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ABSTRACT: We study a family of 5-dimensional non-Abelian black holes that can be ob-
tained by adding an instanton field to the well-known D1D5W Abelian black holes. Naively,
the non-Abelian fields seem to contribute to the black-hole entropy but not to the mass
due to their rapid fall-off at spatial infinity. By uplifting the 5-dimensional supergravity
solution to 10-dimensional Heterotic Supergravity first and then dualizing it into a Type-I
Supergravity solution, we show that the non-Abelian fields are associated to D5-branes
dissolved into the D9-branes (dual to the Heterotic “gauge 5-branes”) and that their as-
sociated RR charge does not, in fact, contribute to the entropy, which only depends on
the number of D-strings and D5 branes and the momentum along the D-strings, as in
the Abelian case. These “dissolved” or “gauge” D5-branes do contribute to the mass in
the expected form. The correct interpretation of the 5-dimensional charges in terms of
the string-theory objects solves the non-Abelian hair puzzle, allowing for the microscopic
accounting of the entropy. We discuss the validity of the solution when o’ corrections are
taken into account.
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Introduction. One of the common features of black holes or black rings with genuinely
non-Abelian fields' in Einstein-Yang-Mills (EYM) theory, where they are only known nu-
merically (7, 8], or in N' = 2,d = 4,5 Super-EYM (SEYM) theories [9-12], where they are
known analytically, is that their non-Abelian fields fall off at spatial infinity so fast that
they cannot be characterized by a conserved charge. For this reason they are sometimes
called “colored” black holes, as opposed to “charged” black holes. As a consequence, the
parameters that characterize the black holes must be understood as pure non-Abelian hair.

In the SEYM case it has also been observed that the non-Abelian fields seem to con-
tribute in a non-trivial way to the BH entropy because their near-horizon behavior is similar
to that of their Abelian counterparts [9-12]. Thus, apparently, the entropy of these non-
Abelian black holes and rings depends on non-Abelian hair! If the BH entropy admits a
microscopic interpretation, this conclusion is clearly unacceptable.

In this paper we are going to solve this puzzle for a family of particularly simple
non-Abelian 5-dimensional black holes that can be embedded in String Theory [11] and
which can be seen as the well-known 3-charge D1D5W black-hole solutions discussed in
ref. [13]? with the addition of a BPST instanton [15], which is genuinely non-Abelian in
the sense discussed above.?> The embedding is realized via Heterotic Supergravity (that
is: N = 1,d = 10 supergravity coupled to vector supermultiplets) without the terms of
higher order in the curvature of the torsionful spin connection which corresponds to the

!That is: non-Abelian fields that cannot be related to an Abelian embedding via a (possibly singular)
gauge transformation [1]. Gauge transformations, whether regular or singular, have no effect whatsoever
on the spacetime metric and, therefore, if the non-Abelian fields can be related to an Abelian embedding,
the metric is effectively that of a solution with an Abelian field. This was the only kind of regular solutions
thought to exist in the Einstein-Yang-Mills theory, basically because the non-Abelian fields were expected
to behave at infinity like the Abelian ones [2-4]. See also See refs. [5, 6] and references therein.

2More information on these black holes and the String Theory computation of their BH entropy can be
found in ref. [14] and references therein.

3Technically, this family of black holes is a solution of the SU(2)-gauged ST[2, 6] model of N'=1,d =5
supergravity. This model and the solution-generating technique used to obtain the black-hole family is
described in full detail in an appendix of ref. [16].



low-energy effective field theory of the Heterotic Superstring. Our solution is an exact
supergravity solution but, clearly, the issue of o’ corrections needs to be addressed. As
we show in appendix A, the supergravity solution we are studying is also good to order
o’ in Heterotic Superstring theory, but only in the near-horizon region and needs to be
o’-corrected elsewhere. Finding these corrections is a problem that we will tackle in a
forthcoming publication [17] and, in the meantime, one can work with the supergravity
solution within the limits we just mentioned. In particular, the supergravity solution
should be enough to characterize the different branes the black hole is “made of”.

Back to the non-Abelian hair puzzle, in this case at least, the solution lies in the cor-
rect interpretation of the different charges that characterize the black hole. As we have
shown in ref. [16], the charges that count the underlying String-Theory objects are com-
binations of the naive ones. The correctly identified charges can be switched off one by
one and, switching off those that count the objects that give rise to the Abelian charges
(that is, setting to zero the number of D1s, D5s and the momentum) one is left with the
object that produces the net non-Abelian field. In 5 dimensions, this object is a glob-
ally regular, horizonless gravitating instanton [16] which, when uplifted to 10-dimensional
Heterotic Supergravity (the effective field theory of the Heterotic Superstring), is nothing
but Strominger’s gauge 5-brane [18].* In terms of these charges, as we will see, there is
a non-Abelian contribution to the mass and the non-Abelian contribution to the entropy
disappears, solving the puzzle.

