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d = 4 ungauged supergravities, coupled to vector supermultiplets for N < 4, using the
USp(n, n)-symmetric formulation of Andrianopoli, D’Auria and Ferrara and the spinor-
bilinears method, while preserving the global symmetries of the theories all the way.

As previously conjectured in the literature, the supersymmetric solutions are always
associated to a truncation to an N = 2 theory that may include hypermultiplets, although
fields which are eliminated in the truncations can have non-trivial values, as is required by
the preservation of the global symmetry of the theories.

The solutions are determined by a number of independent functions, harmonic in trans-
verse space, which is twice the number of vector fields of the theory (7). The transverse
space is flat if an only if the would-be hyperscalars of the associated N = 2 trunca-
tion are trivial.
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1 Introduction

The supersymmetric solutions of supergravity theories describing vacua, black holes or
topological defects, play a fundamental role in the progress of superstring theory and related
areas of research. It is, therefore, very important to find and study as many supersymmetric
solutions as possible, a goal to which a huge effort has been devoted in the last few years.

In his pioneering work [1], Tod showed that it was possible to systematically find
all the supersymmetric configurations and solutions of a given supergravity theory (pure
N = 2,d = 4 in the case he considered, following the lead of ref. [2]) by exploiting the
consistency and integrability conditions of the Killing spinor equations. He found that the
supersymmetric solutions of pure N = 2,d = 4 supergravity fall in two classes: timelike
and null. By all the supersymmetric configurations we mean all the field configurations



that admit at least one Killing spinor, or equivalently one supercharge out of the 4N
possible ones. The timelike supersymmetric solutions are generalizations of the Perjes-
Israel-Wilson [3, 4] stationary solutions of the Einstein-Maxwell system which themselves
generalize the static solutions found by Papapetrou and Majumdar [5, 6]. The solutions in
the null class are examples of Brinkmann waves [7]. Tod’s feat opened up the possibility
of finding all the supersymmetric solutions of all the supergravity theories.

Tod [1, 8] used the Newman-Penrose formalism to find the supersymmetric solutions of
the 4-dimensional pure N = 2 and 4 supergravity theories, so that new techniques had to be
developed in order to tackle higher-dimensional cases. In ref. [9] Gauntlett et al. proposed
to work with the spinor bilinears that can be constructed out of the Killing spinors. These
tensors satisfy a number of algebraic and differential equations that follow from the Fierz
identities and the original Killing spinor equations that their constituents satisfy and which
capture enough (if not all the) information contained in them. The consistency and integra-
bility conditions of these new equations then determine the supersymmetric configurations
of the theory. In this way, in ref. [9] all the supersymmetric solutions of minimal super-
gravity in d = 5 dimensions were determined. These results were immediately extended to
the Abelian gauged case [10] and later on to general matter contents and couplings [11-13]
(always in the minimal N = 2 supergravity). The spinor-bilinear method was subse-
quently applied to other 4-dimensional [14]-[25], 6-dimensional [26-28], 7-dimensional [29],
11-dimensional [30-36] and, recently, to 3-dimensional [37] supergravities.

In this approach (which will be used in this article) the form of all the field configura-
tions admitting at least one Killing spinor can be determined but (unless further work is
done) no classification of the supersymmetric configurations by the number of independent
Killing spinors they admit is done. A different (but fundamentally equivalent) approach
based on spinorial geometry was developed in refs. [38-56]. It has advantages over the
spinor-bilinear approach: using it, an exhaustive classification of the configurations with
different numbers of unbroken supersymmetries can be achieved, also in higher dimensional
theories where the application of the bilinear approach becomes unwieldy, by choosing con-
venient bases for the spinors.

Yet another approach, more adequate for finding supersymmetric solutions with special
geometries or properties, exploits the fact that a Killing spinor defines a “G structure” [9,
30-36, 57]. Finally, another approach used to find the timelike supersymmetric solutions
of 4-dimensional theories, and applied in particular to black holes, exploits the symmetries
of the dimensionally-reduced theories which become a non-linear o-model coupled to 3-
dimensional gravity [58-64]. The main difficulty of this powerful approach resides in the
reconstruction of the 4-dimensional solutions from the 3-dimensional ones.

The spinor-bilinear method that we are going to use is, we think, more adequate to
find large classes of solutions preserving (as a class) the global symmetries of the theory:
using it, it has been possible to find the general form of the (pure, ungauged) N = 4,d =4
supergravity black holes [8, 16] written in an SO(6)-covariant form although some of them
(which are singular), characterized by particular choices of the charges, preserve 1/2 of the
supersymmetries instead of the generic 1/4 [65].



The spinor-bilinear method, however, becomes difficult to use for N > 2. For instance,
in the timelike NV = 2 case with one Killing spinor ¢/ (I = 1,2) one can construct precisely
four vector bilinears! V7 p = ie!yte; which can be used as a tetrad to construct the
spacetime metric. For N > 2 we have too many vector bilinears and choosing four of them
as a tetrad while preserving the U(N) invariance of the procedure seems impossible. There
are several manifestations of the same problem in the whole procedure.

Another problem, one that is common to all approaches, is the necessity of treating
different values of IV separately due to the different field content and symmetries of each
theory.

In this paper we are going to use the spinor-bilinear method to determine the general
form of all the timelike supersymmetric solutions of all the N > 2,d = 4 ungauged super-
gravities coupled to matter vector multiplets (when these supermultiplets are available).
As we will show, the main difficulties of the spinor-method problem can be solved at least
to the extent that the solution allows us to determine the general form of all the timelike
supersymmetric solutions. This has required a deeper study of the algebra of spinor bi-
linears than has been made in the literature hitherto and which has allowed us to find a
way to define an SU(2) subgroup without explicitly breaking the U(N) R-symmetry of the
equations. Furthermore, we are going to use the N-independent “supergravity tensor cal-
culus” introduced in ref. [66], which allows the simultaneous study of all the N > 2,d = 4
ungauged supergravities just as one can work with tensors constructed over vector spaces
of undetermined number of dimensions and obtain results valid for any d.

We have found that each timelike supersymmetric solutions is closely related to a
truncation to an N = 2 theory determined by a U(2) subgroup of the U(/N) R-symmetry
group.? It has to be emphasized that this does not mean that each of them is just a
solution of an N = 2 truncation since, for instance, all the vector fields are generically
non-vanishing and some of them would be eliminated by a generic truncation to N = 2.
However most (if not all) of them may be generated by duality relations from a solution
of the associated N = 2 truncation. This process can be rather cumbersome but, in any
case, our results render it unnecessary.

The construction of any timelike supersymmetric solution proceeds along the following
steps:

1. We have to choose the U(2) subgroup which determines the associated N = 2 trun-
cation:

(a) Choose an z-dependent, rank-2, N x N complex antisymmetric matrix My sat-
istying My ;Mg =0 (z stands for the 3 spatial coordinates). With it we can
construct

Tl =2M|2M™E My, |M|? = MP9Mpq,

1See appendix D.
2For supersymmetric black holes, this fact was conjectured in ref. [67] and earlier in ref. [68] and recently
proven in the next to last of refs. [58-64].



which is a Hermitean projection operator whose trace is +2: J projects onto
the above-mentioned U(2) subgroup.

J must be covariantly constant?
DT =dJ - [T, =0,

in all cases. In practice, the imposition of this requirement may be postponed
to the last stages of the construction of the supersymmetric solutions.
Parametrizing the most general matrix Mj; that satisfies these requirements

gives a parametrization of the most general timelike supersymmetric solutions.

(b) Given My and hence the covariantly-constant 7', we have to find three Her-
mitean, traceless, z-dependent N x N matrices (6™)!; (m = 1,2,3), satisfying
the same properties as the Pauli matrices in the subspace preserved by J as
derived in appendix (D), to wit

oMo =5""T + iem"pap,
Jo"m=0"T =",
NAPNATES ;JKIJLJ + ;(Um)KI(Um)LJ,
M (0™ =0,
2\M |2 My (c™) yMIE = (™)K

It turns out that we also have to impose the constraint
Jdo™ T =0,

implying that the o-matrices are constant in the subspace preserved by the
projector J.4

The four matrices {J,0™} provide a basis for the U(2) subgroup of the associated
N = 2 truncation and can be seen as generators of its R-symmetry group.

Defining the complementary projector J = Iyxn — J it is possible to separate the
scalars into those corresponding to the would-be vector multiplets and hypermulti-
plets of the associated N = 2 truncation. Thus, from the scalars in the generic su-
pergravity multiplet, described by the (pullback of the) Vielbein Prjxr, = Pirikr)u

3Naively one may think that it is always possible to choose a basis in U(N) space such that, for instance,
Mo = —M>1 = 41 and the rest of the components vanish, whence J is the identity in the corresponding
2-dimensional subspace. However, the necessary change of basis involves an, a priori, arbitrary local U(N)
rotation and the theory is not really U(NN) gauge-invariant even if some fields undergo field-dependent
compensating U(N) transformations when one performs a global symmetry transformation and there is a
U(NNV) gauge connection which is a composite field.

This problem was first observed by Tod in his study of the N = 4 theory [8] and, being unable to prove
it, he conjectured that this rotation was always possible.

We have not been able to prove this hypothesis in general either. We have proven that covariant constancy
is required, though, which implies in the pure N = 4 case studied by Tod (QIJ ~ 51‘]) as well as in the
pure N = 3 theory (€ = 0) that J has to be constant.

4This is automatically satisfied for the projector itself JdJJ = 0.



and from the scalars in the generic matter multiplet, described by Pi1s, = P14
those in the vector multiplets are described by

Pkt I T nT5pd" g and Py J'wJ71,
and those in the hypermultiplets are described by
Pk T wmI nT%pd% g and Py J'xJ71).

The discrimination between these two kinds of scalars is, however, important: those
corresponding to the vector multiplets are sourced by the electric and magnetic
charges and enter into the attractor mechanism while those corresponding to the
hypermultiplets are not and should be frozen in supersymmetric black-hole solutions.

