AC v — —
— 69”,,; (afe™ X2 +8¢°X1). (C.8)
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The above equations can be shown to result from varying the action

2 3
1 1 ) )
3) _ 2C - ) T —2 i i
LY =e Rx3 1+ 2dC A x3dC QEldgo,/\*gd@Z QElXi G* A %3G
2 1
4 <Z [4g2e2CXi1 _ Qe—QCa?XiQ] + 2/<;> x3 1 4 ng), (C.9)
i=1

where the topological term is

£®

top = 1B* ANG® + aaB* NG' + a3B' AG*. (C.10)

Here B! is the one-form potential for G*, G* = dB".

Now, to go to Einstein frame we just need to do a conformal transformation, g,, =
6*40@“,. This leads to the Einstein frame action (3.6) quoted in the text.

In checking the Einstein equation we have made use of the following Ricci tensor
components

Ry —2(V,V,.0 + 8,00, ,
[/‘ie

R,
Rin —2¢ vV, VHC — 20,C0"C] Sy , (C.11)

where p,r label space-time directions and m,n correspond to directions on the
Riemann surface.

C.1 Killing spinor equations

We would like to confirm that the 7' tensor (3.16) can be extracted directly from the
Killing spinor equations via reduction. In a related context, a similar calculation appeared
in [19] and in that context assisted the identification of a five-dimensional prepotential.
Our motivation here is the same.

We adopt the conventions for the Killing spinor equations in D =5 from (F.1) of [15]
(see also [66]), and in some sense, up to some additional fields, the calculation here is
almost identical to appendix F of [15]. We work with the natural vielbein

et = e 20k, % =elel, (C.12)

where p = 0,1, 2 label three-dimensional space-time directions and a = 3,4 denote direc-
tions along the Riemann surface. Our Ansatz for the flux follows from (3.4).
For the Killing spinor we make the choice

e=e%wn, (C.13)

where 3 is a constant we will fix later. We use the following decomposition of the five-
dimensional gamma matrices

M= pt ol V¥ =1®dl, M=1®0% (C.14)

As in [15], where one has ~y34€ = ie, following decomposition, we have o3n = 1.
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Inserting the Ansatz into the Killing spinor equations we arrive at

2013 = _’)/3#6208#0 + i (Xi’}/g + %e_gcaiX;174 + 11.264073“1')(;16’;,/) 6606 ®n,
L =1
l (C.15)
\/édx(l) = élg zz:Xi_l (64CGLV’)/MV — Qiaie_zc) — %X:;l (6406%1,7“” — 27ja36_20)
L2 =1
+ % (- X1 — X2 +2X3) — iﬁégcawolrw} e, (C.16)
\65)((2) = [;Xl_l (€4CG/1W’}/“V — 2ia1e*2c) — éX{l (64CGI2W’y‘“’ — 27;CL2€72C)
+ % (— X1+ X2) — i\few%ww’”] Cewn. (C.17)

Note, in contrast to [15] where scalars with raised and lowered indices are employed,
here our X; are simply those in (2.22). As a consistency check, (C.15), (C.16), (C.17) agree
with (3.20) of [15] when G* = 0 and ¢; = ¢;(r),C = g(r).

Taking various linear combinations we can write

2

436515 + g\/éiéx(l) +2V2idx(9) = SN @1,
2

436515 + g\/émx(l) —2V2idx(2) = 0N @1,

4
473 8ehs — g\/giéx(l) =N @ (C.18)

leading to the variations (constant 5 = —2)

S = p“aMW1+%X1_162CG}WPIW+€74C (2620X1—02X2_1—G3X3_1) £,

SN2 = p“aﬂwz—|—%X2_162CGZV/)“”+€_4C (2€QCX2—G1X1_1—G3X3_1) &,

SN\ = p“@qu+%Xf3620Gzyp‘“’+e_4C (QeQCXg—alel—angl) ¢. (C.19)

Dualising G as instructed in the text, the above equations can be condensed into a single
equation

SN =2E;% (p'D,2" — 20'T) (C.20)
which is the expected form for the Killing spinor equation for the spinor fields [9, 11] and
we see that the T" tensor (3.16) features. E;, a = 1,2,3, is the complex dreibein defined
through ¢; = E,;“E;,, where E;, = (E;*)*.

