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1 Introduction

The case of 5d gauge theories has been poorly studied, at least compared to other di-
mensionalities. It is therefore interesting to study their relatively unexplored landscape.
Moreover, 5d gauge theories lie in between of the most familiar and well understood case
of 4d gauge theories and the mysterious 6d (2, 0) CFT, thus potentailly incorporating fea-
tures of the latter accessible by means of the well-understood techniques developed for the
former. Indeed, over the very recent past we have seen quite a lot of developments along
this direction [1-8]. Furthermore, through dimensional reduction interesting connections
among theories in different dimensions emanating from 6d and passing through the 5d case
have been recently developed (see e.g. [9-14]).

On the other hand, 5d gauge theories are interesting by themselves. In particular,
they can be at fixed points with rather remarkable properties such as enhanced exceptional
global symmetries [15-17]; see also [18, 19]. Moreover, for some of those CFT’s, the gravity
dual for the large N limit has been found [20, 21] (see also [22, 23]) and quite non-trivial
tests of the duality have been performed [24-27].

Very recently, a very powerful set of exact techniques have been developed to study
gauge theories in diverse dimensions. By using the power of localization, partition func-
tions and indices for a very wide variety of theories in different dimensions have been
computed. In this paper we will concentrate on indices for 5d gauge theories. Although
indices are, in a sense, very coarse observables as only very particular and protected oper-
ators contribute, they provide very solid information. We can however have more refined
information by putting the theory on more complicated backgrounds. As the index will
be sensitive to the background geometry, computing indices in a variety of spaces leads to
a deeper understanding of the theory. In particular, global properties of the gauge group
which determine the set of allowed line defects [28] are expected to emerge in a manifest
way as the theory is placed in a non-trivial background [29]. In this paper, following this
strategy, we will compute indices for gauge theories on orbifolds.

More precisely, we will consider gauge theories on S! x S4/Z,, which is conformally
equivalent to the compactification of R x C?/Z,. Note that 1 (S®/Z,) = Z,, and so there
can be a non-trivial monodromy of the gauge field. This is similar in spirit to the so-called
lens space index for 4d gauge theories recently considered in [29, 30].

The unorbifolded, n = 1 case has been studied in [18], where it was shown that
the index can be computed as an integral over the gauge holonomies with the appropriate
Haar measure of a function containing a perturbative factor with the plethystic exponential
of a single-letter index and a non-perturbative factor which coincides with the Nekrasov
instanton partition function. In this paper we will extend these results to the general
orbifold case. While the structure of the index will be analogous to the unorbifolded case,
we need to determine the effect of the orbifold on each term. This requires to specify the
degree of the orbifold n as well as its action on both spacetime and gauge fugacities. The
latter is determined by the choice of a vector r of weights of the gauge fugacities which
encodes the monodromy of the gauge field.

Since the background geometry contains two circles, namely the orbifolded one and
the “time” S!, it is natural to consider reductions of the index for a given theory along



them. Reducing along the “time” S' produces the partition function of the 4d version of
the theory on S*/Z,. On the other hand, we will find evidence that reduction along the
orbifolded S, implemented by taking the large orbifold limit n — oo, leads to the 4d 't
Hooft index of [31, 32].

The structure of this paper is as follows. In section 2 we describe the salient features of
5d gauge theories and the computation of their index when placed on the orbifold geometry.
It is then easy to see that the reduction along the “time” S' immediately recovers the 4d
results for the 4d partition function on an ALE space. In section 3 we perform the large
orbifold reduction and show evidence that we recover the 't Hooft line index. Inspired by
this result, in section 4 we study the 4d 't Hooft line index, focusing on the nonperturbative
contribution due to monopole bubbling. Interestingly, we find that for a given monopole
and a given bubbling, the bubbling index is computed by the Hilbert series of the moduli
space of an instanton specified by the chosen monopole and bubbling, this along the lines
of Kronheimer’s correspondence between instantons and monopoles [33]. In section 5 we
summarize our results and discuss open issues, in particular the fate of monopole bubbling
as in bd. Finally, we postpone to appendix A some explicit results for monopole bubblings
in pure U(N) gauge theory.

2 Indices for 5d gauge theories on orbifolds

In 5d the minimal supersymmetry contains 8 supercharges. The basic building blocks for
the theories of interest are the vector multiplet —containing the gauge field, a real scalar
and a symplectic-Majorana gaugino— and the hypermultiplet —containing 4 real scalars
and a complex Dirac fermion—. One salient feature of gauge theories in 5d is that, in
addition to other possible global currents, there is a topologically conserved global current
j = xTr FF A F associated to each vector multiplet. The electrically charged excitations
are particle-like solitons with instanton charge in a codimension 1 submanifold. These
particles are usually called instanton particles and the topologically conserved current
instanton current. This current can be gauged by adding a Chern-Simons term to the
action [ AAFAF. Note that the 5d Chern-Simons term, being cubic, is proportional to the
third order Casimir of the gauge group, and hence automatically vanishes for USp groups.
It is also worth mentioning that the effective action for 5d gauge theories on their Coulomb
branch can be exactly computed, as it follows from a prepotential severely constrained by
gauge invariance. In addition, a similar effect to the 3d parity anomaly whereby upon
integrating out a massive Dirac fermion a % shift of the Chern-Simons coefficient is
produced, also plays a key role in determining the exact prepotential on the Coulomb
branch. We refer to [15-17] for further details on the dynamics of 5d gauge theories.

In order to compute the index for the 5d theories, one considers the Euclidean theory
in radial quantization, which amounts to put it on S x $*/Z,,. More explicitly, we consider
a 5d gauge theory on (euclidean) R x C?/Z,,. Introducing complex coordinates (21, z2) on
C?, the orbifold will act as

(21, 22) ~ (w21, wlz), w'=1. (2.1)



Note that the cases n = 1, 2 are special, since they preserve SU(2) x SU(2), while
for n > 2 the symmetry is U(1) x SU(2). Besides, all supercharges are preserved by this
orbifold action.

Writting the R x C?/Z,, space metric as ds? = dx(z) +dr? +1r? dgé?’/zn —here dQ?S?’/Zn
is the standard metric on the lens space— and upon defining g = e 7 cosa and r =
e T sina, a € [0, 7] and compactifying 7 into an S', the metric becomes conformally
equivalent that of S x S*/Z,. One then chooses a supercharge @ and its complex con-
jugate, so that only primary operators annihilated by this subalgebra contribute to the
index weighted by their representation under all other commuting charges. Starting by
the unorbifolded case, in 5d the bosonic part of the N' = 1 superconformal algebra is
SO(2, 5) x SU(2)g, where SU(2)p is the R-symmetry. In turn SO(2, 5) contains the di-
latation operator as well as a compact SO(5)r, acting on the S*. The maximal compact
subgroup is [SU(2)1 x SU(2)2]r x SU(2)g. Calling the U(1) Cartans respectively ji, jo, R,
the generators commuting with the chosen supercharge are j» and j; + R. Then, the index
reads [18, 34]

T=Tr(—1)F e BRg20tR) 20249 A —¢ —2j —3R, (2.2)

where £ collectively stands for all other commuting global symmetries — including the
instanton current — with associated fugacities collectively denoted by q. As the index does
not depend on 3, only states whose scaling dimension satisfies ¢g = 2 j1 + 3 R contribute.
In [18] it was shown that the index admits a path integral representation obtained by com-
puting the supersymmetric partition function with the appropriate boundary conditions
for fermions upon adding chemical potentials for the global symmetries. This partition
function is technically computed by adding a @-exact term to the action, which has the
effect of localizing the theory on the saddle points of this Q-deformed action. As shown
in [18], the final result for the index is

7~ [1d0)Z, T (2.3)

where [[da] stands for the integration over the gauge group with the suitable Haar measure,
while Z,, and Z;,s stand respectively for the perturbative and instantonic contributions to
the index. The perturbative contribution can be thought as the plethistic exponential of the
single-letter indices associated to each multiplet present in the theory, that is, schematically

IP =PE |: Z f\%ctor + Z fnl—llatter:| (24)

V evectors H &hypers

being fectors fmatter the single-letter contributions to the index. In the cohomological
formulation, such single-letter indices are basically given by the Atiyah-Singer index of the
appropriate complex depending on the type of multiplet [18, 35] (see section 2 for explicit
expressions). In turn, the instanton part is associated with instantonic particles and it
coincides with the 5d Nekrasov instanton partition function.

In the orbifolded case n > 2 the [SU(2); x SU(2)2]r Lorentz symmetry is generically
reduced to [U(1) x SU(2)|r. Nevertheless the localization computation is otherwise exactly



analogous to the n = 1 case. Hence the structure of the index is exactly the same as
in the unorbifolded case, with the only difference that both the perturbative and non-
perturbative parts must be computed on the orbifold background. As for the perturbative
part, the single-letter contributions are given by the indices of the corresponding complexes
on the orbifold, which can simply be computed by projecting the unorbifolded case to
orbifold-invariants. In turn, as for the non-perturbative contribution, we should compute
the Nekrasov instanton partition function on the orbifold geometry.

In the following we will concentrate on U(N) gauge theories. It is therefore useful to
recapitulate the most salient features of the topological classification of U(/N) bundles on
ALE spaces (see [36] and references therein for a more thorough review). A U(NN) bundle
on C? /7, is topologically classified by n — 1 first Chern classes and one second Chern class.
In addition, since 71 (S%/Z,) = Z,, we need to specify the monodromy of the gauge field,
labelled by a partition of N as N = (Ny, ---, Ny,) such that > N; = N.

2.1 Perturbative contribution

The perturbative contribution to the index of the vector multiplet and hypermultiplet
can be read, respectively, from the self-dual complex and the Dirac complex [18]. The
respective contributions can be easily obtained by first computing the equivariant index of
the corresponding complex and then taking its plethystic exponential.