This is a very important clue that we are going to apply to these solutions. In section 1
we are going to introduce them and rewrite them in terms of the charges that describe the
underlying String Theory objects. In section 2 we are going to uplift them to 10-dimensional
Heterotic Supergravity, a theory that has non-Abelian vector fields in 10 dimensions, and,
in section 3 we will reinterpret the solution in terms of intersections of fundamental strings,
solitonic b-branes and gauge 5-branes, plus momentum along the strings, and we will dualize
it into a solution of Type-I Supergravity (the effective field theory of Type-I Superstring
Theory) [20-22] with D-strings, momentum, D5-branes and “gauge D5-branes”, the duals
of the gauge 5-branes, also referred to as D5-branes dissolved into the D9 branes. Then, in
section 4 we discuss how this brane configuration leads to the same entropy as the Abelian
one, pointing to directions for future work. Finally, in appendix A we discuss the validity
of our solution of 10-dimensional Heterotic Supergravity as a solution of the Heterotic
Superstring taking into account o’ corrections.

1 5-dimensional non-Abelian black holes

We consider the SU(2)-gauged ST[2,6] model of N' = 1,d = 5 supergravity, which can
be obtained from d = 10 Heterotic Supergravity by compactification on 7° followed by a
truncation. This is most conveniently done in two stages: first, compactification on 7
followed by a truncation to N’ = (2,0),d = 6 supergravity coupled to a tensor multiplet
and a triplet of SU(2) vectors and, second, further compactification on S'. The first stage

4For recent work on Abelian black-hole solutions of Heterotic Supergravity (with R?terms, the Hull-
Strominger system) see ref. [19] and references therein.



is almost trivial: all the 6-dimensional fields are identical (up to rescalings) to the first 6
components of the 10-dimensional ones. The second stage is described in detail in ref. [23].

This model is determined by the symmetric tensor Cogy = %%y) with z,y = 1,2, A,
A,B,...=3,4,5 and 1y = (+,—, —, —, —).> The A, B,... are adjoint SU(2) indices. The
bosonic content of this model consists of the metric g,,,,, 3 Abelian vectors, A% Al and A?
a triplet of SU(2) vectors A4, and 5 scalars which we choose as ¢, k and ¢4 where ¢ can
be directly identified with the 10-dimensional heterotic dilaton and & is the Kaluza-Klein
scalar of the last compactification from d = 6 to d = 5.

A particularly simple family of non-Abelian black-hole solutions of N' = 1,d = 5
supergravity can be constructed by adding a BPST instanton to the standard 3-charge
solution [11, 16, 24]. The family of solutions is determined by 3 harmonic functions L +
which depend on three constants By + satisfying 277BQB+B_ = 1 and three independent
charges qo +

Lo+ = Box +qo+/p%, (1.1)

and a non-Abelian contribution that depends on the 5-dimensional gauge coupling constant
g and on the instanton scale k

2k
3¢2p%(p% + K22~

(I)2

(1.2)
The non-Abelian contribution appears combined with the harmonic function Lg as follows:

~ 1

Lo=Lo— gp2<1>2, (1.3)
and, since it goes like 1/p° at spatial infinity while Lo goes like By+qo/p?, it is not expected
to contribute to the mass. However, both the Abelian and non-Abelian contributions
diverge like 1/p? near the horizon at p = 0, and, naively, one expects both of them to
contribute to the entropy. This can be manifest by rewriting L¢ as

(1.4)

N 2\ 1 2 p?+2K?
Lo—Bo+<QO— > =P

992 ) p* " 99 (0% + K2)?’

where we have combined Abelian and non-Abelian 1/p? terms in Lo, leaving a purely non-
Abelian contribution which is finite at p = 0. As in ref. [16], we will call o = qo — % the
coefficient of the 1/p? term.

The constants By + are related to the moduli i.e. the values of the 2 scalars at infinity,°
as follows

1 2 1
BO = §€¢Ook'502/37 B_ = ge_(book;oQ/g? B+ = §k§</>3 : (15)

Is is convenient to use the functions 20 = f/O /Bo and Z1 = L1 /By and the charges
Qo = Go/Bo = (q0 — %)/30 and Q1 = q+/Bx.

A more detailed description of this model can be found in appendix A of ref. [16], for instance.
SWe will relate the charges to the numbers of branes in d = 10 after embedding the solution in Heterotic
Supergravity.