7

D Curvature for Kahler-Einstein space-times

Working in Einstein frame, we adopt the following Ansatz for the space-time

3
1 a
ds?y = 24ds? (M) + A=V (dz 4+ P+ A1) + 724 ?Veds? (KESY) | (D1
10 4 2
a=1
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where A is a constant overall factor, we have dropped the overall scale L appearing in (2.11)
and W, V., a = 1,2,3 denote scalar warp factors. Aj is a one-form living on the three-
dimensional space-time Msj.

We adopt the natural orthonormal frame

1 , .
et =elet, e = AW 3 (dz+ P+ Ay), el = e AtVagl (D.2)
where u = 0,1, 2 label AdSs directions and i = 3,...,8 correspond to directions along the

internal Kéhler-Einstein spaces.
With constant A, the spin-connection for the metric may be written as

1

wuu = @,U»V o Ze_A+W(F2)MyeZ7

, 1 B 4
wlj — wzj . Ze3A—H/V 2vala(<]a)2jeza

1

wh = —e AW e — ZefAJrW(Fg)”pep,
wiu = e_AﬁuVaei,

. 1 o
w', = —Z€3A+W_2V“la(<]a)zj€]. (D.3)

Using the above spin-connection one can calculate the Ricci-form

3
5 1
Ry, =e 24 [Ruy—(vyvﬂwjuaﬂwaym—z 2(VyV Vot 0, Va0 Va) — geQWF2 Py f] ,
a=1
1 i 3
R.. = éeﬁf““W D e el — e PV VW 4 0,WOMW) = 200 Y e 0,V
a=1 a=1
I _ A o
+Ee 2 +2WF2pa'F2p ,
- 3 _
1
Ry = Ryy = ¢ 24| =V, V'V =0, WO"V; —20,V1 Y 0"V, | +13e*4 721 — §z§e4A+2W—4V1,
_ B ] X
Ra3 = Ray = ¢ >4 | =V, V'V =0, W'V —20,V2 Y | 0"Va| +126" 2" — gl%e4A+2W_4V2,
i 3 ] '
Rss = Reg = ¢ 24| =V, VF V3-8, W' V3 —20, V3 Z OV, | 41532472 — §l§e4A+2W_4V3,
- a=1 -
1
Ry. = -3 SV Vet Va)y (€3W+2(V1+V2+V3)F2pu) 7 (D.4)

where all other terms are zero.

E Details of reduction on H?2 x KE,

In this section we record equations of motion of the dimensionally reduced three-
dimensional theory. This will be useful for testing the consistency of the reduction. We
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begin with the Bianchi identities. The Bianchi identities for the three-form fluxes F(3) and
H 3 are trivially satisfied using the expressions in the text. The Bianchi for F{5) is partially
satisfied, with the remaining equations being:

d (e—%<U+V>+4C « KQ) 4w Ky + e (Ko — Fy) — N1 AGy — Hy A M, =0,

1 1
d(e_SU*Kl)—|—§N1/\G2—§H2/\M1:0. (El)

The equations of motion for F{3) and H(sz) give respectively the equations
d (e%<4U FV)+6-4C M1> — 4hvoly +2Hy AN Ky — 2Hy A Ky =0,
d (e§(2U7V)+¢>+4C « Gg) e L G — ces (AUHV)+9—4C M,
+ gesWUIVITOH8C R, 4 oN A Ky 4 2073 UHVIHC ) A sy =0,

d (e*w +0 4 G1> — Ny A Ky + ehvoly+e 3 UHVIHC I A ¢y + 23U Hy A K = 0,
(E.2)

and
d (e%(4U+V)_¢_4C * Nl) + 4gvols —2G2 A K1 4+ 2G1 N Ko — e%(4U+V)+¢_4Cda A xM; =0,
d (e%(QUfV)f¢+4C " H2) 4 U g, — ce 3 AUHV)—p—4C Ny + h€§(4U+V)f¢>+8CF2
—2M7 N K4 — 26_%(U+V)+4CG1 A %Ky — e3(@U=V)+e+4C g4 A xGo =0,
A (U0 4 Hy) + My A K — egvoly e~ UHVITICGy vk, — 2e78 Gy A ks
— e WUHda A %G1 = 0. (E.3)
The axion and dilaton equation are respectively
d ( 2 5 d a) 1 e3UHV)+¢—4C Ny A My — o3 (AU+V)+¢+8C ghvols 43 QU-V)+o+4C Hy A %Gy
2e U A %Gy =0, (E.4)
and