The relevant complexes will be the self-dual complex -related to the vector multiplet
contribution— and the Dirac complex —related to the hypermultiplet contribution—. As we
are interested on 5d gauge theories on C? they will depend on two spacetime fugacities
t1, ty associated to the two C planes. The relation of these to the more standard {z, y}
used in [6] is simply

th = xy, to = xy_l 3 (25)

where z and y are fugacities for U(1) x SU(2) isometry of C? appearing in (2.2).
The action of the orbifold on the Lorentz fugacities is simply

t1 = wit to — w_l to, (2.6)

Besides, let us call gauge symmetry fugacities by z,.! The orbifold will generically have a
non-trivial action also on them. Let us particularize now to the U(N) case, where we have

Za > W' 2, (2.7)
where « = 1,...,N and 0 < r, < n — 1 for all a. In fact, the r, are related to the
monodromy of the orbifold action on the gauge bundle N = (Ny,---, N,) as

N
N; = Z 5ra,i(modn) ) i=1,---,n (28)
a=1

'Note that some of these fugacities might in the end not be gauged and thus correspond to global
symmetries. As an example, suppose a U(N) versus an SU(N) gauge theory, whose difference is the overall
U(1) being either a gauge symmetry or a global baryonic symmetry. We can, nevertheless, think of all
fugacites as gauged ones and decide wether to actually gauge them or not only at the end when integrating
over them or not.



where a (mod n) runs over 0, ...,n—1. Therefore, NN; is the number of times that ¢ (mod n)

appears in the vector r. If we are interested on SU(V), since ngl Zo = 1, we must impose

N
Y ra=0, for SUN). (2.9)
a=1

For example, for SU(2) gauge theory on C?/Zs, corresponding to (N,n) = (2,2), the
possibilities are

=
N (2.10)
A more extensive list is given in eqs. (2.65)—(2.70) in [36].

As shown in [6], the contribution of each type of multiplet is related to the Atiyah-
Singer index of a certain complex, denoted generically by ind[D(C?)](t1, t2, z). Thus, the
index for the complex upon performing the orbifold projection can be done by implementing
such projection on the C? index. Explicitly

n—1
ind[D(C?/Zy)](t1, ta, 2a) = S Z ind[D(C?|(w’ t1, w™ ta, W™ 2,). (2.11)
n
=0

2.1.1 Vector multiplet contribution

The relevant complex for the vector multiplet is the self-dual complex. Let us borrow the
result for the unorbifolded case from [18] for the equivariant index of the self-dual complex
(we strip off gauge fugacities)

14+t to
(1—t1)(1—t2)

ind[Dgp (C2)](t1, t2) = (2.12)

Denoting the gauge holonomies «; and the adjoint character by xagj, the contribution to
the index of the vector multiplet is then [ []da; PE[ind[—Dsp(C?)] xaqj]. Following [18],
the integrand can be manipulated as follows

PE[ind[~Dsp(C?)] xadj] = PE[xadj — ind[Dsp]] PE[—xadj] (2.13)

so that [[]da; PE[—xaqj] = [[da] becomes the gauge group integration with the Haar
measure, effectively leaving the contribution of the vector multiplet

- ,C2 2
Hyo o™ (b1, 19, 2) = PE[feon (t1, t2, 2)] (2.14)
with
2 . 11 + 12
Feector(t1,12,2) = (1 = ind[Dsp]) xaqj(2) = A=t -5 XAdj(2) - (2.15)

Writting this in terms of the z, y one recovers the vector multiplet contribution in [18].



Reduction on S!. Before proceeding further, let us point out that we can reduce this
part H c

L etor(t1, t2, 2) of partition function on the “time” circle S1. This reproduces the well-

known formula for one-loop contribution of the vector multiplet [37] (see also, e.g. (B.21)
of [38]). Let us denote by 3 the radius of the circle S1. The variables ¢, 5 are related to the
2-deformation parameters €1 2 and gauge parameters a, (with a =1,..., N) as follows:

€1

t =ay=e P, ty =yt = e P2, 2o = € P (2.16)

and let us then focus on the limit g — 0.
Let us consider U(N) gauge group. From (2.15), we obtain

R t1 + to
Hl loop,C? ot —PE |- 1 .
( 1, 272) (1—t1)(1—t2)XAdJ(Z)

vector
— PE [( Z Za25_1>< Z t71nt2—n+t§m—1)t2—(n—1)>:|

1<i,j<N m,n>1

= H ! — —, (2.17)

_ _ —1 1
m,n>1 ngi,jgN{l — 11"ty nzazg 1}{1 - tgm )tz " )Zazg 1}

Substituting into it (2.16) and taking limit 8 — 0, we obtain

1-— t{”t;"zaz/g,l —  me] — nex + aq — ag
1_ tgm—l)t;(n—l)zazgl - (m—1)er—(n—1)ex + an —ag . (2.18)

We then use identities involving the logarithm of Barnes double gamma functions:?

Ver,e2 (%) = logT'a(z + e [eq, €2). (2.19)

where for ¢; > 0, €5 < 0, we have an infinite product formula

Ty (zler, €2) H (4 (m —1)e; — nex) ™. (2.20)
m,n>1
Thus we arrive at
1-loop,C2
Veciﬁf,U(N)(a) = 1<1;[<N exXp [ — Vei,e2 (aa — ag — €1) — Ye1,e2 (aa — ag — €2)] - (2.21)
_a7 i

This is in agreement with (B.21) of [38]. Similarly, for SU(NN) gauge group,

1-loop,C2
Zvec(‘zgiSU(N) (CI,) = eXp [761762(_61) + 761762(_62)] X

H exp [ — Yere2(@a —ag — €1) = Yep,e2(@a —ag —€2)| . (2.22)
1<a,B<N

#We adopt the same convention for this function as in e.g. [37-39]; note that this is different from that
used in e.g. [40].



The orbifold case. Let us now turn to the orbifold case, focusing for the sake of con-
creteness on the C?/Zy orbifold. Furthermore, for simplicity, we will consider the case
where the orbifold acts trivially on the gauge fugacities, that is, » = 0.3 Applying (2.11)
to project to orbifold-invariant states we find

(1+t1t2)?
(1—t3)(1—13

Removing the Haar measure part the vector multiplet single-particle index becomes

ind[Dsp (C?/Z2)|(t1,t2) =

) XAdj(z) . (2.23)

2
P2 (01, 12,2 = 0) = (1~ ind[Dsn (C?/22)]) xags(2)

2
G _(tig;r(tf)_ ) XAdj(2) - (2.24)

In general, for C?/Z, with » = 0, we obtain

5 20t (1 — 7y (1 — taty)
(I—1t7) (1 —1t3)

So far we have focused on trivial actions of the orbifold on the gauge fugacities. Com-

fCQ/Z“(t,z;r =0) =

vector

XAdj(z) . (2.25)

puting the vector multiplet index contribution for general action r is straightforward albeit
a bit more tedious. We discuss this issue for the large orbifold limit in section 3.

2.1.2 Hypermultiplet contribution

In the case of the hypermultiplet the relevant complex is the Dirac complex. In the unorb-
ifolded case, borrowing the result for the Dirac complex index from [18], we have (we strip
off gauge dependence)

Vit
(1—t1) (1 —t2)

For the matter multiplet the PE of the equivariant index of the complex is directly the

ind[Dpirac] (C?) (L1, t2) = (2.26)

contribution to the single-particle index. Thus, the contribution of the hypermultiplet in
the representation R to the parition function is then given by

- 2 2 _
Hliléli‘[t)::)eplj,(%, (tl? t27 z, U) = PE[fg, (tly t27 Z)U+1/ 1] (227)

with u a flavour fugacity, the power of u is —1 if R is the fundamental representation and
+1 for other representations, and

& (t1.t2, 2) = ind[Dpirac) (C?) xr(2)

= ] Xr(2) - (2.28)

1

Writting this with ¢; = xy, to = xy~", one recovers the contribution in [18].

®Note that this is equivalent to consider the U(1) case, as then the orbifold cannot act on the gauge
fugacity —nevertheless absent for the gauge field, being in the adjoint representation—.



Reduction on S. Using the variables as in (2.16) and taking
uw=e PH (2.29)

where p is the mass parameter, we see that the one-loop part of the matter contributions
in the 4d partition function are given as follows, upon the limit g — 0:

-1
Zgo®(a, 1) = [ [ exp eren(aa — 11— e4./2)] (2.30)
«
-1
Zumiir alas 1) = [T exp Meren (—a + 11— €/2)] (2.31)
«
Zyio® (@, b,m) = [ [ exp [Ver.e(aa — bg —m — €1 /2)] (2.32)
a7ﬁ
N
1-1
Zim vy (@m) = T explhee(aa —as —m—ep/2)] . (2.33)
a,f=1

These formulae matches the expressions in (B.22)-(B.24) of [38], with all mass parameters
p and m shifted by e, /2 with respect to those in [38].

The orbifold case. As for the case of the vector multiplet, let us, for concreteness,
concentrate on the case of C?/Zy with trivial orbifold action 7 = 0 on the gauge fugacities.
Following the general recipe (2.11) we find

Viite (1+t1ta)

ind[Dpirac(C2/Zs)] = YRr(z 2.34
Thus the relevant fiatter reads
Vitto (1411t
EQ/ZQ(t,z,u;r =0)= 1t (1+h Q)XR(Z) . (2.35)

(1—t) (1 -13)

Again, for more complicated actions r of the orbifold on the gauge fugacities the corre-
sponding expression for the matter contribution will be slightly more involved. We discuss
this issue for the large orbifold limit in section 3.

2.2 Instanton contribution

As described above, the 5d index contains a contribution from instantonic operators. Con-
centrating first on the unorbifolded case, such contribution factorizes into the contribution
of instantons localized around the south pole and anti-instantons localized around the north
pole of the S* [18]. Let us denote the instanton partition function for instantons around
the south pole by Iisnst. Denoting by ¢ the instanton current fugacity, such function can be
expanded as

o0
2
The =Y Hp ¢, (2.36)
k=0



so that H,§2 is the k-instanton partition function (of course, HBCZ = 1). Note that the
explicit expressions of H ,(52 are very complicated® for larger values k, a closed form of the
summation (2.36) is not known.

On the other hand, the instanton index for anti-instantons localized around the north
pole can be easily obtained [18] as ZN.. (q) = ZJ (¢!). Then, the whole instanton contri-
bution to the index is just Zing = Z5 ., IN

inst Linst: It is then clear that the quantities of interest

are the k-instanton partition functions HS g
Before turning to the orbifold case, let us briefly review the computation of the instan-
ton contributions on C2.