It is also convenient to transform the BPST instanton field from the gauge used in

refs. [11, 12] to one in which the 10-dimensional solution will be easier to recognize: "8
1 K2 1 p?
Ajg=-—" v — Af=—-__FL 4 (1.6
g ) " g(R2+p?) " )

The vector field strength is, evidently, the same, but the Chern-Simons term is not and
this difference will also affect the 10-dimensional 2-form.

After all these transformations, the active fields of the solutions are’

ds* = f2dt* — [~ (dp® + p*dy)) ,

dt dt
AV = —\/Be P23 Al 4 A% = 2VBEAE
2y Zy
1 p? dt (1.7)
AA:_fi A Al_A2:_ 3¢°°]€2/37
g2+ ) Vaerk =
20 _ 2600 2 _ 3/4
e’ =er k=koo(f24)"7,
where the metric function f is given by
fB3=2y2,2_, (1.8)
and the Z functions take the form
. Qy | 2e 9=k’ p? + 242
Zo=1+—75+ 2 2 1 2)2°
p 392 (p*+r?) (1.9)
Zr =1+ Q—;: .
p
The mass and entropy of this family of black-hole solutions take the form
T ~ 2e—%o0 kgf
M=—FF|Q+——F5—+9++2_|, (1.10)
e [ 3¢
T /=

Using the charge Qo instead of Qy = qo/Bo, and assuming that QO is not related to
the non-Abelian fields, the mass contains a net O(1/¢?) contribution from the instanton
while the entropy does not, against the naive expectations exposed above. We are going to

"The reason why this gauge was not used in refs. [11, 12] is that, in it, the gauge field cannot be
consistently reduced following Kronheimer.

80ur conventions for the SU(2) gauge fields are slightly different from the ones used in refs. [11, 12].
Here the generators satisfy the algebra [Ta,Tg] = +eapcTc, the left-invariant Maurer-Cartan 1-forms are
defined by v, = —U 'dU and the right-invariant ones by vg = —dUU'. The gauge field strength is
defined by F' = dA + gA N A.

9Since we are going to use hats to denote 10-dimensional fields, we have removed the hats that we use
in our notation for the metric function f.



argue that, indeed, Q is a charge completely unrelated to the non-Abelian vector fields,
showing that it counts the number of neutral 5-branes (also known as solitonic or NSNS
5-branes) while @_ and Q. count, respectively, the number of fundamental strings and the
momentum along them. Setting these three charges to zero we are left with the only non-
Abelian component of this solution which is the globally regular and horizonless gravitating
Yang-Mills instanton that we have found in ref. [16], showing that it is nothing but the
dimensional reduction of Strominger’s gauge 5-brane [18].

In ref. [16] we have argued that the gravitating Yang-mills instanton (or the gauge
5-branes) should not contribute to the entropy while, obviously, it must contribute to the
total mass of black-hole solutions, just as the global monopole does in 4 dimensions [25, 26].
The above mass and entropy formulae reflect this fact.

2 Embedding in d = 10 Heterotic Supergravity

As a first step towards embedding the 5-dimensional supergravity black hole solution
into Heterotic Superstring theory, we are going to embed it in 10-dimensional Heterotic
Supergravity (N = 1,d = 10 supergravity coupled to vector supermultiplets), with just
an SU(2) triplet of gauge fields. Since the 5-dimensional theory we start from does not
have any terms of higher order in curvatures, we do not consider this kind of terms in the
10-dimensional theory. Observe, however, that the gauge fields occur at first order in o’
and, since our non-Abelian solution has non-trivial vector fields, in order to be consistent
we are forced to study its validity as solution of Heterotic Superstring theory to first order
in o/. At this order there are other terms in the action and we are going to study their
relevance for this solution in appendix A.

First of all, we are going to show how the reduction and truncation of the bosonic sector
of the 10-dimensional Heterotic Supergravity with a SU(2) triplet of gauge fields leads to
the SU(2)-gauged ST[2, 6] model of N’ = 1,d = 5 supergravity we are working with.