2. Once the choice of U(2) subgroup is made, the solutions are constructed by the
following procedure:®

(a) Using the symplectic functions of the scalars Vr; (A.5), which generalize the
canonical symplectic section V of the N = 2 theories [69-72], we define the real
symplectic vectors R and Z by

R+iT = |M|"2V ;M7

which are U(N) singlets. No particular U(N) gauge-fixing is necessary to con-
struct the solutions.

(b) For the supersymmetric solutions, the components of the symplectic vector 7
are real functions satisfying the Laplace equation in the 3-dimensional trans-
verse space with metric 7,,,, to be described later. This is the only differential
equation that needs to be solved.

(¢) R can in principle be found from Z by solving the generalization of the so-called
stabilization equations.

(d) The metric of the solutions has the form
ds® = |M*(dt + w)? — | M| ?ypdz™dz™ .
where )
[M[™"=(R|1T),
(dw)mn = 2€mnp(Z | O'T),
so they can be computed directly from R and Z.

The 3-dimensional transverse metric ,,, is determined indirectly by the would-
be hypers; in particular, when those scalars are frozen the metric is flat. The full
condition that the 3-dimensional metric has to satisfy is that its spin-connection

®This procedure is completely analogous to the procedure used to build supersymmetric solutions in
ungauged N = 2 theories coupled to vector multiplets and hypermultiplets described in ref. [18].



must be related to (the pullback of) the connection of the scalar manifold, 2

in (A.9), by
w"" = ig™"PTr [oPQ)] .
Observe that only the su(2) part of { contributes to w™".%
(e) The vector field strengths are given by
1 ~ 1 ~ - 9
F =~ dRV)~  *(VAdI), V = V2IMP*(dt +w).

(f) The scalars corresponding to the vector multiplets in the associated N = 2
truncation, represented by the projected Vielbeine

Pk T wmI nT%pd" g and Py J'xJ71,

can in principle be found from R and Z. The Killing Spinor Identities guarantee
that the equations of motion of these scalars are satisfied if the Maxwell equa-
tions and Bianchi identities are satisfied,” which is the case when the components
of 7 are harmonic functions on the transverse space.

(g) The scalars corresponding to the hypers, described by the Vielbeine
Pk I T nT"pT g and Py I T,
must be found independently by solving the supersymmetry constraints

Prokrm T T NTEpT g (0™) 9 =0,
Pirgm T T (0™ =0

The Killing Spinor Identities guarantee that their equations of motion are au-
tomatically solved.®

In the rest of this paper we are going to prove in full detail the above result. We
are going to start by giving the generic description of all the N > 2,d = 4 supergravities
with vector multiplets (where available) in section 2. In section 3 we are going to present
the Killing spinor equations for all these theories and we are going to find the Killing
Spinor Identities that constrain the off-shell equations of motion of the bosonic fields for
supersymmetric field configurations.

bTt plays the same role as the su(2) connection of the hyper-Kihler manifold in ref. [18] and the condition
on the metric is identical to the one found in the N = 2 case although in that case the 2 x 2 matrices o
are the standard, constant, Pauli matrices.

"Actually, the only independent equations of motion that need to be solved are the 0'" components of
the Maxwell equations and Bianchi identities. Some of the other equations are just automatically satisfied
for supersymmetric configurations and the rest is proportional to those 0" components.

8This situation is completely analogous to what happens with the hyperscalars of N = 2 theories [18].



2 Generic description of N > 2,d = 4 supergravities

We are going to study all the N > 2.d = 4 supergravities coupled to vector multiplets
simultaneously, using the fact that all the supergravity multiplets and all the vector mul-

tiplets for all N = 1,...,8 can be written in the same generic form [66]; we only need to
take into account the range of values taken by the U(N) R-symmetry indices, denoted by
uppercase Latin letters I etc. taking on values 1,..., N, in each particular case.”
The generic supergravity multiplet in four dimensions is
{ea,u’TzZ)I,u’AIJ,u’XIJK’XIJKLMa PIJKL,U,} ) Ia Ja = 1’ cee >N7 (21)
and the generic vector multiplets (labeled by i = 1,...,n) are
{Ai i, N5 Py} (2.2)

IJKLM
7 S AT A

The spinor fields 97, X717k, X 1K have positive chirality with the given po-

sitions of the SU(V) indices.

The scalars of these theories are encoded into the 2n-dimensional (n = n + N(]\Qf_l))
symplectic vectors (A = 1,...7n) Vs and V; whose properties are reviewed in appendix A.

They appear in the bosonic sector of the theory via the pullbacks of the Vielbeine Prjxr,,
(supergravity multiplet) and P;;;, (matter multiplets).!® There are three instances of
theories for which the scalar Vielbeine are constrained: first, when N = 4 the matter
scalar Vielbeine are constrained by the SU(4) complex self-duality relation!!

: 1
N=4: prild — 2€UKL Pikr, - (2.3)

Secondly, in N = 6 the scalars in the supergravity multiplet are represented by one
Vielbein Prjy and one Vielbein Pyjr, related by the SU(6) duality relation

1

_ A .. *IJ __
N=6: P =4

€IJK1"'K4 PK1---K4 s (2.4)

and lastly the N = 8 case, in which the Vielbeine is constrained by the SU(8) complex
self-duality relation

1
N=28: priveli= | el by, (2.5)

These constraints must be taken into account in the action.

This formalism is taken from ref. [66], but adapted to the notations of ref. [16]. Furthermore, throughout
this paper we use the convention that the only fields and terms that should be considered are those whose
number of antisymmetric SU(NNV) indices is correct, i.e. objects with more than N antisymmetric indices are
zero and terms with Levi-Civitd symbols €2/ should only be considered when M equals the N of the
supergravity theory under consideration. There are also constraints on the generic fields for specific values
of N that we are going to review.

9The Vielbeine P;; , either vanish identically or depend on Pryxr, and Pirj ., depending on the specific
value of N. Thus, they are not needed as independent variables to construct the theories.

H1n order to highlight the fact that an equation holds for a specific N only, we write a numerical variation
of the token “N =4 ::” to the left of the equation.



The graviphotons A’ JH do not appear directly in the theory, rather they only appear
through the “dressed” vectors, which are defined by

1 i
AN = QfAUA”M + A, (2.6)
The action for the bosonic fields is

S = / d*z+/|g] [R + 23mNA s FAEE , — 2ReNys FAM < F*

5 ‘ (2.7)
+ Al oy P*HEL Pt + agP Y Pt

where Ny, is the generalization of the N = 2 period matrix, defined in eq. (A.11), and

where the parameters a1, ag are equal to 1 in all cases except for N = 4,6 and 8 as one needs

to take into account the above constraints on the Vielbeine: ag = 1/2 for N =4, ay+agy =1

for N = 6 (the simplest choice being s = 0) and a3 = 1/2 for N = 8. The action is good

enough to compute the Einstein and Maxwell equations, but not the scalars’ equations of

motion in the cases in which the scalar Vielbeine are constrained: these constraints have

to be properly dealt with and the resulting equations of motion are given below.

The supersymmetry transformations of the bosonic fields can be written in the form

5eeau = _Z.&Iu'yael - Z'T;EI#'YQGI’ (2'8)

_ _ i _. e
0Ny = Frrp0t e + M e — (PR uer + F 4 Niryueh)

1 _ ” _
= X ere + M X ene) (2.9)
(U'6U) 11k = AX(rorer) + Xrxome™ (2.10)
_ 1-
(U680 )irg = 2\ireq + 2)\z1JK€K, (2.11)

where U is the Usp(n,n) matrix describing the scalars, defined in eq. (A.2). Those of the

fermionic fields can be put in the form

Setbry = Dyer + Tyt e’ (2.12)
OeXIIK = —?;iT[IJJrEK] +iPrixre”, (2.13)
deAir = —;Ti+51 +iPirse’, (2.14)
SexrarLM = —5iPyykren) + ;5[JKLMNT_€N + iEIJKLMNOPTNO_€P7 (2.15)
deNirgx = —3iPyryer) + ;€IJKLTi_€L + icflJKLMNTLMiENa (2.16)

where we have defined the graviphoton and matter vector field strengths
TIJ+;,LV = 22‘.]CAIJ %HL/\/AE FE+;,LV7 E+uu = QZfAz %HL/\/AZ FZ+MV7 (217)

and where
Duer = Vyer — €71, (2.18)



Q) being the pullback of the connection on the scalar manifold, defined in appendix A.
We stress that, according to our conventions, the terms with e-symbols should only be
considered when the value of N equals its rank. Furthermore, when N = 4,6 or 8 egs. (2.15)
and (2.16) depend on the first three supersymmetry rules, whereas for N = 2 they are
equations for non-existing fields: therefore, egs. (2.15) and (2.16) only need to be considered
in the cases N = 3 and 5, and then only the first term on the 1.h.s. is non-vanishing.
For convenience, we denote the Bianchi identities for the vector field strengths by

BM =V, % FAVE, (2.19)

and the bosonic equations of motion by

SH=_ 1 05 IJKL — _ 1 <5S >UKL _ 1 «IJKLA 05
T 2lgl e 2/lg| \oU ") 2V/lg 4 a20)
g= L 08 iy _ 1 (55 )’” _ L egads
8/1gl 9A4%, 7 2/]g| \OU 2/19| 6’

where P*I/KLA and P*7A are the inverse Vielbeine and ¢* are the physical fields of the
theory.
The explicit forms of the Einstein and Maxwell equations are

1 *
2guuP LKL Prixi?