2.2.1 Instantons in gauge theories on C?

For pure gauge theories, these can be computed as the appropriately covariantized Hilbert
series of the k-instanton moduli space [42]. More generically, the contribution associated to
the k-instanton for a generic theory can be computed using localization [43, 44|, which fixes
the gauge field configuration such that the instantons are located at the origin. Such fixed
instantons are labelled by an N-tuple of Young diagrams, denoted by Y = (Y1,Y>, ..., Yy).
We refer to each element by Y, with « = 1,..., N, and we allow the cases in which there
exist empty diagrams. The instanton number k is given by the total number of boxes

N
k=[Y]|:=) |Val. (2.37)
a=1

For a given box s at the a-th row and b-th column of a given Young diagram Y, one
can define ay (s) and ly (s), known as the arm length and the leg length, as follows:

ay(s) = Ag — b, ly(s) =\, —a, (2.38)

where \j corresponds to the transpose diagram of Y, namely YT =\ >N, > ...
The contribution from the vector multiplet is given by

-1 1+ _
HE. o (1, t2, 2,Y) PE[ Z ) (Za v (9) 1+aya()+j£t1 Yﬁ<s>t2aya<s>)]’ (2.39)
a,B=1s€Yq «

Note that if s € Y, but s ¢ Yj, then ly,(s) can be negative. The contributions from the
fundamental and antifundamental hypermultiplets are given by

- N
HE,(t1, b2, 2,4;Y) = PE u_lzza > t‘ftg], (2.40)
(a,b)EYa
2 _ —
Hgntifund(tlthazaU;Y):PE uzza Z tcll ltg 1:|7 (2.41)
- a=1 (a,b)€Yy
= 20—y (s) 25 1ty (s)
HE o (t1,t2, 2,0, Y) =PE|u Y Z@Ztl Y t1+aya(s)+2£t1 B “Yw(s))}(zm)
(0%

- a,f=1s€Y,

where u denotes the fugacity for the flavour symmetry.

“Explicit expressions for k = 2 instantons on C? with various simple groups can be found in [41].

,10,



The contribution from the instanton number k is given by

C? Hvec or(t Z; Y)
Hinst,k,U(N)(t7Z7u) = Z HCQ ¢ (t,z,u;Y) . (2.43)

Y:|Y|=k matter

where the summation runs over all possible N-tuples of the Young diagrams whose total
number of boxes equal to the instanton number .

Example: one instanton contribution to SU(2) with 4 flavours. In general, for
an SU(N) theory with Ny = 2 N, the k-instanton contribution is

HE

Vector

2 (tl,tz, zZ; Y)
Hig i (t1,t2, 2, u) = Z 2N :
, s b2y <~y C2 .
Y:|Y|=k H'L 1Hant1fund(t17t27z7ui7Y) Hj=N+1 Hfund(tth’z’uj?Y)

(2.44)

Focusing on the N = 2 case, the ordered pairs of Young diagrams that contribute to
the partition function are

0,0, (©,0). (2.45)

Here are the contributions for each part:

tiloz Z
Hvector(t17t27 = (D ®)) =PE |:t1 + 1o + 1222 ! + Z?:| (246)
it
ngld(tlat27zau; (D,@)) = PE |: ljZ1:| (247)
Hgntlfund(tlat% 2, U5 (D @)) =PE [uzl] : (248)

The contribution from ((),J) can be obtained from above by exchanging z; and zs.
Therefore, the one-instanton contribution is given by

titoz z titoz
121+3_ 112271

Hﬁzt,kzl(tl, to,z,u) = PE [t; +t2 + - uzl] + (21 & 22) (2.49)

Z9 Z1 u
T (=i D [T (1 = tateziu )
(1 — tl)(l — tg)(l — tltgzlzz_l)(l — 2’22’1_1)

+ (21 > Zg) . (2.50)

The 4d limit of this contribution is

2
Zi((l:lbt k= 1(61’ €2,a, H)
- hm Hnst k= 1( —Pe ) 675627 6750’7 eiﬁ'u)

_ (a1 + p1) (a1 + p2) (a1 + €1 + €2 — u3) (a1 + €1 + €2 — fug) (a1 © az) (2.51)
(—a1 +a2) €162 (a1 — ag + €1 + €2)

This is in agreement with (A.7) of [39].
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2.2.2 Instantons in gauge theories on C2?/Z,

In the orbifold case we should compute the instanton partition functions on C?/Z,. For a
given U(N) gauge theory on C?/Z,, upon choosing the holonomy 7, the instanton parti-
tion function with Kronheimer-Nakajima vector k for such a theory, denoted by H, c/ Z",
can be directly obtained from the case of C2. One simply needs to apply the followmg

implementations for the orbifold projection (see e.g. [45, 46]):

1. In eq. (2.43), the summation runs over a certain set R(k,r) of tuples of Young
diagram defined as follows. Given r and k, R(k,r) is a set of N-tuples of Young
diagrams such that all of the following conditions are satisfied:

(a) The total number of boxes in Y is given by |[Y|:= 2N |V, =37 k.

(b) Upon assigning the numbers 7, + a — b (mod n) to all (a,b) boxes of every
non-trivial Young diagram Y, # () for all « = 1,..., N, there must be precisely
k; boxes in total that are labelled by the number j (mod n) for all j =1,...,n

2. Only the terms inside the PEs in egs. (2.39), (2.40), (2.41) and (2.42) that are
invariant under the actions (2.6) and (2.7) are kept; the other terms are thrown away.

(a) For the vector multiplet and adjoint hypermultiplet contributions, the summa-
tion over «, 5 and s in (2.39) and (2.42) are restricted to those satisfying

—To + 15+ ly;(s) +ay,(s) +1=0 (modn) . (2.52)

(b) For the fundamental and antifundamental hypermultiplet contributions, the
summation over o and (a, b) in (2.40) and (2.41) are restricted to those satisfying

ra+a—b=0 (modn). (2.53)

Explicitly,

vector

N
2 — s a s l S),—a s
HE /Z"(t,z;Y;r) PE[ Z Z (Zatl lyy( )t§+ Yo (5) z,@tiJr vg ( )tQ va ( )) %

a,B=1s€Y, o Za
5—7‘a+7‘5+lyﬂ (s)+ay, (s)+1 (mod n),0:| ) (254)
C?/Zy, - a
Hfun/d (ta Z,U; Y’ ’I") =PE ! Z Za Z t t2 ro+a—b (mod n), O:| ) (255)

a=1 (a,b)eY,

/2, [ a—1,b—
HE [ (ty, by, 2,u; Y3 7) = PE uZza > M 6 amb (mod n),o], (2.56)
L a=1 (ab)EYa

2T ly,(s) zg 1+ly,(s) — s
HE /2 (tl,tZ,z,u;Y;r):PE u Z 3 (t1 Yol tavals) 4 2By TRy aval >) x

adjoint
Za
a,B=1s€Y,

67r&+rﬁ+lyﬁ (s)+ay, (s)+1 (mod n),0:| . (257)
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where u denotes the fugacity for the flavour symmetry. It is chosen in such a way that
the 4d limit is in accordance with the convention of [39]; see e.g. (2.73) below. Note
that in section 4, we make a redefinition of u so that the results are in agreement
with those in [31, 32].

3. The 5d instanton partition function (or Hilbert series) for U(N) gauge theory on
C?/7Zs is given by

C?/Zn
H t.z:Y
H;Si/zn (t, z, ’u,) = E C\Qljcztor ( ) 25 ) ) (258)
Y eR(k,r) Hmatter (8 2,4 Y)

Reduction on S'. Upon reduction along the “time” S', the instanton contribution,
both in the orbifold and orbifolded cases, does go over to the known instanton partition
function for 4d theories on an orbifold. We refer to [36] and references therein for explicit
expressions. Note that in [36] the quantity computed is the Hilbert series of the instanton
moduli space. Nevertheless the Nekrasov instanton partition function directly follows up
to multiplication by the suitable factor of x [42]. Since this factor in the 4d limit simply
becomes 1, the reductions in [36] and the described matchings with the known expressions
in the literature for instantons on ALE spaces can be borrowed in the case at hand to
conclude that indeed the non-perturbative part of the 5d index, reduced along the time S*,
becomes the non-perturbative contribution to the partition function of the gauge theory
on the ALE space.

Thus, in view of the reduction of both the perturbative and non-perturbative contri-
butions to the 5d index on S! x S%/Z,, all in all we find that the reduction along the
“temporal” S* does indeed recover the partition function of the 4d version of the theory
on the ALE space.

A number of examples for instantons in N' = 2 U(N) and SU(N) pure gauge theory
are presented in [36]. We shall not repeat them here; however, in the following, we present
some examples for gauge theories with matter.

2.2.3 Example: SU(2) theory with one hypermultiplet on C?/Z,
1/2 pure instantons on C?/Z; with r = (1,1): k= (1,0)
The set R(k = (1,0),7 = (1,1)) contains the following elements:

Y, =(0,0), Yy=(10). (2.59)

The contributions of the vector multiplet and the adjoint hypermultiplet are

t1t
H 2(t1, 12,2, Y2) = PE [ S ’22] , (2.60)
22 <1
C2/z utitozy Uz9
Hadj{)irft(tl’t27z7u; Yz) = PE [ . + 21] : (2.61)

For Y1, one only needs to exchange z; and z».
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Hence, the instanton partition function is given by

(=) (1=

C*/2: (t1,t2,2,u) = = -

inst;k=(1,0),r=(1,1)\"1> *2; - <1 B ﬂ> (1 B t1t2z2>
29 21

+ (21 6 2) . (2.62)

The 4d limit of this expression is

C?/z B <c /7
inst;k2 (1,0),r=(1, 1)(617 €2,a, p) = hm s H s Pl (1,0),r (1,1)(e
_ (al —ag + p) (—a1 +az+ €1+ €2+ p)
(a1 — az) (—a1 + az + €1 + €2)
2[(a1 —a2)® = (a1 +e2)® = (a1 + e2) p — 1i°]

- _ . (2.63
(a1 — a2+ €1+ €2) (—a1 + az + €1 + €2) ( )

—Be1 7 efﬁ@? e*ﬁa7 e*ﬁu)

+ (a1 < CLQ)

We shall make use of egs. (2.62) and (2.63) later in section 4.3.1.