The action of Heterotic Supergravity in the string frame, including only a SU(2) triplet
of vector fields, is

N 2 A R 1 . A
S = % /dl% ] e2¢ [R —4(09)* + 5 H? — ' FAFA | (2.1)
167Gy 2-3!
where the field strengths are defined as
. . 1 . .
FA = dA + §eABCAB A AC, (2.2)
H = dB + 2d/Gvy (2.3)
and wyy 1s the Chern-Simons 3-form
oy = BAp AA %EABOAA NABAAC,  doym=EFANEA. (2.4

In the above expressions, o/, the Regge slope, is related to the string length /5 by o/ = ¢2
and gs, the string coupling constant, is the value of the exponential of the dilaton at infinity:



gs = e?>~ in asymptotically-flat configurations. The somewhat unconventional factor of g2
in front of the action ensures that, after a rescaling from the string frame to the modified
Einstein frame defined in ref. [27] with powers of e?~%<, the action has the standard
normalization factor (167TG§\1,0))_1. The 10-dimensional Newton constant is given by

Gg\l,o) = 8754248 . (2.5)

If we compactify this theory on 7%, it is not difficult to see that truncating all the
components of the fields with indices in the internal coordinates g%, i = 1,---,4, is a
consistent truncation. The resulting 6-dimensional action and field strengths have exactly
the same form as the 10-dimensional ones, although the action carries an extra factor
(27¢5)* which is the volume of the T%:

4.2 A ~ N Ap o
S = %/d% e 20 [R S 400 4 P~ FAPA| L (26)
167G\ 23

The 6-dimensional modified Einstein metric gg ;p is related to the 6-dimensional string
metric gup by
o =95 %GB 4o » (2.7)
and, in this frame, the action takes the form

. (2wl - . 1 b ) AL
S = % / dSx\/|gk] [RE +(00)* + s goe PH? —dlge PFAFA| L (28)
167Gy 203

which coincides exactly with the action of the theory of gauged N' = (2,0),d = 6 super-
gravity that we called N' = 2A4 in ref. [23] upon the redefinitions

&:-@/\@7 gslf[/2:f{, \/gsa,FA:FA7 (29)

which lead to the introduction of the 6-dimensional Yang-Mills coupling constant
g6 = (gso/) /2.

Further compactification of this theory on a circle leads to the SU(2)-gauged ST[2, 6]
model of N = 1,d = 5 supergravity we are working with, with Newton and Yang-Mills
constants given by

1/3 1/3
gGk _ z
V12 /12g,02°

This reduction was carried out in detail in ref. [23] and we can use its results, but we have

S
(2m)50AR, 4R,

G — (2.10)

to take into account that we have to rescale the 5-dimensional metric with the Kaluza-
Klein scalar k divided by its asymptotic value, ks in order to preserve the normalization
of asymptotically-flat metrics. This introduces an additional factor of kcl,ég in the relations
between higher-dimensional fields and 5-dimensional vector fields and an additional factor
of k?xéS in the relations between higher-dimensional fields and 5-dimensional 2-form fields.



Combining the ko.-corrected rules given in ref. [23] to uplift 5-dimensional configura-
tions to d = 6 and the relations given above between 6- and 10-dimensional fields in the
string frame, we arrive to the following rules that allow us to uplift any solution of the
SU(2)-gauged ST[2,6] model of N'=1,d = 5 supergravity to a solution of 10-dimensional
Heterotic Supergravity preserving the normalization of the fields at spatial infinity:

45% = ¥~ [/ hoe)~22ds? — K2A2] — dy'dy’,
b=0,
1/3
o kL L (2.11)
V12g50/ Valgs
1:2/3 11/3

— 0 208 e FO 4 S _ANF,
gs\/g ®) gs\/g

where we have introduced the auxiliary fields

H

kl/3
A=dz + —2=A", At = Al + A%,
V12

F=F +0Ft 120474,

(2.12)

Notice that the map gives us the 3-form field strength H, but not the 2-form potential
B because the process involves a dualization. Therefore B must be obtained from (2.3)
once the field strengths H and F'4 have been computed.

3 String theory interpretation

Using the uplifting formulae of the previous section, and defining the coordinate u = ky2
(whose period is 27 R,) we get the following solution of d = 10 Heterotic Supergravity

2 1 - o
ds® = 5 du <dv - 2Z+du> — Zo(dp® + p*d0y)) — dy'dy’ i=1,2,3,4,
~ 1 1 ~
B = —Z—dv/\du— ZQ()COSHd’(ﬁ/\dqb,
A 7p2 N (3.1)
A=
(W)
672& = 672&”% ,
2

where Z; and Z, are given in egs. (1.9). In terms of the stringy constants, Z; is given by

; Q o P 42K

As shown in appendix A, for Qp > 2 thisis a good solution of the Heterotic Superstring ef-
fective action to order o/ in the near-horizon (p —) region. This is enough for our purposes.



Eq. (3.2) shows that the charge Qg which is the coefficient of the 1/p? term is probably
associated to neutral (or solitonic or NSNS) 5-branes [28] while the last term should be
associated to gauge 5-branes. We are first going to discuss this point in more detail.