1 «IJKL
Ew = Guv + 12M [P wProkr v —
* 1 1 * 7 —
+02 P Pig ) = o 0w P pPirs” + SSmNASFN L PFE T, (221)
ExM =V, % FA\"", (2.22)
where we have defined the dual vector field strength F) by

1 0S
4\/|9| 5*FAAW

Using eqs. (A.29) and (A.30) and taking into account the constraints satisfied by the
Vielbeine in the cases N = 4,6 and 8, we find that the scalar equations of motion take the

FA;,LV = — = Q%G(NAzFEJF) = %GNAEFE,W + %HL/\/AE *quy . (2.23)

following forms, slightly different for each value of IV:

N = 2::
gl — rp*ild yoi=, T —m o prilJApxik ot (2.24)
N =3
gZIJ — DM p* ZIJM + 2TZ*MVTIJ*/»“’ . (225)
N =4

gIJKL — @MP*IJKL“ _|_6T[IJ|—HVT|KL}—MV +P*IJKLAP*ijAﬂ+pyTj+MV, (226)

. : , 1
gzIJ _ @MP*”J“—FTZ_W/TIJ_’W—F 2€IJKLTi+;wTKL+MV- (2‘27)



EIVKL _ guprIJKL | 6T[1J|—WT\KL]—W . (2.28)

gIKL — guprIIKL o gpllJl=  TIKL=pw o JIKLMNT: oy bie o (2.99)

1

3 Generic N > 2,d = 4 Killing spinor equations and identities

The Killing spinor equations are

Duer+Try e’ =0, (3.1)

Prore” — ;T[IJ+€K] =0, (3.2)

Pz‘IJEJ - ; i+€1 =0, (3.3)

N=5 = P[[JKLEM} =0, (3.4)
N=3 = P@'[IJEK] =0,

where, as indicated by the notation, the last two KSEs should only be considered for N =5
and N = 3, respectively.

From the bosonic supersymmetry transformation rules we immediately find using the
algorithm of refs. [73, 74]

Ea'yrel — dignt M ey = 0, (3.6)
gAMf*A[IJ,}/HEK} _ ;gIJKLeL —0, (3.7)
EntfeNing el — ;gifJeJ =0, (3.8)

N=5 = EUIKLM] — (3.9)
N=3 = MK = 0. (3.10)

In these equations it is implicitly assumed that the Bianchi identities are satisfied, i.e.
BA® = 0. Tt is, however, convenient not to make use of this assumption as to preserve
the manifest electric-magnetic duality of the formalism. We can, and will, introduce the
Bianchi identities into these equations by the replacement

ENMfA — (& V), (3.11)

where £ is the symplectic vector containing the Maxwell equations and Bianchi identities.

We can start to derive consequences from these identities in terms of the spinor bilinears
defined and studied in appendix D and in this paper we will only study the case in which
the vector bilinear, V@ = iely%, is timelike (V2 = VV, = 2|M|? > 0).

,10,



3.1 Timelike case

It is convenient to work with flat indices and use a Vierbein basis in which e =
\}2 |M| =1V, dz#*. Acting with ie; and e+ on the first KSI eq. (3.6) we get,

Vg +4(E |V )My =0, (3.12)
£.9(gP MET 4 eKTeby 4 g ga | Iy b — (3.13)
respectively. Multiplying the second identity with My we obtain
|M|2E% 4+ 2(&% | VT \M VP =0. (3.14)
The symmetry and reality of the Einstein equation imply, firstly
gim —gmn — g, (3.15)

so all components of the Einstein equations but £ are automatically and identically
satisfied;'? secondly!3
ENV = 2v2M|(E° | R), (3.16)

where we have defined the U(V)-neutral real symplectic vectors R and Z by
|M|2M"7 V=V =R +14T, (3.17)

whence the remaining component of the Einstein equations is satisfied if the 0*® component
of the Maxwell equations and Bianchi identities are satisfied. Thirdly and finally

(E™|R) =0, (3.18)
(EY17)=0. (3.19)
Acting with i€, and €“y” on eq. (3.7), which is only to be considered for N > 3, we
obtain
1
1
<ga ’ V¥ [IJ>(—5baMK]L + oKL ba) _ 3'€IJKMVLbM —0. (321)
Multiplying eq. (3.20) by 2M™E|M|~2 and antisymmetrizing the four free indices we
get
MKL] 1
a w [IJ _ a ocM[IJK L] = _
(EY |V ) M| \/2.3!5 o€ J v =0. (3.22)

Setting K = L in eq. (3.20), using the antisymmetric part of eq. (3.13) and taking into
account eq. (3.16), we get
(g™ vy =o, (3.23)

12As explained in ref. [75] this poses strong constraints on the sources of the solutions because having
supersymmetry unbroken everywhere implies that the KSIs should be identically (i.e. not up to é-function
terms) satisfied everywhere.

3The imaginary part of the equation (£° | Z) = 0 is related to the absence of sources of NUT charge in
globally supersymmetric solutions [75].

— 11 —



and
EVEM Mcnr = —2v2|M|(6" g — M| 72 M"Y Mgcp)(E° | v EEY. (3.24)

This implies that the projections
EMNPQ gl 7T TK pT g, (3.25)

which should be understood as the equations of motion of the scalars that would corre-
spond to the vector multiplets scalars in the associated N = 2 truncations, are satisfied if
the 0'" component of the Maxwell equations and Bianchi identities are. From eq. (3.22)
we can derive

EMNEQ g1y TInTKpT g =0, (3.26)

whence the projections that would correspond to the hypers are automatically satisfied.
From eq. (3.8) we get

(E | V*") + 2%5“05” | 0, (3.27)
(£0 | VMK gYIE e = . (3.28)

The first of these equations states first of all that
(EM™ |V =0, (3.29)

which, combined with egs. (3.23) implies by means of the completeness relation eq. (A.14)
that
£m=0. (3.30)

Therefore, the only component of the Maxwell equations and Bianchi identities that are
not automatically satisfied due to supersymmetry, are £°; secondly, for the projections
onto equations of motion of scalars in N = 2 vector multiplets

MIJ

g (ETVT (3.31)

giKLjIKjJL _ _2\/2

Contracting the second of these equations with V,|M|~2 we get

M 1 KT 7]
Er vt — 0 ETM TNk =0, 3.32
(E V) 1 = g0 T (332)
from which we get for the projections onto equations of motion of scalars in N = 2
hypermultiplets
ERET T =0. (3.33)

For the special cases N = 5 and 3 we can define the SU(N) duals of the scalar
equations of motion:

~ 1 . 1 )
& = 6[JKLM5JKLM, E'r = 2€[JK52JK, (3.34)

4!
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and we can rewrite egs. (3.9) and (3.10) in a more useful form:

Tl =0, (3.35)
ErTgl;=0. (3.36)

Thus, in all cases the Einstein equations £, £™", the Maxwell equations and Bianchi
identities £™ and the scalar equations EiKLjI[KjJL} and EMNPQ j[IMjJNijjL}Q
are automatically satisfied; the FEinstein equation £ and the scalar equations
o KLJI[KJJL] and EMNPQ j[IMjJNjKPjL]Q are satisfied if the Ot component
of the Maxwell equations and Bianchi identities £° are satisfied. To check that all the
scalar equations of motion are, therefore, satisfied if £0 are, it is convenient to make a
detailed analysis case by case.

N = 2:: As mentioned before, eq. (3.27) relates the complete scalar equations of motion
to the O component of the Maxwell equations an Bianchi identities. Therefore, we
only need to solve £° = 0.

N = 3:: The KSIs egs. (3.32) and (3.36) can be combined into

My
| M|

and we conclude that, as in the N = 2 case, the only equation that needs to be solved
is £% = 0.

Er=—2v2 1 (EY |V, (3.37)

N = 4:: As mentioned before, eq. (3.22) relates the complete scalar equation ENKL ¢ £0
because in the N = 4 case EIVEL = IJKLg where £ is the equation of motion of
the complex scalar parametrizing S1(2,R)/SO(2). More explicitly, we have

M
£=—v2 g0ty (3.38)
| M|
From eq. (3.32) and its SU(4) dual, using the N = 4 constraint £47 = Ll/ELg
q. (3.32) , using 5
we arrive at the N = 4-specific KSI
M[J 0 ; MIJ 0
Eirg = —2V2 HE e E ; 3.39

which guarantees that, as in the foregoing cases, the matter scalar equations of motion
are satisfied if £° = 0 is satisfied.

N = 5:: In this case we have to consider the SU(5) dual of eqgs. (3.22) and (3.35) which
can be combined into the single identity

. M
Er = —V/°2 ‘]E’K(é‘o | VIR (3.40)

which leads us to the same conclusion as in the previous cases.
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N =6:: In this case we have to consider the KSIs (3.22) involving &!/KE
and (3.32), involving &£/ plus the constraint relating these equations of mo-

SIIKL _

tion: éel‘jKLMNEMN. Expressing both KSIs in terms of £/ only, we can

combine them into

TIJKL
M = —2/2 M

| M]|

MIJ

0%y _
o (€0 TV V2

<50 ’ VKL> , (3.41)

which brings us to the same conclusion as before.
N = 8:: The KSI (3.22) plus the constraint E//KL = L ITKLMNPQg, b result in the
KSI
EIIEL _ 19,/9 {

1 MIJKLMN

MU o iy (9 [ Varw) (3.42)
' * 19 |M| MNT( '

| M]

In all cases the equations of motion of the scalars are automatically satisfied if the
0t component of the Maxwell equations and Bianchi identities are. This will simplify
the task of finding supersymmetric solutions enormously as there is only one independent
symplectic vector of equations £°. On the other hand, to check consistency, we have to

check that all the supersymmetric configurations satisfy the above KSIs.

4 N > 2,d = 4 Killing spinor equations for the bilinears

The supersymmetry rules in section (3) induce differential relations between the spinor-
bilinears, defined in section (D), and the various supergravity fields. As such, these relations
contain the local information of the supersymmetric configurations and the solutions and
are therefore the starting point in the deductive reconstruction process of the supergravity
fields from the KSEs. We start this process by enumerating said differential relations.