2/3 pure instantons on C2?/Zs with » = (1,2): k = (1,1,0). The set R(k =
(1,1,0),7 = (1,2)) contains the following elements:

Yi=(0,2), Y2=((1),(1), Ys=((1,1),0). (2.64)

The contributions of the vector multiplet and the adjoint hypermultiplet are

(CQ/ZS 21 tlt%ZQ t121 toz9 t t221 Z92
H t.z,V,)=|PE|—+ ———| ,PE|— 4+ —=| ,PE —
vector (67 ¥i) ( [75222 * 2 | z9 - z1 Z9 * tiz1] )’

Hadjomt(t Z,U; Y) <PE [u <t222 + - >:| ,PE |:u (2’2 + 71 ,

PE {u (tltm + ZZ)D . (2.65)
z9 tlzl

Hence, the instanton partition function is given by

2t
R o U (o) (o) (10 +5)
instile—(1,1,0),r=(1,2) (b 2 1) = ( ttgzl) (1 = ) (1_m) (1_m)
121 29 21
R
2 (2.66)

T

We shall make use of (2.66) later in section 4.3.2.

2.2.4 Example: U(2) gauge theory with 4 flavours on C?/Z,

Instantons on C2/Zs with k = (1,2) and r = (0,0). The tuples of Young diagrams
that contribute to the partition functions are

Y= (0,1), Ya=(10). (2.67)

— 14 —



For example, the contribution of Y5 to the vector multiplet part is

t2 12 titezy ez titiz 2
H&itor(tlatZazZB):PE Uy + L+ 2y + 2 4 itz fitzr by | 2
to t 29 29 Z9 21
Z9 Z9
. 2.68
+75121 * t221] ( )

After keeping only terms in the PE that are invariant under (2.6) and (2.7), the contribution
of the vector multiplet is

H(CQ /7o

vector

fit2zy 22] (2.69)

(t1,t2,2;Y2) = PE [ +

22 21

Similarly, the contributions of the hypermultiplets are

C/z titoz
Hfun{i z(tlatQ,Z,u;YQ) — PE |: 102 1:| 7

: (2.70)

J pali (t1,t2, z,u; Y2) = PE [uz] . (2.71)

antifund

For Y1, one only needs to exchange z; and z».
Thus, the one-instanton contribution is given by

HC2 Y2

stk (1,2) r—(0,0) (115 12, Z, W)

4
t1toz z t1t
121+2 102

=PE

2
z
: ! —Zuizl + (21 > 22)

z z u
2 L i—1

(1= wz) (- upz) (1 222) (1- bia)
= + (Zl > ZQ) . (272)

(1-252) (1-2)
29 21

The 4d limit of this contribution is

C? /74
Zinst;k,'r'(el’ €, a, IJ’)

. —2,4,C2%/7, _ _ _ _
:}J’%B Hinst/,kQ:(l,l)(e g el emia o)

_ (a4 ) (a1 + p2) (a1 + €1 + €2 — p3) (a1 + €1 + €2 — p1a) (o > as) . (2.73)
(—a1 + ag) (a1 —az + €1+ 62)

This is in agreement with (A.8) of [39].

Instantons on C2/Zy with k = (0,1) and » = (0,0). The ordered pairs Y, (with
a = 1,2) of Young diagrams that contribute to the Hilbert series are given by (2.59).
The contribution from the vector multiplet is given by (2.60). The contribution from the
fundamental hypermultiplet is

tyt tyt
He [P (8 2,0 Y,) = (PE[ ljﬂ ,PE[ ljzlb . a=12 (2.74)

,15,



The contribution from the anti-fundamental hypermultiplet is

HE/% (42 u: Y,) = (PE[uzy), PE[uz1]) (2.75)

antifund
The Hilbert series is given by
2 C?/z
HC2/Z2 (t 2 U) _ Z ‘E[vecéor2 (t7 Z; Kl)
inst;k=(0,1),7=(0,0)\"» < &/ — 2 C2/7 4 C?/7
a=1 [li=1 Hantéffnd(t’ z,ui; Yo) [ T3 Hfun/d “(t,z,u;,Ya)

(1 —urz1) (1 — ug21) (1 — —“Zézl) (1 — —tlfffl)

(1-242) (1-2)
29 21

(1 —u122) (1 — ug22) (1 — —tlff;?) (1 - —“Zi@)

(-2) ()
) z1

We shall make use of this result later in section 4.3.3.

n (2.76)

3 Large orbifold limit and relation to the 4d ’t Hooft line index

Given that our theories are placed on a Z,, orbifold background, it is natural to ask about
the large orbifold limit. Recall that we are considering theories on S x §4/7Z,,. Let us look
more closely to the S*/Z, metric

2 : 2
(dip — cos 0.de)® + % (d02 + sin? 0d¢>2) (3.1)

sin «v

d5?94/2" =da® +
where ¢ € [0, 47”] Defining v = 51 € [0, 27] we have

sin a2 sin a2

A%z, = do® + 7 (di) = g cos d)? + = — (@62 +sin?0ds?)  (3.2)

Thus, in the large orbifold limit n — co we roughly find

sin o2

dska s, — do® + (6% + sin® 0 d?) (3.3)

thus obtaining a 3d space (albeit with two conical singularities at both poles a = 0, 7).
Hence, since the large orbifold limit amounts to a dimensional reduction, we expect to
recover, in large n, results for indices of 4d gauge theories.

Note that, in contrast to the reduction along the “temporal” S!, since we are not
reducing along the S* along which the supersymmetric boundary conditions are set, instead
of reducing the index to a partition function, in this case we should expect to find a 4d
index. This is in fact very similar to the lens space indices very recently discussed in [29, 30].

The large orbifold limit is to be implemented simultaneously on both the perturbative
and non-perturbative contributions to the 5d index. Unfortunately, computing the non-
perturbative part for a generic orbifold C2/Z,, is technically challenging, so let alone taking
the large orbifold limit. Thus, we will concentrate on the perturbative part obtaining quite
amusing results. In section 5 we will come back to this point and speculate on the properties
of the non-perturbative contribution.
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3.1 Perturbative part

Let us discuss the large orbifold limit of the perturbative contribution to the index. In this
limit, the discrete Z,, action becomes a continuous U(1) action, whose fugacity is denoted
by w. The orbifold action on ¢y, t2 and z, (with a = 1,..., N) is therefore

t1 — wiy, ty — w lty, Zo — W2 . (3.4)

3.1.1 The case of r = 0 and the Schur index

Let us first consider the case of an orbifold acting trivially on the gauge group fugacities,
namely r = 0. Using (2.12) and (2.26), we see that in the large orbifold limit the self-dual
and Dirac complexes are

ind[Dsp|(C?/Zs) = f@—l (Q:g)w'nd[DSD(C2)](wt1,w_ltg) = ixz (3.5)
ind[Dpirac)(C*/Zoo) = fj - (2;1_?)wind[DDirac((Cz)](U)tlvw_th) = % - (3.6)

Therefore, the vector and matter multiplet contributions to the index are

2 . 24t
Froder” (8237 = 0) = (1= nd[Dsp)(C*/Zec)) = —{ =4 - Xaail(z)  (37)
i1t
Sl e =0 = Y12 ) 55)

1 —tite

where we used the same notation as in section 2.1.2. Amusingly, this is the 4d Schur index
as described in (4.14) of [47].°

Note that this result is only valid for the case of an orbifold with trivial action on the
gauge group. The cases of general r are more involved, as we shall discuss below.

3.1.2 General r and the ’t Hooft line perturbative index

Let us start with the simple case of U(2). The generic action of the orbifold on the gauge
fugacities is
(21, 22) = (W™ 21, W' 22). (3.9)

We then have

e Vector multiplet
Starting with the C2 self-dual complex, including the U(2) gauge character

ind[Dsp](C2) = ifgz (14 22) (7 + ) (3.10)

we find, in the large orbifold limit, the following index

- 1+ tity
1 —tity

ind[Dgp](C2/Zos) (72l gt 2ty (3.11)

®The fugacity p (4.14) of [47] is identified to ours as p = .
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Had we considered the SU(2) case, we would have found

Lttty

e e n N AT R S I CAE)
— L1l2

ind[Dsp(C?/Zso)

Note that the difference between (3.11) and (3.12) is a factor of the U(1) self-dual
complex index%, which is precisely what one would expect.

e Hypermultiplets in the (anti-) fundamental representation

Starting now with the C? Dirac complex, including the U(2) character

fund tal
ind[Dpgac] (C?) = Vit y (21 + 22) undamenta (3.13)
(1—t2) (1 —t2) (z;' +2,1)  anti-fundamental
we now find, in the large orbifold limit, the following index
Ir1 |r2]
tqt t +t fund tal
ind[Dpirac) (C2/Zoo) = 2 {72 S0 00 = - fundamenta (3.14)
L — 11ty toy 27t + 1122y anti-fundamental

e Hypermultiplets in the adjoint representation

Starting now with the C? Dirac complex, including the U(2) adjoint character

ind[ Do) (C) = 7= ;2;1(?_ . (a1 + =) +5) (3.15)

we now find, in the large orbifold limit, the following index

Vit _ _
ind[Dpirac] (C2/Zso) = ﬁ (72l gt 2 el (3.16)
— tito
Again, had we considered the SU(2) case we would have found the same expres-

sion (3.16) only that with a 1 instead of a 2.

However, while the Dirac complex is directly the single-letter contribution to the index,
the self-dual complex contains information about the integration measure as described in
section 2. In the case at hand, note that both the adjoint hypermultiplet and the vector
multiplet contribute very similarly to the trivial monodromy case, only exchanging the
adjoint character by the slightly more complicated factor (tllrl_m‘ 2125 ! —i—l—i—tlm_”‘ 292 1).
Thus, it is natural to extract in this case the factor PE[—(tllrl_ml 2125 1 —i—tim_m 2927 Y]
from the self-dual complex index to find the vector-multiplet contribution. Note that for
the trivial action case r = 0 this recovers the adjoint character, and hence the result in 2.