We start by noticing that, in absence of the Yang-Mills instanton, this supergravity
solution is the one found in refs. [29, 30] which describes solitonic 5-branes wrapped on 17,
and fundamental strings wrapped around one cycle of the T° with momentum along the
same direction.

Let us consider the coupling of Ngs solitonic 5-branes lying in the directions
%(u+v),y1,-~- ,y*, to the Heterotic Supergravity action given in eq. (2.1). Since the
effective action of the solitonic 5-branes is written in terms of the NSNS 6-form B, we
must first rewrite the action in terms of that field. It is convenient to use the language of
differential forms, so the action eq. (2.1) takes the form

R 2 5 R R 1. R R R
S = % / e~ [*R — 4dp Axddp + ZH N +H + 20 FA N *FA} : (3.3)
167Gy 2
and, after dualization xe 20 [T = ﬁ[ = dé
~ 92 n A ~ ~ A~ A~
§=— P / 29 [*R — 4dd A xdd+ 22/ FA A *FA}
167Gy

) (3.4)
+§€2¢ﬁ AxH +20'B A FAA FA} .

The 6-form will couple to the Wess-Zumino term in the effective action of Ng5 coinci-
dent solitonic 5-branes via its pullback over the worldvolume

2 1
NssTss 92 | ¢.B, h Tss = ——, 3.5
wTsagt [ o where Ty = e (3.5)
and the 6-form equation of motion is
g2 s 2 A~ A~
— {d(*62¢H) — 20/ FA A FA} — 92 NesTss x(a) 6V (p) , (3.6)
167Gy
where *(4)5(4) (p) is a 4-form in the 5-branes’ transverse space whose integral gives 1.
Integrating both sides of this equation over the transverse space'’ we get
Qo = Qo — 8a’ = £3Nss, (3.8)

which confirms that Qo = Qg —8a’n, where n would the instanton number in more general
configurations counts solitonic (neutral) 5-branes. The number of gauge 5-branes Ngs

10We replace *e2? [ by H for simplicity and use Stokes’ theorem in the first term. For the second term

! / FANEY =1, (3.7)
R4

we have

1672

the instanton number.



coincides with the instanton number n. Thus, we conclude that the parameter Qg of the
solution is

Qo = (*(Ns5 + 8Ngs) . (3.9)

The function Z_ is clearly associated to 10-dimensional fundamental strings wrapped
around the coordinate %(u—v). If we couple Ny fundamental strings lying in the direction
(u — v) we have

1
2mal’

g2

— ) d(*e_%f[) , where T =
167Gy " Jve

Te1 Npy = (3.10)

where V? is the space transverse to worldsheet parametrized by u and v, whose boundary is
the product Ty x S3,. Using Stokes’ theorem and the value of volume of T* (274g)%, we get

Q- =(li9iNp1 . (3.11)

Finally, the function Z, is associated to a gravitational wave moving in the compact
direction %(u —v) at the speed of light. The simplest way to compute its momentum is to
T-dualize the solution along that direction. This operation interchanges winding number
(Np1) and momentum (Ny) and, at the level of the solution, it interchanges the functions

Z_ and Z, or, equivalently, the constants Q_ and Q4. Thus,

Q—i— = egg?N}?l = 5? (gsgs/Rz)Q NW = I NW ) (3'12)

where we have taken into account the transformation of the string coupling constant under
T-duality.

We conclude that the fields that give rise to the 5-dimensional non-Abelian black hole in
eq. (1.7), (1.8) and (1.9) correspond to those sourced by Np; fundamental strings wrapped
around the 6th dimension with Ny units of momentum moving in the same direction and
Ngs solitonic (neutral) and Ngs = 1 gauge 5-branes wrapped around the 6th direction
and a T*. In terms of these numbers, the black hole’s mass and the entropy in eqgs. (1.10)
and (1.11) take the form

R, R, 1
M = 927(1\[35 +8Ngs) + —Np1 + — Ny, (3.13)

20= 02 R,

s

S = 27‘(’\/ Npleng, . (314)

Unfortunately, the dynamics of String Theory in the background of non-perturbative
objects such as solitonic and gauge 5-branes is not as well understood as its dynamics in
the background of D-branes. Therefore, it is convenient to perform a strong-weak coupling



Heterotic-Type-I duality transformation [20-22] which acts on the fields as follows:!!:!2

Jpp = 67@7@"")%&, ¢ = -9, A,S? = 67@“3;219 A,’;‘ = g}/zv‘i}?, (3.17)

where g; = e%> is the Type-I string coupling constant. These transformations lead to the
Type-I supergravity action