1
dxdop — e2?da A xda + ie%(“”v)_‘lc [e‘¢N1 A xNy — e® My A * M,

- %e%(4U+V)+8C [6_¢h2 — e‘bgﬂ volg +%e§(2U_V)+4C [e_¢H2 A xHy — e?Go A %Gy

+e W [e_d’Hl AxHy —e®Gy A *Gl} =0. (E.5)
The equations of motion for Ay, U and V are
d (e%(U+V)+4C * Fg) — 2eKy — 8¢78Y x K| + ¢3(WUHV)H8C [e_¢hH2 + e¢gG2] =0, (E.6)
1
dxdU + 6_8UK1 N x Ky — ge%(4U+V)_4C [6_¢N1 A *xN1 + 6¢M1 A\ *Ml] (E?)

+ %e%(4U+V)+8C [e"?h? + e¢g2] vols —ée%(mj_v)'“lc [e_¢H2 A *Hy + e®Gy A e

+ 16_4U [6_¢H1 A xHy+e?Gy A G | +e74¢ (—66_§(7U+V)+2e%(_5U+V)+4e_%(4U+V)) =0,

>~
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1 1
dxdV — ge%@w*v)%c [67¢N1 A %Ny + e® My A *Ml] + ge%(4U+V)+BC [ef¢h2 + e‘z’gﬂ vols

; 8(U+V)+4CF A *xFy + ;e %(U+V)+4CK2 AsKy — 678UK1 AxK)

1y swyvy—sc

—ees 2

1
V013+26 e 3(U+V) V013+g€%(2U7V)+4C [67¢H2 /\*Hg +€¢G2 A *GQ]

1
. 1674U [e*¢H1 AxH, + e¢G1 A *G1] 4 e4C (7463(75U+V) + 467%(4U+V)> volg = 0. (Eg)

F Details of reduction on S? x T*

I1IB reduced on CY>. Here we briefly review the KK reduction Ansatz of type IIB on
a Calabi-Yau two-fold that featured in [93]. The KK Ansatz in Einstein frame is

ds?, = e%@ds% +e 27252 (CYs) ,
Fisy = vol (CY2) Adxa + €292 xg dxa, (F.1)

and all other fields of type IIB supergravity simply reduce to six dimensions. This Ansatz
thus leads to extra scalars in addition to the axion y; and dilaton ¢ of type IIB super-
gravity, one corresponding to a breathing mode ¢s, and another axion s coming from the
self-dual five-form flux. The six-dimensional action is

2 2
1 1
e lL=R— Z (06:)* = 562 (Oxi)? — Ee—m—mﬂg
i=1 i=1
1
— 7€¢1*¢2F32 — x2d B2 A dCy, (F2)

12
where Hs = dBy and F3 = dCy — x1dBy. Some sign changes relative to [93] follow from

the difference in conventions. The equations of motion are:

d (e¢1—¢2 %6 Fg) —dya AdBy = 0, (F.3)
d <€_¢1_¢2 *6 Hg) —eP17%2dy A xgEs + dya A F3 =0, (F.4)
d (e2¢1 %6 Xm) F e P24 By A x6Fy = 0, (F.5)
d (e2¢2 %6 dxg) —dBy AdCy = 0, (F.6)
d xg dp1 — €*?1dyq A xgdx1 + %e‘¢1_¢2H3 A xgHsz — %6¢1_¢2F3 A*xF3 =0, (F.7)
d xg dpy — €2P2dya A xgdy2 + %€_¢1_¢2H3 A *xgHz + %6¢1_¢2F3 AxEF3 =0, (F.8)
Ry = 122: (0400001 + 2 0,30, )
n 22 POy di L XiOv Xi
+ ie_qjl_@ <H3#p1sz3up1p2 - éguVH3p1p2p3H3plp2p3>
+ ie(ﬁl_@ (F3u91p2F3up1p2 - égqui’)plpzpsF?)plprS) . (F.9)
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Reduction to three dimensions. To reduce the above equations of motion to three