Thus, the appropriate generalized measure is, in this case, given by’

1 ry—r — ro—r —
Jash=5 ¢ g R aodasha-dr ) e

|z1]=1 2mizy |z2|=1 2mize

SFor U(1) the xadq; = 1, and hence there is no action of the orbifold on the gauge group. The contribution
to the index is just — 2% . This factor is indeed the difference between (3.11) and (3.12).

1—z2°

"The % ensures the correct normalization.
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While each multiplet’s contribution to the index are

2 21t - _ - -
f\icéfrw (t,Z;T) _ - _17512752 (t|11”1 72 212 L t|2r2 1] 2 2 1> :

C?/Zoe o _ - _ _
fadj{)int (t,z7) = 1T tity <$|T1 r2l gy 2yt 4 2 4 a2l 5y 27 1) ;

(3.18)

€2 /Zoo Viito t|2”|21 + tllmle fundamental
ffund/antifund(t’ Z; T) = 1— tito x

et 42l anti-fundamental

Note that this is in fact the same perturbative contribution as in section 3.6 of [32],
which suggest that non-trivial monodromies in the large orbifold limit correspond to inser-
tions of 't Hooft lines in non-trivial representations. Of course, the trivial monodromy case
can be thought as no 't Hooft line. Therfore, since in the general case the SUSY preserved
by the 't Hooft line is that compatible with the Schur index [32], this explains why for no
't Hooft line (or equivalently, » = 0) we recover the Schur index. Note also that supersym-
metry then requires the index to depend on a single Lorentz fugacity p = x = /t; ta.

Example: 5d maximally supersymmetric U(2) gauge theory. As an explicit test,
we can write the large orbifold expression for the perturbative part of the index for the
maximally SUSY U(2) theory containing a vector multiplet and an adjoint hyper. Since
we have an adjoint hypers, we will have an extra global SU(2) symmetry, under which each
chiral in the hyper will have charge, respectively, 1 and —1. Calling the associated fugacity
u, the perturbative part of the index, together with the appropriate Haar measure, is

C?/Z — —1y C?/Zo —
/[dZ]T‘ PE |:fvec{0r (ZEy, a:y 1,z;r)—i—(u+u l)fadj{)jnt (xya I’y laz;’r):|

1 % d21 f sz B . B )
= — " . 1—x|7’1 7‘2|le 1_x|7“2 TllZQZ 1
2 Jjz|=1 2miz1 )|z =1 2mi22 ( 5 ) ( )

(u+u )z —222
1— a2

PE|: (x\n—ml 2 251 +24 x|r2—r1| Zfl 22) :| , (3‘19)

where we set t; = zy and ty = zy~'.

For |ry —re] = 2 and |r; — 72| = 0 this is the
perturbative part of respectively the first and second lines in eq. (4.38) of [32] (see sections 4
and 5 below for the non-perturbative contribution Zyeno)-

Furthermore, note that both for the adjoint hyper and vector multiplets the corre-
sponding contribution to the indices is proportional to 22 = z; 2y L In particular, it is
clear that the integral will factorize into an integral over dz of the SU(2) part times an in-
tegral corresponding to a maximally SUSY U(1) theory, i.e. a U(1) N/ = 4 vector multiplet
in 4d —in fact the integral is trivial since the U(1) adjoint is trivial, so we will simply get
an overall factor corresponding to this free multiplet—. Because of this, we can easily find

the SU(2) result

‘z|:1 VN4

-1 —9 2
XPE[(u—I—u Jx —2x

D222 (ol e e
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For the particular minimal case when |r; — 79| = 1 this is

ﬁ[ ¢ )1 —2Y)PE (utu o - 222 (mz—l—l—i—a:zl)} (3.21)

2|=1 2miz 1— a2

This is the same result as in eq. (5.7) of [32].

General result for U(IN) gauge group. The generalization to the U(N) case with
arbitrary action r = (71, ...,7y) is now obvious. We assume without loss of generality that

0§7’1§7’2§...§7‘N. (3.22)

Then, each multiplet’s contribution to the index are

2t1t _ _
ind[Dsp (C?/Zoc)] = 15 (N+ S T g 1y T za1}>,
1<a<B<N
. \/t to o _ —ra _
1nd[DDiraC(C2/Zoo)]Adj ; = <N+ Z {t|r 7“[3| ﬂl +t\27“[3 T |Zﬂ Zal >
1<a<fB<N
o [
. 102
ind[Dirac(C/Zoo) o = 7=, (Z ty z) :
a=1
(&
. 12
ind[Dpiac(C*/Zoo)l5 = 17 (Z £ 2 ) - (3.23)
a=1

For SU(N) gauge group, we simply impose the condition Zév:1 ro = 0 (mod n), and replace
N in the first two equations in (3.23) by N — 1.

In terms of the x, y fugacities, and upon appropriately reabsorbing z, — y~"* z,, the
contribution of each multiplet is only z-dependent, as it should be due to supersymmetry.

2 2
f&c{froo (.%',Z;T) = _1 :B (N + Z {x‘ra_rﬂ‘za zﬁ_l + x‘rﬂ_ra‘ 2 2’;1}> ’

2
1<a<pB<N
C?/Zoo X _ 1 _ _
Lz, zr) = —— x Za el 28 2
fadJOIHt( ) 1 2<N+ Z { |ra—rg] 23 +x|7" ol 5 al})
-t 1<a<pB<N
Zoo N
ffun/ (z,z;7) =1 5 <Zx’" > ,
—x
a=1
C? /700
fantifund(x Z; ’l" 1 —.%'2 <Z$ ) . (324)

Thus, given a monodromy 7, the required perturbative part for U(/N) gauge theory
with matter is

c? Zoo C?/Zoo +1/-1
Zy(z,u,z;7) = PE [fvecéor x,z)+ Z Z ma{terR )uiR/ , (3.25)
R irp=1
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where in the second term we sum over all matter present in the theory, u;, denote the
flavour fugacities for matter in the representation R, and the power +1/—1 takes the values
+1 if R is the fundamental representation and —1 for other representations. Besides, the
corresponding generalised measure is

/ [dz], =N /H 2:11_?2& H (1 — glra=rsl 5, Z/gl) (1 _ glre—ral 23 Z;l) . (3.26)

1<i<j<N

This is in fact the same result as that obtained in [32]. Thus, all in all, we find that the
large orbifold limit of the perturbative part of the 5d index of a gauge theory reduces to
the perturbative part of the 4d index with the insertion of a ’t Hooft line defect whose
charge is given by the monodromy of the 5d gauge bundle r.

4 Monopole bubbling indices

In the previous section we have found that the perturbative part of the 5d index on C?/Z,, in
the large orbifold limit reproduces the perturbative part of the 4d index with the insertion of
a 't Hooft line operator. This suggests that the full 5d index, in the large orbifold limit, can
be related to the 't Hooft line index [31, 32]. A crucial ingredient of the latter is the so-called
monopole bubbling effect [48], which localizes the 4d 't Hooft line indices on a set of saddle
points associated to screening by smooth monopoles. Each such saddle point comes with
both a perturbative contribution and a non-perturbative contribution. As discussed above,
the large orbifold limit of the 5d index reproduces the perturbative contribution to each sad-
dle point. Unfortunately, the non-perturbative contribution is technically very challenging.
Thus, although we cannot obtain cuantitative results, we expect a connection between the
large orbifold limit of the 5d non-perturbative contribution to the index and the monopole
bubbling index (see section 5 for some speculations about how this might happen).
Inspired nevertheless by this connection with the 4d 't Hooft line index, in this section
we leave the 5d realm for a while and focus on the computation of the monopole bub-
bling contribution to the ’t Hooft line index. Recall that for a U(IN) gauge theory in the
background of the 't Hooft line Tg classified by the representation B of U(NN), the non-
perturbative part of the partition function receives a contribution from certain monopole
solutions; this is also known as the monopole bubbling effect, see e.g. section 10.2 of [48]. For
a given B, the non-perturbative saddle points are classified by the weights v of the repre-
sentation B. It was pointed out by Kronheimer [33] that there is a correspondence between
such monopole solutions and certain U(1)-invariant instanton solutions on a multi-centred
Taub-NUT space. The purpose of this section is to explicitly demonstrate Kronheimer’s
correspondence at the level of partition functions by identifying the monopole bubbling in-
dices, denoted by Zono (B, v), with appropriate Hilbert series of instantons on ALE spaces.
Before turning into the detailed computation, let us briefly review the structure of the
't Hooft line index [31, 32]. For a given representation B of U(XNN), let us denote by Wg the
set of weights of B whose elements are denoted by v. The ’t Hooft line index is given by

T Hoott (B v) = > / [d2]y Zp(v) Zmono (B, v) , (4.1)

veEWRB
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where [dz], is the generalised Haar measure given by (3.26), Z,,(v) is the perturbative part
given by (3.25), and Zyono(B, v) is the monopole bubbling index. We have suppressed the
dependence on x, z and w of the functions Z,(v) and Zyono(B,v) in the right hand side.
We emphasise again that the 't Hooft index depends on both the chosen representation B
and the chosen weight v.

For the highest weight v = B, the monopole bubbling index is such that

Zmono(B, B) =1 . (4.2)

Thus, for the particular case in which we choose B = 0, i.e. no 't Hooft line the sum in (4.1)
is absent, so that the non-perturbative contribution associated to monopole bubbling is
trivial and, as shown above, both the perturbative contribution and the measure go over
to the Schur index and Haar measure respectively, thus recovering the Schur index of [47].
In the following we turn to the computation of the monopole bubbling index.

4.1 Computing monopole bubbling indices

Let us summarize the computation of monopole bubbling indices presented in [31, 32]. The
non-perturbative fixed points corresponding to the monopole solutions discussed above are
governed by the vector K = (K7, ..., Ky) of length ¢. According to eq. (5.6) of [31], it is
related to the Kronheimer’s U(1) actions and is determined by the following equation:

N N ¢
(Z gB“> = (Z g“f*) +g+g ' -2 <29K3) , 9€U@d). (4.3)
a=1 a=1 s=1

Observe that if v = B (i.e. v is the highest weight of B) or any permutation of
{Bs : @« = 1,...,N}, then this equation admits no solution for K and the contribution
from the monopole bubbling is trivial, Zyeno(B, v) = 1. A representation B of which
all of its weights v are permutations of { B, } is referred to as a minuscule representation;
thus, for such a B, Zyono(B, v) =1 for all v € Wg.