. 2 LT oA 1 A . . .
9748 = % / {6—2@ [*R — 4dp A *dgb] +5GO NG 12/ FAN *]-"A} ,
167TGN7I
(3.18)
and our solution takes the form
2 2 1 > 2 2 192 Z_ i
ds] = ———=du ( dv — §Z+du =\ ZoZ-(dp” + p~dSU5)) — (| z-dy'dy",
V202 =
—Poo —Poo
A(2) _ _e _ e ~
C 7 dv A du 1 Qg cosOdy N do, (3.19)
1A Boo/2 p* A
— _p Poofa___
A e 2+ vy,
; -
=20 _ ,~2pc0 20
e e z

In agreement with the fact that under Heterotic/Type-I duality fundamental strings
and solitonic 5-branes transform into D1- and Db5-branes, respectively, gravitational waves
remain gravitational waves with the same momentum, this solution describes the fields
produced by a D5-brane intersecting a D1-brane in the z direction with a wave propagating
along that direction. The Yang-Mills instanton is a non-perturbative configuration of the
non-Abelian Born-Infeld field that occurs in the worldvolume of the parallel D9-branes that

HThese are the transformations that preserve the normalization of the string metric at spatial infinity
and lead to the correct normalization of the action of the Type-I theory. In particular, the rescaling of
the gauge fields is required in order to reproduce correctly the term that appears in the expansion of the
Born-Infeld action of the O9-D9-brane system (in the Abelian case). The effective worldvolume action of
the D9-brane (Born-Infeld plus Wess-Zumino (WZ) terms) is

Spo = TDggI/dﬁme_@\/det(jij +2na/ Fij) + WZ, (3.15)

where g5 is the Type I string coupling constant. In the physical gauge, ignoring the cosmological constant-
type term because it will be cancelled by the O9-planes, and using Tpg = [(27{'@3)9659[]71 we get

2
& g1 10 = I —p 32
SDgwi/d /13 [oee “’]—"]—i—WZ, 3.16
G i (3.16)

where, now, 167TGS\}?I) = (27r£s)7ésg?. If we rewrite the Type-1 supergravity action in terms of the RR
6-form 6'(6), just as in the Heterotic case, we get a term CO) A FAAFA. This term originates in the WZ
term of the D9 effective action as well.

12The same procedure (a strong-weak coupling duality transformation within Type-IIB supergravity) was
followed in ref. [13] to derive the D5D1W solution without non-Abelian fields from the solution in [29, 30]

which can be embedded directly in the Type-IIB NSNS sector. The presence of non-Abelian vector fields
suggests the route we have taken.

~10 -



give rise to the Type-I theory from the Type-IIB and sources D5-branes. Thus Np; = Npq,
Nps = Ngs, Ngps = Ngs and, in Type-I variables, the mass and entropy formulae take
the form

R;

R, 1
2Ny il
grt? gz Pt * R,

S S

S: 27T\/ND1ND5N]/V. (321)

In absence of the instanton (Ngps = 0) this solution is identical to the one originally

M = (ND5 + 8NGD5) + Ny, (3.20)

considered in ref. [13], which is itself very closely related to Strominger and Vafa’s original
model [31].13 The same conditions (namely, that all the Ns are large and Ny > Np1 ps)
ensure that this solution describes at leading order in  (low curvature) and in g, (pertur-
bative string theory) a good background for Type-IIB string theory.

4 Discussion

In the previous sections we have shown that the 5-dimensional supergravity black holes
with 3 quantized Abelian charges Npi, Nps, Ny and a non-Abelian instanton can be seen,
up to dualities, as the fields associated to a 10-dimensional Type-IIB configuration with

1. An orientifold O9.-plane and 16 D9-branes and their mirror images, that give rise to
the Type-I superstring theory with gauge group SO(32) (see, e.g. [33] and references
therein).

2. Nps Db-branes wrapped around the 5th-9th directions and Np; D-strings wrapped
around the 5th direction with Ny units of momentum along the 5th direction. Open
strings can end on these D-strings and D5-branes.

3. Ngps = 1 “gauge D5-brane”, sourced by an instanton field located in the 1st-4th
dimensions, which are not compact. This brane, which is the dual of the heterotic
gauge b-brane is often referred to as a D5-brane “dissolved” into the spacetime-filling
D9-branes and differs essentially from standard D5-branes because no strings can end
on them.