From eq. (3.1) we get

D, My — 2Ty WV 0" =0, (4.1)
T . IK IK
:DMV JV+Z{[M TJK+MV —h.C.] — [‘I) (u\pTKJ—’—\u)p —h.C.]} =0. (42)
From eq. (3.2) we get
MKLPKL[JM+6Z.1—'[[J‘+MVVK|K}U = O, (4.3)
3i
Prygr Vi — 5 Ty ™ P = 0. (4.4)
From eq. (3.3) we get
MY Py, + 27,1,V =0, (4.5)
PW-VJK—;TZ*-@IK:O. (4.6)
From eq. (3.4), which is only to be considered for N =5, we obtain
N:5IZ P[[JKL'VNM]:O7 (47)
N=5: P[IJKL“LM‘M]N:O’
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The last equation can be written as
N=5: Pl g’ =o, (4.9)

where we have used the dual Vielbein ]SIH = i! €IJKLMPJKLM#.
As was said before, in the case of N = 3 we must also take into account eq. (3.5),
which leads to

N=3: Py Vig =0, (4.10)
N:3IZ Pi[IJ‘MM|K}L:O' (411)

As in the N = 5 case, we can use the dual Vielbein pil w= %81 JEKP e u to rewrite the last
equations as

N=3: P, g’ =0. (4.12)

4.1 First consequences

Having enumerated the differential relations, we start the analysis by expanding eq. (4.3),

as to obtain
M*EPyep g+ 20T VY + 4T T VE )Y = 0. (4.13)

Substituting eq. (4.1) in the last term, we get
i .
Cryt,y=ViTty,, = _QMKLPKLW —i®D,Mpy, (4.14)

from which we can find T7;" by means of the following relation that holds in the timelike
case
Tt =V 2V ACHT +ix(VACH). (4.15)

Likewise from eq. (4.5) we deduce
Cit =Vt = —;M”PHJM — T =V AVACT +ix(VACTH].  (4.16)

Egs. (4.14), (4.16) and (A.20) can then be used to find the complete field strengths, i.e.

CA+M = VVFA+VM _ ;f*AIJCIJ—f—M i if*AiCi+u
_ iMIJf*AKLPIJKLu + ;MIJf*Az‘PHJu + ;f*AIJQﬂMIJ
— ;M”@Hf/\u + ;f*A”@“MU, (4.17)
and
FAM = V22[VACM +ix (V ACHM). (4.18)

The trace over I over J in eq. (4.2) gives

V.V, +i MY T, —ce] =0, 4.19
H H
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which implies that V# is always a Killing vector
ViV =0, (4.20)

and that, had we been dealing with the null case (M7; = 0), it would have been covariantly
constant.

Considering the equations involving the Vielbeine for each value of N, we can derive
the general result

VEPL KLy =V P, = 0. (4.21)
The first of these equations together with the expression for T7;",,V”, eq. (4.15),
implies
V“QﬂM[J =0. (4.22)
4.2 Timelike case
We define the time coordinate ¢ by
V49, = V20, (4.23)

which implies that all the fields are (covariantly) time-independent. Taking into account
that V2 = 2|M|? and the above choice of coordinate, V must take the form

V = V,da" = V2|M|?(dt +w) (4.24)

where w = w,,dz™ is a time-independent 1-form to be determined. We can use the 1-form
V to construct the 0" component of a Vielbein basis {e®}

1 N
0 _— —1
e’ = M|™V. 4.25
o1 (4.25)
The other three 1-forms of the basis {e!,e?,e3} will be chosen arbitrarily.!* In general
none of the remaining vector bilinears is an exact 1-form: with the available information
we can only say that the 4-dimensional metric takes the form

ds®> = |M*(dt +w)? — | M| *ynda™dz™ (4.26)

where the 3-dimensional metric v,,, also has to be determined. The 1-forms V™ defined
in eq. (D.26) can be taken as Dreibeine for the metric v,,,. We are going to derive from
eq. (4.2), which contains a great deal of information, equations for V, V™ and the matrices
(0™)!;, defined in eq. (D.27), that will determine w and .

Using the decompositions (D.28), (D.21) and the expression for the graviphotons field
strengths, eq. (4.15), in eq. (4.2) we get

df/+|M|*2{f/Ad|M|2+¢* V/\(M”@MU—MUBDM”)” =0, (427

17t is worth stressing the differences with the procedure followed in the N = 2 case in ref. [18]: in the
N = 2 case one can use the well-known constant Pauli matrices and construct {e',e?, ¢} decomposing the
vector bilinear V77, with respect to {o', 0%, 0}. In the general case there are a priori no constant N x N
Pauli matrices available and we are forced to choose {el, €2, 63} first, and then use them to construct the
N x N Pauli matrices, which generically will be non-constant: see appendix D for more detail.

,16,



A 1 A
av™ + 2Tr (e"D") ANV =0,  (4.28)
Do +D0™ =0, (4.29)
1
Emnp | Ono? + 2Tr (0?00 0l =i (D ITT — TOnJT) =0, (4.30)
DT s+ 20| M| ey (D0 My (0P) MM —hc] =0.  (4.31)

Observe that, even though the o-matrices bear indices m,n and p, these indices are not
tangent space indices and the covariant derivatives acting on them is the U(N') connection
Q only.

If we act with 771, on eq. (4.1) and use the expression for the graviphoton field strengths
eq. (4.15) and the trace of eq. (4.29), we get JOJ = 0, which together with its Hermitean
conjugate imply the very important condition

D7 = 0. (4.32)

This equation does not imply that it is possible to choose a gauge in which dJ = 0
because the theories we are considering are only invariant under global U(N) transfor-
mations and not under arbitrary gauge transformations (the connection € is a composite
field). Nevertheless, observe that J is constant in the U(2) directions of the Killing spinors:

JdgJ =0, (4.33)

as follows from its idempotency J 2 = 7. On the other hand, this condition will allow
us to relate consistently each supersymmetric configuration to a truncation to an N = 2
theory with vector supermultiplets and hypermultiplets: [J projects the U(N) space onto
an U(2) subspace, which defines the associated N = 2 truncation. Using J we are going
to be able to project the scalar Vielbeine Pjjyir and P; 7y onto scalar Vielbeine belonging
to the vector supermultiplets or the hypermultiplets of the truncation.

The integrability condition of ©7 = 0 is

[R(Q2),J] =0, (4.34)

which restricts the holonomy of the pullback of the connection of the scalar manifold
to the group generated by the U(N) subalgebra that commutes with J; this group is
U(2) @ U(N — 2), the first factor being generated by {7,c!, 02, 03}.

Since R(2) can be expressed in terms of the scalar Vielbeine using eq. (A.33), the
above condition is a condition on the Vielbeine. Below, we are going to derive several
conditions for the Vielbeine that will ensure that the above condition is satisfied.

Another important consequence of the condition ©J = 0 is

MY = |M|2MY Mg o MEE (4.35)
which leads to relations such as
oMUITpMEIE =0, (4.36)

and solves eq. (4.31).
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Let us continue by analyzing eq. (4.27): taking the exterior derivative of V in eq. (4.24)
and comparing it with eq. (4.27) we find that

i .
dw = *[M”@M ~ MM AV 4.37
\/2|M|4 ( 1J 1J ) ( )
which can be rewritten as an equation in the background of the 3-dimensional spatial
metric: )
_ t 1J 1J
(dw)mn = — |M|46mnp(M @pM[J — M[J@pM ) . (4.38)

Using the symplectic vectors R and Z defined in eq. (3.17) and the constraint
MUITMEIL =0, eq. (D.8), we find that

MYD,, My — Mpy0,M"7 = 2i|M*(T|0,I), (4.39)
and then we can rewrite the equation for w in terms of 7
(dw)mn = 26mnp<Z ’ apz'> s (440)

and |M| in terms of R and Z
M| =(R|T), (4.41)

which are identical to the ones obtained in refs. [17, 75] for N = 2 theories coupled to
vector multiplets and with the same integrability condition, namely

2
Let us now move on to eq. (4.28): it can be interpreted as Cartan’s first structure
equation for a torsionless connection w™" = —w"™™ on the 3-dimensional space
dV™ — ™AV =0, (4.43)

where the connection can be read off and is
1 1
w™" = —2Tr [0"Do"| = ie™"PTr [0P Q] — 2Tlr [0 do"] . (4.44)

This equation relates the spin connection of the 3-dimensional transverse space to the
pullback of the connection of the scalar manifold. This spin connection is constrained by
eq. (4.29): multiplying by o? and taking the trace, we find that

Wimn)p = 0, = Wmnp = Wimnp) » (445)

which is a gauge condition associated to our choices.

Defining a new covariant derivative ® = © + w, where w""

15

acts on the upper m,n

indices of the o matrices' we can rewrite now egs. (4.29) and (4.30) in the combined form

Do =0. (4.46)

5 Explicitly, Dmo" = Do —wm™o?. We do not distinguish between upper and lower flat 3-dimensional
indices.
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The integrability condition of this equation relates the curvature 2-form of @™ to an su(2)
projection the curvature of the pullback of the connection of the scalar manifold §2:

R™(w) =™ Tr [0PR(Q)] . (4.47)
If we compute the curvature R™"(w) using eq. (4.44) we find on the r.h.s. the extra term
ie™P Tr [T do? T A Q] (4.48)

which must vanish for consistency. We are going to impose the condition
JdoPT =0, (4.49)

which says that the ¢ matrices are constant in the U(2) directions of the Killing spinors,
just as J. We have not found a better proof of this condition, but we shall see that it is
the simplest condition that solves the KSEs.