In order to compute the monopole bubbling indices, we consider the N-tuple of Young
diagrams Y = (Y7, ..., Yy) that satisfy all of the following conditions:

1. The total number of boxes must equal to the length ¢ of vector K:

N

S Yal=2. (4.4)

a=1

2. Upon assigning the numbers v, (s) + Ja(s) = fa(s) 10 €ach box a(s) located at the i ()-
th row and j,(s)-th column in the Young diagram Y,, we select only Y such that the
following equality is satisfied:

K, = Va(s) —I—ja(s) — ia(s) , forall seY,. (4.5)

We denote by R(B,v; K) the set of all N-tuples of Young diagrams satisfying the above
conditions.
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Once the relevant Young diagrams have been identified, the contributions from the
vector multiplet and hypermultiplets can be derived from (2.39), (2.40), (2.41) and (2.42),
with the monomials in the PEs projected such that only terms that are invariant under
the following transformations are kept:

th— g ', ta = gta, Za = 9" Za geU). (4.6)

Explicitly,

Zvector(tla t2a zZ; Y' 'U)

Za —ly,(8) 1+a (s ) 28 1+ly, () ,—ay, (s)
[ Z Z < o, Y, z T RS Mt 5aya(s)7lyﬁ(s),1}vuivﬂ , (4.7)

[e3

a,B=1s€Y,
N
Ztand (t1,t2, z,u; Y ;v) = PE [u_l Z Zo Z tath 6vua+b,0} , (4.8)
a=1 (a,b)eYy
N
Zantitund (L1, t2, z,u; Y;v) = PE [u Z Za Z t‘ll_ltg_lévw_a_wyo} , (4.9)

a=1l " (a,b)€Yq

Zadjoint (th t2, zZ,U; Y; ’U)

—ly,(s) 1 a s 28 1+ly,(s) —q s
{ Z Z( v +Ya<>+;at1 (), ya<>> Base, (9)tvy () Lom—vs | - (4.10)

a,B=1s€Y, @

where u denotes the fugacity for the flavour symmetry. Note that in order to find an
agreement with the results in [31, 32], we need to make the following redefinitions for the
flavour fugacities:

U — u\/tito for the fundamental hypermultiplet
u — u" /g for the anti-fundamental hypermultiplet (4.11)
U= e for the adjoint hypermultiplet.

In this section, we adopt such redefinitions.
Finally, the monopole bubbling index for the U(N) gauge theory is given by

Zvec or(t7 z; Y)
R S ol (1.12)
YE’R(B,’U) matter\t, <, &,

4.2 Monopole bubbling indices for pure U(N) theories and the Hilbert series
of instantons in gauge theory on C?/Z,

We now concentrate on the case of pure gauge theories. In this case, we make the following
observation on the relation between the monopole bubbling index for U(N) gauge theory
and the Hilbert series of instantons in SU(V) gauge theory on A-type ALE space [36].

Given a representation B = (ny,ns,...,ny) of U(N) and a weight v of B, the
corresponding monopole bubbling index Zr%ﬁ? (B,v) is equal to the Hilbert
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series of instantons in SU(N) gauge theory on C?/Z,,, where n = 25:1 I1al,
with the holonomy r = v and with the Kronheimer-Nakajima vector k such
that k; (with j = 1,...,n) is the number of times that the number j (mod n)
appear in the vector K in (4.3).

Upon such identifications, it is clear from (4.4)-(4.5) and (2.52)—(2.53) that we have
the same set of Young diagrams for instanton and monopole bubbling computations:

R(B,v) = R(k,r) . (4.13)

Moreover their contributions to (2.54)—(2.57) for instanton partition functions and
to (4.7)—(4.10) for monopole bubbling indices are equal:

C2/Zn

vector, matter

(t, zY; T) = Zvector, matter (t; zY; ’U) (4.14)

Thus, the equality between the summations (2.58) and (4.12) can be established term
by term.

For the representation B = (n,0,...,0) of U(N), the corresponding Hilbert series is
that of pure® SU(N) instanton on C?/Z,, with the monodromy v.

Note that in the special case of U(2), the representation B = (n,0) of U(2) can also
be identified with the n+ 1 dimensional (or spin n/2) representation of SU(2). For a given
v = (p,n —p), with p = 0,...,n, the corresponding pure SU(2) instantons on C?/Z,, has
an instanton number k = p(n — p)/n.

It is important to stress that the ALE space on which the instanton whose Hilbert
series captures the monopole bubbling index lives should be viewed merely as an auxiliary
device, as in [33] (see also the appendix C of [31]). Hence such an ALE space should not
to be confused with the physical orbifold target space in which the 5d theory considered in
section 2 and 3 lives. Indeed, in the case at hand the orbifold degree corresponds to the 't
Hooft monopole charge, so that the large orbifold limit corresponds simply to a large charge
monopole; this is in contrast to the 5d — 4d reduction in section 3. See appendix A for
monopole bubbling indices of large charge 't Hooft operators.

Let us now turn to some specific examples.

4.2.1 N =2 pure U(2) gauge theory: B = (2,0)

Given the representation B = (2,0) of U(2), the weights v are (2,0), (1,1) and (0, 2).
For v = (2,0) or v = (0,2), we obtain from (4.3)

Y et =0 (4.15)

and so there is no solution K for these v. Thus,

Zmono(B = (2,0),v = (2,0)) = Zmono(B = (2,0),v = (0,2)) =1 . (4.16)

8Recall that by ‘pure instanton’, we mean the instanton bundle with vanishing first Chern class: 81 =
B2 =+ = Bnh_—1 =0. This is not to be confused with instantons in a pure gauge theory.
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This agrees with the Hilbert series of SU(2) instanton on C?/Zy with » = (2,0) = (0,2) =
(0,0) modulo 2, and k = (0,0).
For v = (1,1), the solution to (4.3) is
K=(1). (4.17)

The corresponding set R(B = (2,0),v = (1,1); K = (1)) is given by

R=A{(0,0),(,0)} . (4.18)
The monopole bubbling index receives only the vector multiplet contribution:

Zmono (B = (2,0),v = (1,1))(¢t, 2)

= Z Zvector(tvz;Y;v = (1? 1))
YeER
1 1

= +
(1 _ 151157221) (1 _ Q) (1 _ Ll) <1 _ t1t2z2>
22 z1 z2 z1
1 — (t1t2)?

_ , 4.19
(1 — tltg)(l — t1t2212’2_1)(1 — t1t221_122) ( )

This is the Hilbert series of C?/Zy. This agrees with the Hilbert series of 1/2 pure SU(2)
instanton on C?/Zy with » = (1,1) and k = (1,0).

4.2.2 N =2 pure U(2) gauge theory: B = (3,0)

Given the representation B = (3,0) of U(2), the weights v are

(3,0), (1,2), (2,1), (0,3). (4.20)
For v = (3,0) or v = (0, 3), there is no solution K in (4.3). Hence,
Zmono(B - (370)7"] = (370)) - Zmono(B - (370)7U - (073)) =1. (4'21)

This agrees with the Hilbert series of SU(2) instanton on C2?/Z3 with r» = (3,0) = (0,3) =
(0,0) modulo 3, and k = (0,0).

For v = (1,2) or v = (2,1), there are two solutions: K = (1,2) and K = (2,1). For
each of such v, one has to sum over both solutions K.

For v = (1, 2), the sets R(B,v; K) are given by

R(B = (3,0),v=(1,2); K =(1,2)) ={
R(B=(3,0),v=(1,2); K =(2,1)) ={

The monopole bubbling index is then given by
Zmono(B = (37 0)7 V= (17 2))(t7 Z)
= Z Z Zvector(taZSY;U = (172))

K=(1,2),(2,1) YER((3,0),(1,2); K)

1 1 1
= + +

. , 2% 2220\
(- (-t) (-22)(-as) (-a) (-9)

(4.24)
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Setting t| = xy, ts = xy~', we find that

Zmono(B = (370)7 ( ))( :C’Z)
2 2 2
z z z z z
:1+t2+<1+y2>t3+t4+< y2> +<1+ 212+y22>t6
Yz2 Yz2 Y°z5 zi

2 2

z z )
() 1+—1+y—2 +.

Yz2 21 21

= g2z (@, y ™32 ) (4.25)

where the Hilbert series of C2/Zj is given by

2 1

(1 —witz)(1 —witz—1)”’

Wwi=1. (4.26)

W =

gc2/zs (t7 Z) =
=0

This agrees with the Hilbert series of 2/3 pure SU(2) instanton on C2/Z3 with » = (1,2),
and k = (1,1,0). Setting z; = 22 = 1, we obtain
Zmono(B = (3,0),v = (1,2))(z,2z,1,1)
= 1422+ 223 + 2 + 225 + 32% + 227 + 32 +42% 4+ 32104 ... . (4.27)
Similarly, for v = (2, 1), it can be shown that

Zmono(B = (3,0),v = (2,1))(t1,t2,2) = Zmono(B = (3,0),v = (1,2))(t2,t1,2) . (4.28)

4.2.3 N =2 pure U(2) gauge theory: B = (4,0)
The weights of B = (4,0) are (4,0), (3,1), (2,2), (1,3) and (0,4). Similarly to the previous
examples, we know that
Zmono(B = (4,0),v = (4,0)) = Zimono(B = (4,0),v = (0,4)) =1,
Zono(B = (4,0),v = (3,1))(t1,t2,2) = Zmono(B = (4,0),v = (1,3))(t2,t1,2) .  (4.29)
For v = (3,1), the corresponding K are (1,2,3) and its permutations. The sets
R((4,0),(3,1); K) are

K=(1,23): {(0.3))},

K=3,12): {((1),Q2)},

K=3,21: {(1,1),1),(1,1,1),0)} (4.30)
other K give rise to empty sets. The monopole bubbling index for v = (3,1) is then
given by
Zmono(B = (4,0),v = (3,1))(, 2)

= > > Zyector(t, 2;Y;0 = (3,1)) (4.31)

K: perms(1,2,3) YeR((4,0),(3,1);K)

1 1 1 1
= +

1— ttgzl N _t%i 1_@ + l_m _t%zz + 1— 1 l_tltSZQ :
22 t%zl 22 tiz1 tozo z1 229 z1
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Setting t| = xy, ts = xy~', we find that
Zmono(B = (4,0),v = (3,1))(zy, 2y ', 2)

2 2
:1+x2+<1+yzl+Z'2>ac4+<1+yzl+Z2 2

22 Y2z Z2 Y221
4.2 2 2 4.2 2 2
z z V4 4 z z z z
+<1+y SIS 422>x8+<1+y SN i 422>x10—|—...
3 n  P’a Y 3 n  P’m oyt
1/4 —1/4
= ge2jz @,y 2 Y (4.32)

where the Hilbert series of C2/Z, is given by

1o 1
4= (1 - witz)(l —witz1)’

go2yz, (8 2) = wht=1. (4.33)

J

This agrees with the Hilbert series of 3/4 pure SU(2) instanton on C?/Z4 with » = (3, 1),
and k = (1,1,1,0).