Since the entropy of the D1D5W black holes can be understood as associated to the
massless states associated to strings with one endpoint on a D1 and the other on a D5
(1-5 states) and this fact, as discussed in ref. [13] is unchanged by the presence of the
D9-branes and 09 -plane that defines the Type-I theory'* the microscopic interpretation
of the entropy of these non-Abelian black holes must be the same as in the Abelian case
and should give the same result at leading order. Observe that, as an intermediate step in
the uplift of the solution to 10 dimensions one obtains a non-Abelian string solution in 6
dimensions with an AdS3xSs near-horizon geometry where the AdS3 radius only depends
on 3 quantized Abelian charges Npi, Nps, Ny .

13See also refs. [14, 27, 32].
1The counting of states is, however, different since, as mentioned in ref. [13] one has to take into account
the SU(2) degrees of freedom associated to the D5-brane of the Type-I string found in [34].
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It is important to stress that the correct identification of the charges and their meaning
in terms of branes plays a crucial role to reach this conclusion as well as in solving the
apparent non-Abelian hair problem explained in the Introduction. A more detailed study
is, however, necessary to find corrections to the entropy. In particular, the o’ corrections
to this solution in the asymptotic limit need to be determined (see the appendix).

In the last few years we have constructed non-Abelian static and rotating black-hole
solutions in 4 and 5 dimensions [9-11, 25, 26, 35|, as well as black-ring solutions [12] and
microstate geometries [36] in 5 dimensions. All those constructed with “colored monopoles”
in 4 dimensions and many of the 5-dimensional solutions exhibit non-Abelian hair which
seems to contribute to the entropy or the angular momentum on the horizon but cannot
be seen at infinity. Many of them can be uplifted to 10-dimensional Heterotic Supergrav-
ity and then dualized into Type-I Supergravity solutions and it is likely that the correct
interpretation of the charges of those solutions is enough to understand the non-Abelian
hair problem. Work in this direction is in progress.
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A The issue of o’ corrections

As we have mentioned in the main body of the paper, the solution of 10-dimensional Het-
erotic Supergravity that we have obtained by uplifting the 5-dimensional non-Abelian su-
persymmetric black hole solution has non-trivial SU(2) gauge fields. These occur at first or-
der in o/ in the low-energy Heterotic Superstring effective action together with other terms
that we are going to describe following ref. [37], and which we have ignored. The purpose
of this appendix is to study the relevance of the omitted terms for the solution at hands.
Only if these are negligible with respect to those we have considered can the solution be
considered a good solution of the Heterotic Superstring effective action to first order in /.

At lowest order (zeroth) in o/, the Heterotic Superstring effective action is nothing
by the action of pure N’ = 1,d = 10 supergravity [38, 39]. The coupling to super-Yang-
Mills multiplets [39, 40] leads to the exactly supersymmetric Heterotic Supergravity theory
described in section 2. From the point of view of the Heterotic Superstring effective action,
the terms associated to the Yang-Mills fields are of higher order in «': their kinetic term
occurs in the action eq. (2.1) at first order and their Chern-Simons 3-form wyy occurs in
the Kalb-Ramond 3-form field strength H at first order as well, eq. (2.3), modifying its
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Bianchi identity so that it takes the form
dH = 2d/FA N FA (A1)

This correction in H introduces terms of second order in o' in the action and in the
Einstein equations but it is precisely this mixture of terms of different orders in o' that is
exactly supersymmetric and gauge invariant.

The existence of additional terms at first order in o’ in the Heterotic Superstring
effective action is both a blessing, because it makes possible the Green-Schwarz anomaly-
cancellation mechanism [41], and a curse because, once they are included, the action will
only be supersymmetric and gauge-invariant to second order in o’ [42]. The addition of
further o corrections only makes the action supersymmetric and gauge-invariant to higher
order in ' [37] and will not be considered here.

With the addition of the aforementioned missing terms, the Heterotic Superstring
effective action takes the form

167G 2-3!

where

2
N g; — o0 [ - ~ 1 - A x oA ~ PR -
S:(lo)/dlodj ‘g‘e 2¢{R4(a¢)2+ H27Oé/ FAFA+R(_) BR(—)bd]}, (AQ)
N

hoa.p b A a_p  pvb
R R—y"a = By "3 B—)""a - (A-3)
Here Q(_)di) is one of the two torsionful spin connection 1-forms that can be constructed

by adding to the Levi-Civita spin connection & 1-form a torsion piece

a i o Laa oop
whose curvature 2-forms are defined by
Ry’ = d) " — 2)’e A ) (A.5)
The Kalb-Ramond field strength 3-form is now given by
H =dB +2d/ (@YM + @L(,)) , (A.6)

where @y, (4 is the Chern-Simons 3-form of the torsionful spin connection Q(i)
A A d b 28 aaB, b oah @
L) = " A Uy 'a — 30 5 A Qe A Qw'a (A7)
and, correspondingly, its Bianchi identity becomes
dH = 2/ (FA A FA + ]?L)(,)di) A R(,)i)a> . (A.8)