Using eq. (A.33) we can rewrite eq. (4.47) in a form that can be compared directly
with the SU(2) curvature and quaternionic structures of the quaternionic-Kéhler manifold
in which the scalars of N = 2 hypermultiplets live. Then eq. (4.47) relates the curvature of
the spatial 3-dimensional metric « with the SU(2) curvature of the hyperscalars, completely
analogous to what happens in the N = 2 case with hypermultiplets [18]. To find the pro-
jections of the scalar Vielbeine that correspond to the hyperscalars in the associated N = 2
truncation defined by J, we first use egs. (4.47) and (A.33) to write the Ricci tensor of v as

i

R(W)mn — _N— 9

"o [P EEM L Prerarip + 2P R o P ) - (4.50)

Further identities are needed: using the decompositions (D.28), (D.21) and the time-
independence of the scalars eq. (4.21) in egs. (4.4) and (4.6), together with the expressions
for the supergravity and matter vector field strengths eqgs. (4.14)—(4.16), we get the following
constraints on the scalar Vielbeine:

(Proknm — 3!M\_2MPQPPQ[IJ\mM\K]L] (™Fy =0, (4.51)
P (MY 1y = T TN ) (™) k=0, (4.52)
which can be rewritten in the form®®
Prokim T T NT* pT g (c™) %R = 0, (4.53)
Pirym T T (™) m = 0. (4.54)

Using them in the above equation, the Ricci tensor of v takes the form!”

1 7 7 7 *
N _ o PruxLm T uT NI  pT P MNIC

+2Pz[J(m|jIMjJNP*ZMN‘n)] )

R(Y)mn = — (4.55)

6 These equations should be compared with the conditions that supersymmetry imposes on the pullbacks
of the quaternionic Vielbeine in N = 2 theories [18].
"For N = 2 the r.h.s. vanishes identically, as the formalism used only takes into account vector multiplets.
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The hyperscalar Vielbeine in the associated N = 2 truncation are clearly identified
in this expression. The conditions for a flat 3-dimensional metric, or said differently the

no-hypers conditions, are therefore

Pk T T nT5pd" g =0, (4.56)
Py T' T’ v = 0. (4.57)

5 Solving the KSEs

We have thus far obtained the following necessary conditions for a field configuration to
admit at least one Killing spinor and to lie in the timelike class of solutions:

1. All the fields are time-independent and related to a complex, antisymmetric matrix
M1 satistying MU MEIE = 0, from which we must construct the covariantly con-
stant projection J';, and to generalized Pauli matrices (am)l 7 which must satisfy
egs. (D.30)—(D.37) and (4.49).

2. The scalars have to satisfy egs. (4.53) and (4.54); in the special cases of N = 3 and
5 they further need to satisfy eqs. (4.9) and (4.12).

3. The vector field strengths are given in terms of the scalars and the matrix M/ by
eqs. (4.14)-(4.16).18

4. The spacetime metric is of conforma-stationary form, eq. (4.26), where

(a) The 1-form w is related to the matrix M7, the scalar fields (through the pullback
of the scalar connection) and the 3-dimensional transverse metric 7, through
eq. (4.40).

(b) The 3-dimensional metric is related to the scalars and the generalized Pauli
matrices by eq. (4.44) which relates its spin connection to an SU(2) projection
of the pullback of the connection of the scalar manifold.

We are going to see that these necessary conditions are also sufficient: let us start by
plugging our result for T; eq. (4.16) into eq. (3.3), leading to
i

%

Pixrmy™ [51K6L 2|M|1MKL7061] =0. (5.1)
Decomposing now
Pikrm = PN I ™M g IV 1)+ Piin (6N i — T (e TN 1)) (5.2)

we get

_ _ 7
Pivn | M| MM N ™ [|M| "Mypet— '7061:|+PiMNm(5MNKL_jM[KjNL})7m6L20-

V2
(5.3)

Each of the two terms has to vanish separately because they depend on independent com-
ponents of Pirj,,. The first term can vanish in two different ways:

18Simpler expressions for the vector field strengths will be given in the next section.
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1. PiyynmMMYN = 0 (vanishing matter vector field strengths T} (4.16)). In this case,

the generic way to make the second term to vanish is to impose!”

1
el = 67 242 (0™)!)e! =0, (5.4)

for each value of m for which P, # 0 and then use eq. (4.54). The consistency of

this condition for a given m requires®”

' =T e’ =0, (5.5)

which reduces the number of unbroken supersymmetries to just two (i.e. eight real
independent supercharges), out of which only one half (i.e. 1/N) survives the pro-
jection eq. (5.4) for one given value of m. If we have to impose another projector
of the same kind, the number of unbroken supersymmetries is lowered by another
factor of 1/2. In the generic case we will have to impose all three projectors and the
supersymmetry preserved is just one (i.e. 1/(4N) of the total).

If eq. (5.5) is satisfied and Pz m (6MY k1, —jM[KjNL])jLJ = 0 (which is identical
to the “no-hypers” condition eq. (4.57), we do not need to impose eq. (5.4), which is
associated to the hypermultiplets in the associated N = 2 truncation. It is clear that
the projected scalar Vielbeine Py pmJ™ kI N 1) correspond to the complex scalar
of the vector multiplets of the N = 2 truncation.

2. If Piyyn e MMN £ 0 then we have to impose
er +ivV2IM| 1My =0, (5.6)

which is consistent only if eq. (5.5) is satisfied, which means that, generically, 1/(2N)
of the total amount of available supercharges are preserved by this condition.

The second term vanishes when we impose again the generic condition eq. (5.4),
which is compatible with eq. (5.6), and use eq. (4.54). Again, if eq. (4.57) is satisfied,
the condition eq. (5.4) is unnecessary.

In the case of N = 3 supergravity we have to consider the KSE eq. (3.5), which is readily
seen to be solved by the condition eq. (4.9). Observe that this condition automatically
implies the “no-hypers” condition, in agreement with the absence of hypermultiplets in the
truncations from N = 3 to N = 2. Therefore, in N = 3 supergravity the only projector
that ever needs to be imposed on the Killing spinors is eq. (5.6).

Let us then consider the KSE eq. (3.2). Substituting our result for 777, egs. (4.14)
and (4.15), we can immediately write it as

[Progarm — 3 (1M 7MY Py g m Mgy + 21M | 72D Mip My )| 7™ e+

_ _ m _ )
+3 (1M 2MMN Paynizgim + 21M | 72D Mirz) v <\M! "M gy — \/2706|1q> =0.
(5.7)

Again, we can distinguish two different cases:

19Compare this equation with eq. (4.35) of ref. [18].
**These projectors satisfy (I"*)? = 1"+ — 1 (1 — 7) and [II"*,1I"*] = 0.
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1. MMNPynrrm + 29, M7y = 0, which implies the vanishing of the vector field
strengths (4.14) in the graviton supermultiplet. In this case, the equation can generi-
cally be solved by imposing the projector eq. (5.4) on the Killing spinors and using the
constraint eq. (4.53). If PryxarmJ ™ = 0, equivalent in this case to the “no-hypers”
condition eq. (4.56), then the condition eq. (5.5) suffices.

2. MMNPyiniym—+29,, My # 0: in this case we need to impose the projectors eq. (5.6)
and, to cancel the first term we have to impose eq. (5.4) unless Pryxrm satisfies?!

PryxamI ™ = 3|M[2MMN Py v gy m Mg =0, (5.8)

which implies the “no-hypers” condition eq. (4.56).

For N = 5 we also have to consider the KSE eq. (3.4): this equation is immediately
solved by the condition eq. (4.8), or equivalently (4.9), which is a particular instance of
eq. (5.8) implying once again the “no-hypers” condition (4.56). Therefore, in the N =5
case we only need to impose the projection eq. (5.6).

Using the supersymmetry conditions that we have used to solve the previous KSEs
plus DJ = 0, it is easy to see that the 0" component of the KSE eq. (3.1) is satisfied,

while the m'" component reduces to the equation in 3-dimensional transverse space
Dmer — | M| 72D, Mg M Ke; =0, (5.9)
where
Der = <8m + lewmnp’y”p> er — 0V ey = Omer + iiwmnpanpq(aq)‘][ -0 ey, (5.10)

upon use of the condition eq. (5.4).22
From eqs. (4.44) and (4.49) we obtain

+ iwmnpa"pqaq _ T JOT + ;Tr 7, (5.11)
and from ®J = 0 we get
~ 1
JINT =JdJ = 4(jdj+ odo™). (5.12)

The second term in eq. (5.9) can be put in the form

1
M| 2D MM Ke; = ) (DT 1+ |M|2DMyunMMNT7 1] e;
1 1 (5.13)
=, 26+ IM[TPOIM]? = Te(TQ)| ey,
where ]
1
§= , |M[72(dMMN My — dMpn M) (5.14)

2'Here we have used eq. (4.36) to simplify the expression.
22 Acting on this equation with the projector J7 1 we find the integrability condition ©.7 = 0.

— 22 —



Putting all this information together and choosing the upper sign so the terms
Tr(J Q) cancel, we can rewrite the reduced KSE using 3-dimensional differential forms as

dé — €[i§ + i(jdj + amdam)} =0, (5.15)

where we have defined the U(N) row vector é; = |[M|~'/2¢;. The integrability condition of
this equation

J [z’d& + i(dj AdT + do™ A do—m)] =0, (5.16)

is identically satisfied.??

This shows that the necessary conditions for supersymmetry enumerated at the begin-
ning of this section are also sufficient. Furthermore, we have shown that the Killing spinors
generically satisfy the condition eq. (5.5), which preserves 2/N supersymmetries; if the su-
pergravity or matter vector field strengths are non-vanishing, then they also satisfy the con-
dition eq. (5.6), which breaks a further 1/2 of the supersymmetries and, if one of the scalar
Vielbein projections P[JKLijMjJNjKPjLQ or HUijMjJN does not vanish, then
the Killing spinor must satisfy one condition eq. (5.4) (with the upper sign only) for each
value of m, each of which breaks the supersymmetry a further factor of 1/2 up to a maxi-
mum 1/(4N), which is the fraction of supersymmetry preserved by a generic configuration.

6 Equations of motion

The supersymmetric configurations found in the previous section do not necessarily satisfy
all the equations of motion. In order to find supersymmetric solutions, we have seen in
section 3 that it is enough to require that the supersymmetric configurations satisfy the
0t components of the Maxwell equations and Bianchi identities because the rest of the
equations of motion are then, according to the KSIs, automatically satisfied. In this section
we are going to find the Oth component of the Maxwell equations and Bianchi identities
and we will check that the KSIs are satisfied for the supersymmetric configurations that
we have obtained. This will serve as a powerful cross-check of our results.