For v = (2,2), the corresponding K are (1,2,2,3) and its permutations. The compu-
tation is similar to the previous example. We find that the monopole bubbling index can
be written in terms of an SU(2) character expansion:

Zmono(B = (4,0),v = (2,2))(zy, zy ', 2,1/2)
1
= (2ma+ 2my] 2?2 4 [2my + 2my + 2,222 TAma0) (4.34)
where [a], denotes the character of the SU(2) representation [a] in terms of the variable z.
Observe that this does not depend on the fugacity y. This is in fact the Hilbert series of 1

SU(2) instantons on C2?/Z4 with = = (2,2) and k = (1,2,1,0). The unrefined index is

1+ 2% + 2z 4 28 4 28
(1—a?)" (1 +22)°

Zmono(B = (4,0),v = (2,2))(z,2,1,1) = (4.35)

4.2.4 N =2 pure U(3) gauge theory

The computations for the pure U(3) gauge theory are similar to the preceding section. Let
us summarise the matchings between the monopole bubbling indices and the Hilbert series
of instantons on C?/Z, in table 1.

4.3 Adding matter

By restricting to the simplest case of pure gauge theories we have found a nice character-
ization of the monopole bubbling indices as Hilbert series of certain instantons. We now
extend this characterization to theories with matter.

4.3.1 N =2* U(2) gauge theory: B = (2,0)

Similarly to section 4.2.1, we find that for v = (2,0) and v = (0, 2) the monopole bubbling
index is given by

Zmono(B = (2,0),v = (2,0)) = Zmono(B = (2,0),v =(0,2)) =1 . (4.36)
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Monopole bubbling‘ Hilbert series of instantons
B v Description T k Hilbert series
(2,0,0)| (1,1,0) |1/2 SU(3) pure inst., C?/Zy | (1,1,0)| (1,0) C?%/Zy, (4.19)
(3,0,0)| (2,1,0) |2/3 SU(3) pure inst., C?/Z3 |(2,1,0)| (1,1,0) C?%/Zs, (4.25)
2 4
(3,0,0)| (1,1,1) | 1SU(3) pure inst., C2/Z5 |(1,1,0)| (2,1,0) %
(2,1,0)| (1,1,1) |SU(3) non-pure inst., C*/Z3 | (1,1,1)| (1,0,0) ./,\/lvl,SU(g,)’(Cz, (2.1) of [49]
14+4a2 4ot
(1—22)*
(2,2,0)| (2,1,1) |SU(3) non-pure inst., C?/Z4|(2,1,1) [(1,0,0,0) C?/Zs, (4.19)

Table 1. Matchings between the monopole bubbling indices for 4d A’ = 2 U(3) pure gauge theory
in the background of the 't Hooft line Tz and the Hilbert series of SU(3) instantons on C?/Z,,. In
the above, M qy;(3) c2 denotes the reduced instanton moduli space of one SU(3) instanton on C2.

For v = (1,1), the set R of ordered pairs of the Young diagrams is given by (4.18). The
corresponding monopole bubbling index is

Zmono(B = (2,0),v = (1,1))(u, t, 2)
Zvector(ta z; Y v = (17 1))
YR Zadjoint(ta z,u; Y ;v = (17 1))

() (- (- ) (- )

+
s R S =
) 21 22 21

Indeed, this is in agreement with the instanton computation (2.62) on C?/Zy, with k =

(1,0) and r = (1, 1), after redefining v — i, i the latter.

Comparison with [32]. The 5d partition function (2.62) can be equated with (4.44)

of [32] by redefining u — \/t%z

(4.37)

and multiplying by an overall factor:

14 [y — 2[2) 2% + [1]ya® + 2?
(1 — 222125 )(1 — 222927 1)

—1,;C%/7,
.TUIH/Q

inst;k=(1,0),r=(1,1 s (438)

)(ﬂs, z, z,uzt)

where t1ty = 2. In a similar way, (2.63) can be equated with (4.36) of [32] by shifing the
mass parameter by —e, /2:9

C2%/Z2
instike—(1,0),r=(1,1) (€15 €2, @, J1 — €4/2)

_(am—atp—e/2)(—artast+p+ey/2)
(a1 —ag) (—a1 +az + €4)

4.3.2 N =2* U(2) gauge theory: B = (3,0)

+ (e, = —¢€i) . (4.39)

We proceed in a similar way to section 4.2.2. The monopole bubbling indices for v = (3,0)
and v = (0, 3) are given by

Zmono(B = (3,0),v = (3,0)) = Zmono(B = (3,0),v=(0,3)) = 1. (4.40)

9The -deformation parameters €12 are set to p in [32].
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For v = (1,2), the relevant sets R((3,0), (1,2); K), with K being (1,2) or (2,1), are given
by (4.22) and (4.23). The corresponding monopole bubbling index is
Zmono(B = (3,0),v = (1,2))(u, t, 2)

. Z Z Zvector(ta z; Y; U= (17 2))
N Zadjoint(tv z,u; Y 0 = (17 2))

K=(1,2),(2,1)  YeR((3,0),(1,2);K)
(1_ ut/ f21> ( 3/2u\Z}Z1> . <1_ u\/\/ti:lzzl) (1_%)
( tt221>< t121> (1—%) (1_%)
( \Fua )( _u\ﬁt2 zQ>
Tt %z
( 2 2)( tltz2>

Indeed, this is in agreement with the instanton computation (2.66) on C?/Z3, with k =
\/%2 in the latter.

- (4.41)

(1,1,0) and r = (1,2), upon a rescaling u —
Similarly, it can be shown that

Zmono(B = (3,0),v = (2,1))(t, t1, 2, 2) = Zmono(B = (3,0),v = (1,2))(u, t, 11, 2) .
(4.42)

Comparison with [32]. Setting ¢; = to = x, we find that

U2 Zmono(B = (3,0),v = (1,2))(u, z, z, 2)

(L tru)(z4+23+2°) +2(1 -2 — 2 4 26) — 323 (z—1+z—2)
(=) (1-=7)

1 1
:2+(+u>x—2x2+<+u—zl—22>x3+<—2+zl+uzl+ = +“Z2>x4
u u z z

This is in agreement with (4.45) of [32].

4.3.3 N =2 U(2) gauge theory with 4 flavours: B = (1,-1)

The vector B = (1, —1) corresponds to the adjoint representation with the weights v
(1,-1), (0,0), (-1,1) . (4.44)
For v = (1,—1) and v = (—1,1),
Zmono(B = (1,-1),v=(1,-1)) = Zmono(B = (1,-1),v = (-1,1)) = 1. (4.45)

For v = (0,0), the solution to (4.3) is K = (0) and hence the corresponding set
R(B = (1,-1),v = (0,0); K = (0)) of ordered pairs of the Young diagrams is given
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by (4.18). The corresponding monopole bubbling index is

Zmono(B = (1, _1)7'0 = (0,0))(U, t, z)

Z Zvector(ta zYiv= (O,O))

YeR H?:l Zantifund(t7 Z, U, Ya v = (05 0)) H?:E} qund(ta z, Uj; Y) v = (Oa O))
Vii/izz Vi NORATY: Vii/itzz

(1_ 1u12 1) (1_ 1u22 1) <1_ 1u32 1> (1_ 1 21)

uq
(1 t1t221) (1 Z2>
29 21

(1= 25) (= ) 545) - 5

u u2 Uq

(-2) ()
29 21

Indeed, this is in agreement with the instanton computation (2.76) on C2/Zy, with k =

n (4.46)

(0,1) and 7 = (0,0), upon the following rescalings in the latter:

ui—>ui_1 tita, 1=1,2, (447)
Uj — u]'\/tltg, j=3,4. ’

Setting t; = e~ P¢, uj = e P and z, = e % and taking limit 8 — 0, we have
lim 872 Zmono (e 7PH, e7P€ e 7F2)
£—0

(2(11 + €1+ €9 — 2#1) (2&1 + €1+ €9 — 2#2) (2&1 + €1+ €9 — 2/13) (2(11 + €1+ €y — 2#4)
16 (—a1 + a2) (a1 —a2 + €1 + 62)
+ (a1 <> a2) ; (4.48)

this is in agreement with the last line of eq. (6.17) in [31].

5 Conclusions and speculations

In this paper we have studied indices for 5d theories on orbifold backgrounds of the form
St x §*/Z,. The 5d index contains both a perturbative and a non-perturbative contribu-
tion, whose orbifold version we have considered in section 2.