Written in this way, and besides the explicit ones, the action contains an infinite number
of implicit o’ corrections which arise due to the recursive way in which H is defined, since
it depends on the Chern-Simons form of Q(,), which is defined in terms of H. At the order
at which we are working, it is enough to keep in the definitions of {2(4) only the terms of
zeroth order in o', that is

~ a ~a L 0)a fi 3 —
Q(:t) p— W i’iiH/g) de‘u, where H(O) :dB, (Ag)

and we will ignore all the o/? terms in the action eq. (A.2).
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Now, by plugging the solution eq. (3.1) into the equations of motion that follow from
the action eq. (A.2) with the torsionful spin connection defined in the previous equation,
we can study if they are satisfied to first order in «o’.

Following the scheme explained in section 3 of ref. [43] the variations of the action
with respect to the each field can be separated into variations with respect to explicit
occurrence of the field in the action and variations with respect to the implicit occurrence
via the torsionful spin connection. The former are the zeroth order equations plus terms
proportional to the so-called “T—tensors,” which we will define shortly and are of order
o/. According to the lemma proved in section 3 of ref. [37], the latter are of order o/ and
proportional to the zeroth order equations of motion. Since the solution eq. (3.1) satisfies
the zeroth order equations of motion up to terms of first order in o/, the implicit variations
are of order o/? and can be ignored.

The conclusion is that it is enough to study the T-tensor-corrected zeroth-order equa-
tions of motion. The 3 T-tensors that appear in the corrections are defined as

— n AL A » a_ b
1 aops = Oé/ [F[A,; FOAUA} + R( )[A,;| I;R( )|6zﬂ [1] 5
(A.10)

=3
>
1l
Q\
—
o
>
hS
o
s}
b
+
=
I
Q
=
L
>
=N
S
<
| IS

TETuﬂ.

The 4-form T-tensor is the r.h.s. of the Bianchi identity of H , the symmetric 2-index
T-tensor is the term that occurs in the Einstein equations and its trace occurs in the dilaton
equation.

The Yang-Mills part of these tensors was included in the equations of motion of the
Heterotic Supergravity eq. (2.1). Therefore, we just need to compute them and compare
Lorentz curvature part with the Yang-Mills part. In other words, we need to compare the
k-dependent term with the rest, which should be much smaller.'?

For the solution at hands, to O(a'?), they are explicitly given by

4 32
TW ~ o n % dpp® A sin@dl A d¥ A do A1l
(A @t .
32Q-Qip* Q3+ Qo (Q- +30%) + Q2 +3Qp? + 35!
uy — —& ~ 1 . ) (A12)
(Qo+r2) (@-+p%)
~ 4
. 2 ok (Qo+p?
T = o6y 48p 02 — ( ) : (A.13)
J J 5 0 (ﬁz + 2)4
(Qo + PQ> P
< 192p* ~ ~
b 0
(k* + p?) (Qo +p )
(8 +4Q82 + 400 + ) + 167G + QG (A14)

151t is worth stressing this point: since our starting point is not an exact solution of the action to zeroth
order in o/, our goal is not to make the value of the T-tensors as small as possible.
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where T® = %Tﬂlgﬁgdwﬂdw’;dacﬁdw& and i,j = 2,3,4,5 label the 4 coordinates of the 5-
branes worldvolume which are orthogonal to the wave.
Let us start by analyzing T@: in the near-horizon region p — 0 the leading term is

. 1 1
TW < o </£4 — QQ) dpp> A sin0df A d¥ A dé . (A.15)
0

In this limit, the o/ corrections of our solution will be small if k=% > @a 2 that is, if
Qo > k2 so the number of S5-branes is very large.
Asymptotically (p — o), the leading term is

4_ A2
TW ~ a’(”ngO)dpp?' Asinfdd A d¥ A dé, (A.16)
and the absence of o corrections in this limit requires exactly the opposite to happen:
Qo < k2 and the number of S5-branes should be very small.

The analysis of the other tensors sheds identical results, indicating that we can only
consider our solution a good solution of the Heterotic Superstring effective action in either
the near-horizon p — 0 region for Qo > k2 or in the asymptotic p — 0 region for Qg < K2
In either case, the solution will have to be o’ corrected in the other region.

For the purpose of computing the entropy it is more convenient to take Qo > k2 so
that the near-horizon region is well described to order o’ in Heterotic Superstring effective
action. The o' corrections which are needed in the asymptotic limit will be determined
and studied in a forthcoming publication [17].

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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