Let us start with the Maxwell equations and Bianchi identities: it is convenient to
construct a symplectic vector of 2-forms F containing the field strengths FA and their
symplectic duals Fi, by FL = (FA, FA>. The Bianchi identities and Maxwell equations
can be written in the form dF = 0.

The field strengths FA can be easily deduced from the equations obtained in sec-
tion (4.1) and read

FA = FAM L PA~ = V2V A BN — «(V A BY, (6.1)
where
EA :CAJr + CA+ _ d(|M|2'RA),
- (6.2)
BM = (M — oM = _; (MDA + A oMY —cel,

23Here and in eq. (5.11) we have used Jdo™J = 0.
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Using the same results one can deduce
Fpn = NisF= £ Nas FA~ = V72V A Ex — «(V A By)], (6.3)

where

Ep = NXgCEJr —|—./\/’A20A7 = d(|M|2RA) ,

By = —i(NjisCE — NpsC7) = —; {M"Dhy 1y +h A OMY —ce} . (64
Combining the two expressions one can see that the symplectic vector F' is given by
F =V? {f/ Ad(IM*R) + ; [f/ A (MY DV + VDM, - c.c.)} } . (6.5)
Using the equation for w (4.37) and ©®J = 0, it can be rewritten in the form
F = —;d(RV) - ; *(V ANdT), (6.6)

The combined Maxwell equations and Bianchi identities (i.e. dF = 0) then imply the
equations

dx(VANdT) =0, (6.7)

which, can be rewritten in the form
a 1 a 2 _

in full agreement with the fact, derived from the KSIs, that the Maxwell and Bianchi
equations only have nontrivial 0*" component.

To calculate &y we need to use eq. (4.41) to express the second derivatives of |M| in
terms of symplectic sections. Then

—VHRI|T)=2(V* T |R)+2(VpI|V,R). (6.9)

Using in the second term eq. (A.24) we find that
1 * 1 * 7 —
€00 =Goo + , P TR Prikim + o 02F Pty m — 8SmNps FA o0 F¥ o,
1 _
= —2AM[Y VT | R) + M |R(y) + 6| M| T i1 D My D M

1 _ _ *
t oM (6" e, — 60y | M |2 M My 1) Proyn m PN,

+042 (5IJKL _agl‘M’—ZMIJMKL) PiIJmP*iKLm )

(6.10)

It is straightforward to show that &y, = 0 identically, and, for simplicity, we compute

V2

=M (E° | R) 4+ R(YV)mn — 2/M| I e 1D (1 My D ) M

1
|M |72 [é’mn + zémné’““} =

1 _ _ %
t o0 (0" k1 — 6y [M|2M" MgL) Pryyn (mP KLMN
+az (6" g — oy '|M|TP M"Y Mg L,) Py mP” KL

(6.11)
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Finally, from eqgs. (4.14) and (4.16) we find that the scalar equations of motion are

given by:
N = 2::
_|M|—25i1J :ng* ’iIJm _ 2|M|—2®mMIJMKLP*iKLm
1 —2 pxilJ A p* jk KLysMN (6'12)
— Q\M! P PR M MY Pig b m PN m -
N = 3::
o ’M‘f2glj] — :Dmp* i[Jm o 2‘M’72©mMIJMKLP*iKLm7 (613)
or, in terms of the dual variables
— |M |28 = D, Py — 2|M| 2D, MM Py, . (6.14)
N =4
CIM|REVRL —, pr TIKL 19| |2 My P MN[LI| gy 7KL
IR (6.15)
_ 2|M| 2P IJKLAP Z]AMMNMPQPiMNmPiPQma
or
_ _ 1.
- |M| 25 Y 2|M| QMIngMIJPm - 2|M| 2]\41‘/11\[]\4PQPZ‘MNijPQm,
(6.16)
and
. . 1 .
_|M|_25’LIJ :gmp* ZIJm _ 2|M|_2 |:©mMIJ + 2MMNP*MNIJm:| MKLP*ZKLm
_ 1
— |M| 2R |:®mMKL + QMMNPMNKLm:| MPRPpg., .
(6.17)
N =5
_ ’M‘_leJKL =D,,P* IJKLm _ 12’M‘_2MMNP* MN[IJ|m:DmM|KL} 7 (618)
or
— |M| 7261 = D Pron — 2|M |20, My M/ EEPL (6.19)
N =6

C\M|2EKL —p, pr KL 19| 0|2 [MMNP* MN[LJ| g pfIKL]
1
n 4MMNP* MN[LI| Ao P OPKL]m:|

B 1
— | M| 2l I KEMN [QmMMN + QMPQPPQMNm] M" PR, |
(6.20)
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or

_ _ ~ 1 ~
—|M|2Er) =D Prym — | M| 2 [QmMIJKL + 2MIJPKLm:| MELMN Py s
X (6.21)
—2|M |2 [gmMIJ + QMIJKLP* KLm} M®S Prg,,
and finally
N = 8::
_|M|7251JKL:© P* IJKL

_ 12|M|_2 |:MMNP* MN[IJ\mgliKL] + iMMNP* MN[IJ\mMOPP* OP|KL]m:|

1 _ 1
- 2|M| 2l RLMNPQ [MRSPRS[MNm@mMPQ]+4MRSPRS[MN|mMTUPTUPQ] m]-
(6.22)

6.1 Checking the KSIs

Let us start by checking the KSI eq. (3.19). Substituting the above expression, we get
(ViyZ | I)=0. (6.23)

The r.h.s. vanishes identically due to the integrability condition of the equation that defines
the 1-form w, eq. (4.42), whose existence is a necessary condition of supersymmetry.
To check the KSI eq. (3.16) we need to compute (Y | R ):

1
Vv

Comparing this with the expression for £y given in eq. (6.10) we find that supersymmetry,

(€| R) =, IMP(VHT|R). (6:24)

requires the following relation between the curvature of the 3-dimensional space and the

scalars 1
R(v) =~ 10N (5UKL - GOZIIJIKJIL) PryynmPHEEMN

1J 171 oI KL
—a (60" kL — oy T kT L) PirgmP" "

a result we will comment upon shortly.

(6.25)

As for the KSI (3.15) we point out that, as we mentioned in the previous section, &y,
vanishes identically; from eq. (6.11) we see that &,,, vanishes if eq. (6.25) is satisfied and
furthermore that

1 _ .
R(Y)mn = — 12 (6" kp — 607" T 'k T"L) Prysn (P MY,

— o (6IJKL _ a;leKjIL) P@'[,] (mP* iKLn) )

(6.26)

This is the only equation we really need to impose on the 3-dimensional metric as eq. (6.25)
is nothing but its trace. One can show (case by case, for each N) that this expression is com-
pletely equivalent to eqs. (4.55), which are satisfied by the supersymmetric configurations.

,26,



We can then check those KSIs that relate the equations of motion of the scalars to

the 0 component of the Maxwell and Bianchi equations. It is convenient to first compute

them for the result for a generic value of IV, and then consider a specific value. For generic

N one obtains

(&0 |Vi) =

1 * 1 — * 1
_2\/2\M]{’DmP dI Mypy—2|M| 2P My Mg ®,, M5

(6.27)
. 1 .
- M |:PjIJmP*Um + 2PIJKLmP*ZKLm:| } .

{’DmP* IJKLmMKL o 2’M‘—2©mp* IJKLmMKLMMN:DmMMN

1 )
- QMMN (PR Prpyinm + 2P 17 0 Py m]

(6.28)

:: it is enough to check the KSI eq. (3.27) using the form of the equation of motion de-

rived before eq. (6.12) being careful with the P? and P* terms. A detailed calculation
shows that they cancel each other, in agreement with the results of ref. [17].

:: For the case N = 3 we have to check the KSI eq. (3.37) using the form of the equation

of motion derived before eq. (6.13). Again, it is readily found to be satisfied by using
the condition eq. (4.12) and the covariant constancy of J.

:: For the case N = 4 we have to check the KSIs egs. (3.38) and (3.39) using egs. (6.16)

and eq. (6.17) respectively. The first KSI is easily seen to be satisfied. The second
KSI is satisfied up to a term of the form

O (PiunmI M 1T ) s (6.29)

which vanishes automatically after use of the constraint eqs. (4.54) and (4.46). This
term can be seen as the equation of motion for the hypers of the associated N = 2
truncation and, as it happens in the NV = 2 theory, it is automatically satisfied for
the supersymmetric configurations independently of whether the Maxwell equations
and Bianchi identities are satisfied or not.

:: For the case N =5 we have to check the KSI eq. (3.40) using eq. (6.19). In this case

the crucial property that makes it to be satisfied is eq. (4.9).

2 In the N = 6 case we find the the KSI eq. (3.41) is satisfied eq. (6.21) up to a term

of the form eq. (6.29), which is also seen to vanish identically.

:: Finally, in the N = 8 case we find the the KSI eq. (3.42) is satisfied eq. (6.22) up to

a term of the form
Om(Prikim T I NI pT" ), (6.30)
which vanishes upon use of eqgs. (4.53) and (4.46).

In conclusion we see that the KSIs are always satisfied.
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7 Conclusions

The results presented in this paper are a first step towards a full characterization of all the
four-dimensional supersymmetric solutions preserving at least one supercharge. It is clear
that further work is needed in order to make the general solutions presented here more
explicit for each N: first of all, convenient parametrizations of the matrices M!” satisfying
all the required properties (in particular all the supersymmetry constraints involving the
projector J) and general ways to construct the generalized Pauli matrices ¢” have to be
found, the stabilization equations have to be solved (this is in general hard, and might
prove impossible); furthermore, the scalar fields need to be resolved; the would-be vector-
scalars should be resolved in terms of the harmonic functions and the would-be hyperscalars
should be found the hard way by solving the relevant equations (4.53), (4.54) and their
consistent interplay with the connection on the 3-dimensional base space, eq. (4.44). Only
then will we have explicit expressions for the supersymmetric solutions. The problem is
similar to, but definitely more involved than, finding supersymmetric solutions in d = 4
N = 2 supergravities coupled to vector and hypermultiplets [18]. A further issue that needs
to be investigated and which does not arise in the N = 2 d = 4 case is the classification of
supersymmetric solutions preserving more than the minimal amount of supersymmetry.