Since the space where the theories under consideration are placed contains two circles,
namely the “time” S! and the orbifolded circle of S*/Z,, we can imagine dimensionally
reducing along either of them. Dimensionally reducing along the “time” S' leads to the
partition function on S*/Z, of the 4d version of the theory. Such dimensional reduction
is implemented by the standard Nekrasov limit 5 — 0 on the 5d index. In turn, we can
implement the dimensional reduction along the orbifolded direction by taking the large
orbifold limit. Note that, since this procedure does not involve the “time” circle where
the supersymmetric boundary conditions are imposed, the resulting quantity must be an
index. Indeed, we find evidence that such dimensional reduction leads to the index of the
4d reduction of the theory in the presence of a 't Hooft line. While such result is robust
for the perturbative sector (see section 3.1), the non-perturbative part of the 4d ’t Hooft
line index, namely the monopole bubbling index, which naively should arise from the large
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orbifold limit of the instanton part of the 5d index, is yet to be fully understood. This is
intimately related to the fact that the 5d analogue of the monopole bubbling effect in 4d
is still unclear.

The puzzle comes from the naive matching of parameters in the 5d instanton index
with those in the 4d monopole bubbling index. The 5d instanton index on an orbifold
can depend only on the monodromy 7 at infinity. From the perturbative part in the large
orbifold limit, the vector r becomes the weight v in 4d, as can be seen from I,,(v) in (3.25)
and (4.1). On the contrary, the Zmyono(B, v) does depend on both weight v and the chosen
representation B. This mismatch of the parameters lead us to speculate the following
possibility to define the 5d analogue of the monopole bubbling.

For a 5d theory on C?/Z,, it is not enough with choosing one single monodromy, but
we may need to sum over the whole set of other monodromies.!? Let us proceed along the
same way as for the 4d 't Hooft line index (4.1). Take r to be a representation of U(NV)
and take p to be a weight of r. We denote the set of weights of » by W,.. We speculate
that the 5d index reads

Toa(rp) = Y / (dz], T /%0 () IS/ (r, ) | (5.1)

PEW,

2
We interpret pr /Zn a5 the instanton contribution in 5d, and so it should depend only on
one monodromy at infinity; we take that to be p. One natural guess is to write (5.1) as

: > T ™ (p)
Talrp) = 3 [, 25/ % 0V I5 ) Ty o0 p) . T (rp) = By
PEW, n(”a)

—

5.2)

Interpreting the “overall” Z, C /Zn "(r) as a “Casimir energy”,'! dropping it we find
Tsa(r,p) = Y /dz 1o ZE /20 () IS /20 (7, p) . (5.3)
PEW,

It is then natural to conjecture that, in the large n limit, this quantity becomes the 4d ’t
Hooft line index. While the perturbative part of this quantity, together with the measure,
recovers the expected 4d perturbative result with the insertion of a ’t Hooft line, we would
conjecture that the quantity fﬁ?;/ Lo (r, p) becomes the monopole bubbling contribution.
Note that this proposal automatically incorporates that, for the highest weight p = r of
the representation r, fﬁ?; /Zn (r, r) = 1. Thus, we would identify the chosen representation
r with B and the weights p with the weights v in the large orbifold limit. Note also that
SUSY requires fg:; [T (r, p) to depend only on the product t; t.

As a direct test of this proposal, we can consider the trivial monodromy case r = 0
for an arbitrary bd gauge theory. In this case, there is no sum and the 5d index is just

10Note however that fixing one single monodromy also seems a consistent procedure. As a consistency
check, upon choosing a single monodromy and reducing along the “time” S! we find the 4d partition
function on an ALE space, where no bubbling effect has been described in the literature.

HNote it is not quite an overall factor, as it depends on gauge fugacities. Nevertheless, the gauge fugacity
dependence also occurs in the quantity in e.g. eq. (3.48) of [32], where they have been set to one.
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the product of the perturbative and the instanton contribution. In the large n limit, and
dropping the non-perturbative contribution due to (5.2), we just have the perturbative
part, whose large orbifold limit we know to reproduce the Schur index.

Note that another subtlety is the fact that, while the 5d instanton index will depend
on the instanton fugacity ¢ [18] (see also (2.6) of [39]). Upon taking the large orbifold
limit we recover a 4d partition function (4.1) for which we do not expect such fugacity.
Thus we expect that the large n limit makes the explicit g-dependence to disappear.'? Tt
is instructive to consider the case of a 5d pure U(1) gauge theory on an orbifold. Note that
for the pure U(1) gauge theory the orbifold cannot act on the gauge fugacities. The exact
5d index on C? was computed in eq. (25) of [42]:

—(t1 +t2) N Vit (g+q7t)
(1—=t)(1—t2) (1—t1)(1—12)

where the first term corresponds to the perturbative part and the second term corresponds

2 2 _ 2
Ii(II:lSt =PE f\(/cector + (q +4q l)fé(xcdjoint} =PE |: :| ’ (54)

to the instanton contributions from the north and the south poles. Projecting it to orbifold-
invariants, in the large orbifold limit, we find that it reads

C2 /%, [ dw —(wt] +w o) + V1t (g™ + g~/
Iinst/ (tl ) t27 Q) = PE f 5 ( 1 2) m(j]l q )
| jw|=1 2w (1 —wty)(1 — w—s)
[ 2t NG .
| 1 —tity 1 —tqt2 (@ +q )
[ 2tits 2/t1ty
~ PR — 0. 5.5
I 1—t1t2+1—t1t2}’ e (5.5)

Note that the first and second terms are the Schur index of the 4d U(1) vector field and
that of an extra hypermultiplet, respectively. Our proposal amounts to dropping the second
term, hence finding the Schur index of the pure U(1) theory in 4d.

It is not clear to us the underlying reason to our proposal. Note however that, as men-
tioned above, the large orbifold limit produces a singular space. It might well be that our
procedure amounts to effectively remove the effect of such singularity. Indeed, in the pure
U(1) example above, it’s tempting to identify the extra hyper with the produced singularity.

Another salient result of our work is that, by studying in detail the monopole bubbling
index we have found that it can be computed as the Hilbert series of a certain instanton
moduli space. Such instanton lives on an orbifold whose degree is specified in a precise way
by the charge B of the monopole which is being inserted, and whose modromy is given to
the bubbling v. We stress that this instanton on an orbifold construction is an auxiliary
device which allows to easily compute monopole bubblings in the spirit of Kronheimer’s
construction [33], and it should not be confused with the physical orbifold where the 5d
theory lives on.

One might also consider simultaneous reduction on the “time” S' and the orbifolded
circle. Naively this would lead to the partition function of the 3d version of the theory in

20ne way this might happen is due to the fact that instanton numbers on (CQ/Zn are multiples of 1/n.
Hence large n is like effectively setting g = 1.
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the presence of a monopole operator. We leave for future work the study of this possibility.
Note that 5d theories with U(/N) gauge group admit a 5d Chern-Simons term, whose effect
will enter the instanton part of the 5d index. We leave for future work the study of the
effect of such CS, in particular its effect in the reduced theories.

Lastly, we have mostly focused on the case of U(NN) gauge theories, but a similar
analysis should be possible for other gauge groups. In particular, by carefully studying
the possible actions of the orbifold on the gauge group should be equivalent, through the
large orbifold limit, to the study of the allowed line defects for a given gauge group, hence
giving detailed non-perturbative information about the global structure of the theory in
question [28, 29].
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A Monopole bubbling indices for U(IN) pure gauge theory

Using the correspondence found in section 4 we can obtain monopole bubbling indices by
computing Hilbert series for instanton moduli spaces following the techniques of [36]. In
this appendix we use such techniques to compute several exact results.

A1 B=(n0" "1 and v=(1,n—1,0V2)

These B and v correspond to the solution K = (1,2,3,...,n — 1) of (4.3). From sec-
tion 4.2, the monopole bubbling index is equal to the Hilbert series of (n — 1)/n pure
SU(N) instantons on C?/Z,, correpsonding to k = (1"~1,0) and » = (1,n — 1,0V 2).13

13The superscript indicates the number of repetitions.
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As shown in [36], the moduli space of such instantons is C?/Z,,. Hence, the monopole
bubbling index is

Zmono(B = (n,0N 1), v = (1,n = 1,0V 72))(z, 2)
= gCQ/Zn(IVZ)
= PE[z? + 2" (2" 4+ 27") — 2%"]

1— xQn

= (1 —anzn)(1 —anz—n)(1 — 22)’ (A.1)

where g2z, (2, 2) is the Hilbert series of C?/Zy,. In fact, we have seen special cases of this
for N=2,n=2in (4.19), for N =2, n =3 in (4.25) and for N = 3, n = 2 in table 1.

In the large n limit, the index reduces to the Hilbert series of C:

1
1—=x

Zmono(B = (n,ON_l),'v =(1,n— l,ON_2))(:c) ~ , n — 00 . (A.2)

A2 B=(1,-1,0V"2) and v = (0V)

These B and v correspond to the solution K = (0) of (4.3). From section 4.2, the required
monopole bubbling index is equal to the Hilbert series of SU(N) instantons on C?/Z,,, with
k= (0""11)and r = (0Y) or N = (0", N).

As shown in [36, 49], the moduli space of such instantons is equal to the moduli space
of one SU(N) instanton on C2, whose Hilbert series is given by [49]. Explicitly,

Zmono(B = (1, =1,0" ) v = (0V)) (2, 2) = i[m,@, o 0,m] ™ (A.3)

m=0

where [1,0,...,0, 1], denotes the character of the adjoint representation of SU(N).

A.3 U(2) theory with B = (n,0) and v = (p,n — p)

These B and v correspond to the following solution of (4.3).

K=01Y2%3% .. 0", (p+ 1P, (p+2)P,...,(n—p)?,
(n—p+1P 1 ... (n=3)7%n-22m-1h. (A.4)

Hence, the required monopole bubbling index is equal to the Hilbert series of pure instan-
tons with

r=(pn-p), k=(1,23,...,p—1,p" " p_1,...,1,0,...,0); (A.5)

this corresponds to the instanton number k = p(n — p)/n. Explicit expressions for Hilbert
series for certain (n,p) can be found, e.g. (4.32) for (4,1) and (4.34) for (4,2).
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The large orbifold limit. Let us consider the limit n — oco. For r = (p, —p), with
p > 0, we find that the Hilbert series for such instantons, or equivalently the required
monopole bubbling index is

Zmono(B = (n,O),'v = (pan _p))(tlth)

F 1
~ Iy —TE [Zm)m

m=1

tts

1_7% {1 — (tltg)p} , N —o (AG)

-~ |

Note that there is no dependence on z in the large orbifold limit.
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