dimensions we substitute in our six-dimensional space-time Ansatz
ds? = ds? + iewds2 (%) + %ew (dz+ P+ Ay), (F.10)
and expressions for the three-form field strengths (4.37). From (F.3) and (F.4) we get
d <e¢1_¢2+2U+Vg — 2x2sin a) =0, (F.11)
d <e¢1—¢2+V—2U . G1> +dya A Hy =0, (F.12)
d <e¢1_¢2_v+2U * Gg) — 9ef1— P2V 2U G1+%ge¢1_¢2+2U+VFQ—dX2 ANHy =0, (F.13)
and
d (e*¢1*¢2+"+2Uh) — P18 VAU g4y L Godye = 0, (F.14)
d (e_¢1_¢2+V_QU * Hl) - e_¢1_¢2+v_2UdX1 A*xG1 —dxa NGy =0, (F.15)
d <6_¢1_¢2_V+2U * H2> — Qe N1tV 2U 4 %he“z’l_‘z’ﬁ‘/*ng
— P12 VI gy A %Gy +dy2 AGr = 0. (F.16)
We can now solve (F.11) and (F.14) to determine g and h

g = 2e= 91127V =2 (co5 0 + sin avya) (F.17)
h = 2e91+927V=2U [gin o — cos arxa 4 (cos a + sin arxz)x1] - (F.18)

In the process we have chosen the integration constants for convenience.
From (F.5) and (F.6) we get the following two equations:

d (62¢1+2U+V * dX1> + {2 sin aGoe?t ~#2 720V _ ghe¢1_¢2+2U+V] vols
410t V2U I A sy 4 e 02 VAU I A5Gy = 0 (F.19)
d (62¢1+2U+V * dxg) + [hGo — 2sinag| vols +Hi NGy — Gi AN Hy = 0. (F.20)

The final two scalar equations give
1
d (€2U+V % d¢>1) _ 62¢1+2U+del A xdy1 + §€—¢2_2U_V [4e_¢1 sin? a — e G%} vols

1 1
+ 567¢>272U+V [e*mﬂl/\*Hl e /\*Gl}—l—ge*@*w*v [e*‘bngA*Hg—e‘bl Gy N *Gg]

1
— 567¢2+2U+V {eid’l h? — ed’lgz} volg = 0, (F.21)

1
d (62U+V * d¢2) — €2¢2+2U+VdX2 A xdyxa + §€_¢2_2U_V [4€_¢1 sin? o + e Gg} vols

1 1
+ §e_¢2_2U+V |:€_¢1H1/\*H1+€¢1G1/\*G1:| —|—§e_¢2+2U_V |:e_¢1H2/\*H2+€¢1G2/\*G2:|
- %e_¢2+2U+V [e_d“ h? + ed’lgﬂ vol3 = 0. (F.22)
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We now only have to work out the Einstein equation. Taking into account a change
in how we define scalars, namely W — V,V; — U, we can use the Ricci tensor appearing
n (D.4). We simply have to take note of the fact that the S? is normalised so that I; = 4,
in which case A = 0.

From the Einstein equation, we get the following equations:

2e2V =4 yolg —d * AV — dV A +dV — 2dV A xdU + éeng A Iy (F.23)
= [ie_@_gv_d‘(] (4€_¢1 sin? a + e¢1G(2)) + %6_(752 (e_¢1 h? + e¢lg2>] vols
+ %6_(172_2‘/ |:6_¢1H2/\*H2+6¢1G2/\*G2:| —ie_@_éw [e_d)lHl A xHy+e?* Gy A *Gl]
(4e72Y —2e*V 1) voly —d * AU — dU A *dV — 2dU A xdU (F.24)
= [ie“m_w_ﬁ‘(] <4e_¢1 sin® o + e¢1G%> + ie“” <e_¢’1 h? + e¢1g2>] volg
1

1
- Ze_@_w [e_¢1H2A*H2+e¢1G2/\*G2}+Ze_¢2_4U [e_¢1H1 A xHy+e® Gy A *Gl}

1
58_2U_2Vd (63V+2U % F2) — 2sin ae—¢1—¢2—4U—V % H1 + G06¢1—¢2—4U—V % Gl

_ €—¢1—¢2—VhH2 _ e¢1—¢2—VgG2 ) (F.25)
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