The supersymmetric black hole solutions of the 4-dimensional supergravities are a very
interesting subclass of the supersymmetric solutions identified here. They are “hyper-less”
(i.e. they have a flat 3-dimensional base space) solutions and, therefore, simpler to con-
struct. The black-hole solutions of N = 8 are particularly interesting due to the possible
ultraviolet-finiteness of the theory, e.g. [88]. There are many partial results in the litera-
ture [76-79] including very large families of solutions obtained via N = 2 truncations of
the theory [67] but the derivation of a manifestly E7)-invariant family of solutions on
which the conjectures concerning the E7(p-invariant entropy formula [80] could be explic-
itly checked is highly desirable. Our results provide a starting point for this derivation [81].

The attractor mechanism [82-85] (see also the more recent reference [86]) has been one
of the main tools for the study of supersymmetric black-hole solutions. Our results establish
a clear distinction between the scalars which are driven by the electric and magnetic charges
of the vector fields (which would belong to the would-be vector multiplets of the associated
N = 2 truncation) and, therefore, subject to the attractor mechanism, and those that
are not (which would belong to the would-be hypermultiplets of the associated N = 2
truncation). A simple derivation of the attractor flow equations for the first kind of scalars
based on the general form of the solutions found here can be readily given [87].

Another interesting class of timelike supersymmetric solutions which deserves to
be studied in more detail is the class of domain walls associated to the supersymmetry
projectors II"™* ! ; and, therefore, to the would-be hyperscalars of the associated N = 2
truncation.

Finally, to complete the program of characterizing all supersymmetric solutions, the
supersymmetric solutions in the null class need to be identified. In the null class the U(N)
R-symmetry group is broken to U(1) x U(N — 1) and there is an "N = 1 truncation”
associated to the U(1) subgroup [89]. The solutions will then be analogous to the super-
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N 3 4 5 6 8
n n n 0 1 0
n n+3 n+6 10 16 28

Table 1. This table details, for a given N, the number of vector supermultiplets, n, and the integer
n needed for an embedding into the symplectic formulation.

symmetric solutions of the ungauged N = 1 theories with no superpotential, classified in

refs. [20] and [21], and include waves, strings and domain walls.
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A Generic scalar manifolds

All the scalar manifolds can be described by a Usp(n,n) matrix U which is constructed in

terms of the matrices?*

F= 1), h=(hars hai), (A1)
where I,J = 1,... N are the graviton-supermultiplet, or equivalently U(V), indices and

i(= 1,...n) are indices labeling the vector multiplets, and the embedding then imposes
that 7 = n + N(N — 1)/2; this information is detailed in table 1.2
Using the above matrices one can then embed the generic scalar manifolds as

P b
p= (ST (A.2)
V2 \ f—ih f*—in*
The condition that U € Usp(n,n)
g (TN Lo (0 1) (0
0 -1 0 -1 -10 10
(A.3)

1 [ fT—dht —(f1 +iht)
V2 \ —(f —ih) f+ih
24When we multiply these matrices we must include a factor 1/2 for each contraction of pairs of anti-
symmetric indices IJ.

25 Observe that N = 6 has n = 1, even though there are no vector supermultiplets in this case. This will
be explained in appendix (B).
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leads to the following conditions for f and h:
i(fTh—ntf)=1, fTh—n"f=0. (A.4)

In terms of the symplectic vectors

A A
V1J=<f IJ>, Vz':(fZ), (A.5)
hary hai

these constraints take the form?26

(Vg | VELY = —2i6KE, ;|

, ‘ (A7)
Vi | V) = =16,

with the rest of the symplectic products vanishing.
The left-invariant Maurer-Cartan 1-form can be split into the Vielbeine P and the

o, (P
r=uU'dU = . (A.8)
PO

connection  as follows:

Thus, the different components of the connection are

0_ QKL Qi [ildVeg | VEEE) ildVrg | V) (A.9)
QKL Qi i(dv; | VEELY idy; | ) '
and those of the Vielbeine are
P, P; —i(dVry |V —i(dVry | V;
P:( K LI J1J>:< Z{ 17| VL) Z{ 77 | J>>. (A.10)
Prri P —i{dV; | Vi) —i{dVi | V;)
The period matrix Ny is defined by
N=hf1=NT, (A.11)
which implies properties which should be familiar from the N = 2 case: for instance
Dhp = NisDfN, hy = Nasf>, (A.12)
and 1 1
= (SmA)TINE =P R g A (A.13)

which can be derived from the definition of A" and eq. (A.4).
We also quote the completeness relation

) | Vi) (v —y VIV |+ V)V — [ VY| = (A.14)

2 .
5We use the convention

(A| B) = B*Ar — BAA™. (A.6)
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Defining the Hayut X Huatter cOvariant derivative according to
DY =dV — V9, (A.15)

and using eq. (A.12) we obtain from (A.9)

QFF =/ =0, (A.16)
and from (A.10)
Pryxr = —2f1;SmNas D k1, (A.17)
Py = —2f8SmNas ©F%15, (A.18)
Py = —2f%SmNys D75 . (A.19)

The above equation can be inverted to give
Df s = NP+ o) ALP g, (A.20)
Dfr = NPy + f*AUPzIJ ; (A.21)

using eq. (A.13).
The definition of the covariant derivative leads to the identities

(DV|V*) =0, (DV|V)=(dV |V)=1iP. (A.22)
The inverse Vielbeine P* /KL p*ilJ p*ij satisfy (here A labels the physical fields)
P*IJKLAPMNOPA:4!5IJKLMNOP, P*ZIJAP]KLA:26Z]51JKL (A23)

Their crossed products vanish but their products with P;; 4 do not.

We find
(DaAViy | DV EL) = ;PIJMNAP* KEMN oy iPypyaP* Bhp (A.24)
(DaViy | DBV ') = ;PIJKLAP KL 4 iPjrgaP* " (A.25)
(DAV; | DpV*T) = ;PUJAP* g +iPpaP*F g, (A.26)

while (DaV1y | ®BVkL) = (DaVrs | DBVi) = (DaVs | DBV;) =0
Using the definition of the period matrix eq. (A.11), equation (A.12) and the first of
eqs. (A.4) we get
dN = 4iSmN D f f1 SmN . (A.27)

This expression can be expanded in terms of the Vielbeine, using eqs. (A.20) and (A.21)

ANy, = ISMNE A SN [Prygcr f* 1 F 8 F APy o0 2 4 apy e ]
(A.28)
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N=3
ey Y AY, xk A N Nk P

g1 3 3 1 n  3n n (3+3)n

Table 2. The field content of the N = 3 supergravity multiplet, first 4 entries, and the n vector
supermultiplets.

and, using egs. (A.23) and taking into account that their contraction with P;; does not

necessarily vanish, implies

P IJKLAaZANAE — AN SNy o f O 7 AIKEL (A.29)
pritJA 62 LNz = 8iSmNg SmNga 5 7217 (A.30)
p* IJKLAaZA/\[A*E = —4iSmN(\ SmN5)A P* IJKLA px ijAsz‘fAj 7 (A.31)
p* uJAaZA/\/A*E = —42‘%HL/\/Q(A%HL/\/E)AP* ilJ AP*jkAfQifAj . (A.32)

Using the Maurer-Cartan equations dI'+1T'AT' = 0 and direct calculations we find that

QKL

the curvatures of 77 and QJ; are

1
RNy = dhyy + 2QKLMN ANQMN L,

1 4

— _2P*KLMN /\PMNIJ _ P*ZKL /\PiIJ (A33)
= —i(DVyy | DV ELY (A.34)

, : , 1 . ,
Ri; = dOV, + QI AQF, = —2P*J” A Pyry— P A Py, (A.35)
= —i(DV; | DV*). (A.36)

The vanishing of the curvature of Q7 leads to

1 A g A

2PIJKL AP EL L Py AP = (DY | DV =0. (A.37)

B Generic N > 2, d = 4 multiplets

In this section we will spill out the field content of the relevant graviton- and vector-
supermultiplet?” by specifying said field content in tables 2-6 and discussing briefly the
possible constraints that apply for each individual case.

In order to recover the N = 4 field content we have to impose

1 .

N=4: PZ'[J: 2€[JKLP*ZKL, (B.l)
1 .

N=4: >\il == 3'€[JKL)\ZJKL . (B.Q)
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N =41

; .
ey Y AY, Xk Pukpe Ay Nir Nk P

gt 1 4 6 4 1+1 n  4n  4n  (64+6)n
Table 3. The field content of the N = 4 supergravity multiplet, first 5 entries, and the n vector
supermultiplets.
N =5
ey i AY, xi XM Pk,
g1 ) 10 10 1 5+5
Table 4. The field content of the N = 5 supergravity multiplet.
N=6
ey Y AY. xk XYM Pk A AN Ak Py
g1 6 15 20 6 15+15 1 6 20 15+15

Table 5. The field content of the N = 6 supergravity multiplet, first 5 entries, and the auxiliar
vector supermultiplet.

The situation for the N = 6 case is a little bit more involved. In spite of the fact
that for N = 6 there are no vector multiplets, the graviton multiplet is obtained from
the “general case” eq. (2.1) coupling an extra “vector multiplet”. This is because the
decomposition of SO*(12) with respect to SU(6) produces a singlet (this is the ”practical
reason” why eq. (2.1) is not enough). The presence of the singlet comes together with the
fact that SO*(12)/U(6) has a Special Geometry structure.

In order to recover the N = 6 field content we have to impose

1

N=6: Ar = 5'51JKLMNXJKLMNa (B.3)
1

N=6: XIJK = 3'5[JKLMN>\LMNa (B.4)
1

N=6: Prikxr = 261JKLMNP* MN- (B.5)

In order to recover the N = 8 field content we have to impose

1

N=28: Prjkr = 4,61JKLMN0PP* MNOF (B.6)
1

N=8: XIJK = 5,61JKLMN0PXLMNOP- (B.7)

*"The information in this appendix taken from ref. [66], but adapted to the notations of ref. [16].
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N =8
ey Y AY, xx XM Prgr
f 1 8 28 56 56 70 + 70

Table 6. The field content of the N = 8 supergravity multiplet.

C Gamma matrices and spinors

We work with a purely imaginary representation

,ya* = _’7&’ (Cl)
and our convention for their anti-commutator is
{v%2") = +2n. (C.2)
Thus,
P’ = = () = (C.3)
The chirality matrix is defined by
. 1
% = =iy = a7, (C4)
and satisfies
Y= =" =, (15)° = 1. (C.5)
With this chirality matrix, we have the identity
—)ln2;
’Yal = ((4 1 n)| e anby b4in7b1---b4—n75- (06)
Our convention for Dirac conjugation is
) =iply. (C.7)

Using the identity eq. (C.6) the general d = 4 Fierz identity for commuting spinors
takes the form

(MX)(ENG) =, AMNG)(x) + | M Ne)(f1ax) — { (MY N ) )

1 _ 1 - _
- 4(>\M7“75N ©)(Vvavsx) + 4(>\M75N ©)(Wy5X) -

We use 4-component chiral spinors whose chirality is related to the position of the
SU(4)-index:

(C.8)

YsXT = +XI Y1 = —Uur, V5€r = —€r . (C.9)

Both chirality and position of the SU(4)-index are reversed under complex conjugation, e.g.

vxi =v5x = —x", VWi =15¢’ =+’ vs€r = y5€’ =+’ . (C.10)
We take this fact into account when Dirac-conjugating chiral spinors:

X' =ilx)o, Xs=-x", et (C.11)
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D Fierz identities for bilinears

Here we are going to work with an arbitrary number N of chiral spinors. Whenever there are
special results for particular values of IV, we will explicitly say so. We should bear in mind
that the maximal number of independent chiral spinors is 2 and N (> 2) spinors cannot be

linearly independent at a given point. This trivial fact has important consequences.

Given N chiral commuting spinors e; and their complex conjugates ¢/ we can con-

structed the following bilinears that are not obviously related via eq. (C.6):
1. A complex matrix of scalars
My = érey, M7 =&l = (M;y)*, (D.1)
which is antisymmetric M7; = —Mjy.
2. A complex matrix of vectors
Ve =ieaes, Vi'o = iervae’ = (V1 5a)", (D.2)
which is Hermitean:
V') =Vila=Via=V"5)". (D.3)
3. A complex matrix of 2-forms
Dryab = €rVabes o'y = e’ = (ryw)*, (D.4)

which is symmetric in the SU(N) indices @145 = Pjs4p and furthermore is imaginary
anti-selfdual, i.e.
Drrap=—iPrias = Prya=Prstab- (D.5)

As we are going to see, this matrix of 2-forms can be expressed entirely in terms of
the scalar and vector bilinears.

It is straightforward to derive identities for the products of these bilinears using the
Fierz identity eq. (C.8). First, the products of scalars:

1 1
MisMgr = QMILMKJ - 8‘I)IL “DPiy, (D.6)
1
My MEE = _QVLI VES. (D.7)

From eq. (D.6) immediately follows
MMk =0, (D.8)

which is a Pliicker identity and implies that rank(Mp) < 2.
We can define the SU(N)-dual of Mj;

~ 1
MII"'IN_Q = 2611---IN_2KLMKL, 61...]\[ _ 61___]\/’ _ +1, (D9)
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in terms of which we can express eq. (D.8) as
My, ..qy_ME =0. (D.10)
From eq. (D.7) and the antisymmetry of M immediately follows
Vip VvE, = v, vE, = _vE, v, (D.11)
which implies that all the vector bilinears V! ;, are null:
Vi;vi;=0 (no sum!) , (D.12)

On the other hand, from egs. (D.11) and (D.7) it follows that the real, SU(N)-invariant
combination of vectors V, = V!, is always non-spacelike:

Vie VI, v/ =2M"M;;>0. (D.13)

The products of M with the other bilinears®® give

MpVEp, = ;MILVKJa + ;q)ILbaVKJb, (D.14)
My @5 F gy = Vi VE - ;eadeVL[cVK Jd- (D.15)

Now, let us consider the product of two arbitrary vectors:?
VI VE L, = éeadeVIchKJd + VIL(a\VKJIb) - ;gabVIL VE;. (D.16)

For V? this identity allows us to write the metric in the form
Gap = 2V 2V = VI,V 1) (D.17)
Following Tod [8], for V2 # 0 we introduce

2MIE N v . vI 1
I JK J 2 LM 2
= = M|“= M M = V. D.1

Using eq. (D.6) we can show that it is a Hermitean projector whose trace equals 2:
T T k =Tk, T =+2. (D.19)
Further, using the general Fierz identity we find
Tlel =€, eJly=e¢y, (D.20)

which should be understood for N > 2 of the fact that the e/ are not linearly independent.3®
As a consequence of the above identity, the contraction of 7 with any of the bilinears is
the identity. Using this result and eq. (D.15), we find

q)KL - 2MIKMIJ L 2MIK MIK

=M Ve ViV —i‘MPeadeVLICVd. (D.21)

28We omit the product M7;P k1 o which will not be used.
29The product VIJQVLKb gives a different identity that will not be used.
30For N = 2 we automatically have T, =615,
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Other useful identities are

M[JMKL

o =T (D-22)
and
Jy=6,-7, (D.23)
where
~r (N—Q)MIKl'“KN*?’MJKI...KN_S ~ 0 T 1 . (N—2)! 2
J = |3 o M= MM, =, M,
(D.24)

is the complementary projector.

We can always use the 1-form V= V,dx* to construct the 0*" component of a Vielbein
basis {e®}
M|~V (D.25)

Let us define the three 1-forms
VT = |M|e™, m=1,2,3, VmEYT = — | M2 (D.26)
and the spacetime-dependent Hermitean matrices
(™!, = —Vevmevi, (D.27)

so we can decompose the 1-forms V! ; = VIJHd.IM as

. 1 . 1 .
1 _ I m\I m D.2
Vi 2\7JV+\/2(U ) v, (D.28)
and 1
Vie= vo M (6,077 7 + 8. (™)1 ] . (D.29)

While this decomposition is unique, the matrices ¢ are defined only up to local SO(3)
rotations of the V™.

The properties satisfied by the 1-forms V!, can be used to prove the following
properties for the 0% matrices:

oMo = 0" T + 0™ PP (D.30)
Jo™ =" T =0o", (D.31)
(™)' =0, (D.32)
1 1
T T = T T+ (™ o™, (D.33)
Mygr(a™)" =0, (D.34)
2M| 2 Mpi(o™) s M7 = (™), (D.35)
1
|M|72M" My, = — 3(am)[I[K(am)ﬂL], (D.36)
(@) sy = = T (o) = (M) LTS (D7)
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That is: they, together with 7, generate a u(2) subalgebra of u(/N) in the eigenspace of
J of eigenvalue +1 and provide a basis in the space of Hermitean matrices satisfying
JAJ = A: the last of the above properties is a completeness relation in that subspace
since it implies that

1
Vv

Then, if A is an N x N Hermitean matrix such that Tr (AJ) = Tr (Ac®) =0, Vy=123,
it satisfies JAJ = 0 and it can be written in the form

A=1-DAT +TAQ - T)+ (1 - TAQL - T). (D.39)

Al = gE AT T8 = ;Tr (AT)T"; + ;QTr [ 2Aam] (c™)E ;. (D.38)

It is not clear when a combination of global U(N) and local SO(3) transformations
is enough to render the matrices o® constant; however, whenever it is possible, then the
projector J will also be constant. Needless to say, in the N = 2 case it is always possible.

E Connection and curvature of the conforma-stationary metric
A conforma-stationary metric has the general form
ds® = |M|*(dt + w)? — |M| *yndaz™dz™ m,n=1,2,3, (E.1)

where all components of the metric are independent of the time coordinate t. Choosing
the Vielbein basis

M| |Mwn, | M| —| M |wn,
(eau) = ) (eﬂa) - ) (E2)
0 |M| tv," 0 |Mlvy,"™
where
Ymn = Umpvnq(qu 5 Umpvpnvn 5 Wm = Umnwn 5 (E?’)

we find that the spin connection components are

1
w = —0n|M|, w = M ,
00m m| | Omn 2| | fmn (E4)
WmoOn = Womn » Wmnp = _|M|wmnp - 25m[n6p]|M| )
where w,,,"? is the 3-dimensional spin connection and
Om = Umnan 5 fmn = Umpvanpq, fmn = 2a[mwn] . (E5)
The components of the Riemann tensor are
1 1
ROmOn :2vman‘M’2 + am‘Mlan’M‘ - 5mn(8’M‘)2 + 4Vm]M\6fmpfnp )

1 1 1
ROmnp = - 2vm(|M|4fnp) + Qfm[nap}|M|4 - 46m[nfp]laq|M|4 )

1
Rmnpq = |M|2Rmnpq + 9 |M|6(fmnqu - fp[mfn}q)
- 25mn7pq(a‘MD2 + 4‘M’5[m[pvn]aq]‘M’ )
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where all the objects in the right-hand sides of the equations are referred to the 3-
dimensional spatial metric v and the 3-dimensional spin connection . The components
of the Ricci tensor are
1
Ron =~ |MPV2log |M] — ,|MI*/?,

1

Rom :2vn(‘M’4fnm) ) (E7)

1
Ronn :]M\Z{Rmn + 20, log | M8, log | M| — 6,V log | M| — ) \My4fm,,fnp} ,
and the Ricci scalar is

1
R= —]M\Q{R - 4]M\4f2 —2V2%log | M| + 2(01log \M])z} : (E.8)
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