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ABSTRACT

We discuss several optimization procedures to solve finite element approximations
of linear-quadratic Dirichlet optimal control problems governed by an elliptic par-
tial differential equation posed on a 2D or 3D Lipschitz domain. The control is
discretized explicitely using continuous piecewise linear approximations. Uncon-
strained, control-constrained, state-constrained and control-and-state constrained
problems are analyzed. A preconditioned conjugate method for a reduced prob-
lem in the control variable is proposed to solve the unconstrained problem, whereas
semismooth Newton methods are discussed for the solution of constrained problems.
State constraints are treated via a Moreau-Yosida penalization. Convergence is stud-
ied for both the continuous problems and the finite dimensional approximations. In
the finite dimensional case, we are able to show convergence of the optimization pro-
cedures even in the absence of Tikhonov regularization parameter. Computational
aspects are also treated and several numerical examples are included to illustrate
the theoretical results.
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1. Introduction

Only in the last ten years it has been possible to develop a systematic study of Dirichlet
optimal control problems governed by elliptic equations, which started with the seminal
paper [1]. In that work a 2D control-constrained problem governed by a semilinear
equation posed on a convex polygonal domain is studied. Several other works have
been published about numerical error estimates; see [2] or [3, Ch 2.1] for a variational
approach to control-constrained problems posed on smooth 2D or 3D domains, [4] for
a superconvergence result on the state approximation for unconstrained 2D problems,
[5] for control-and-state constrained problems posed on convex polygonal domains. In
[6] the authors study the control-constrained problem in a 2D smooth convex domain
taking into account the problems derived by the boundary approximation and in [7]
an apparent paradox between [2] and [6] is explained. The regularity of the solution in
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possibly nonconvex polygonal plane domains is studied in [8]; see also the introduction
of that paper for further references about related problems. In the recent publication
[9], error estimates for a Dirichlet control problem governed by a parabolic equation
are obtained. In this work, the spatial discretization of the control is studied in both
the cases of continuous piecewise linear finite elements and variational approach.

Just before that, several works dealing with efficient optimization methods for con-
trol or state constrained problems had appeared; in [10-16] the semismooth Newton
method is thoroughly studied. Since all these papers about optimization are previous
to the papers about the numerical analysis of Dirichlet control problems, very little
or no reference is made in them to their applicability to the problems we are going
to deal with. Only in [16] two different Dirichlet control problems with more regular
solutions than the ones we treat here are studied in the infinite-dimensional case. Let
us also mention that in [17] the Dirichlet boundary condition is replaced by a Robin
penalization. For this kind of penalization the methods developed in the aforemen-
tioned references are directly applicable. In [18], the semismooth Newton method is
studied in the context of the variational approach of the control. Although the authors
only exemplify their results through distributed and Robin boundary control, a com-
bination of their results and some of the results we present in Section 4 can be applied
to Dirichlet control. See Remark 3 below.

In this work we describe optimization methods for Dirichlet control problems in both
the infinite and finite dimensional cases. Convergence proofs, examples and practical
implementation details are discussed for all the algorithms through the paper.

In Section 2 we state the problem and prove that it is well posed in Lipschitz
domains; see Lemma 2.1. So far, only smooth, convex, polygonal or polyhedral domains
had been studied.

Next, we discretize the problem. As is usual in control problems, we have three
choices to discretize the control: the first option is not to discretize the control, using
a variational discretization as introduced in [19] for distributed problems; as a second
option we may use piecewise constant functions; and finally we can use continuous
piecewise linear functions.

The choice is not trivial because first order optimality conditions for Dirichlet control
problems involve the normal derivative of the adjoint state.

If we discretize directly the optimality system using e.g. continuous piecewise linear
finite elements, we would obtain two different approximations of the control: the trace
of the discrete state would be continuous piecewise linear and the normal derivative
of the discrete adjoint state would be piecewise constant. In [20, Ch. 3.2.7.3] and in
[3, Example 2.1.11] this difficulty is solved using a mixed formulation of the state
equation which is discretized with the lowest order Raviart-Thomas element. In [21] a
convergence proof for this kind of discretization is given. In this way, both the trace of
the discrete state and the normal derivative of the discrete adjoint state are piecewise
constant functions, so the identification of both with the discrete control is meaningful.
The discretization of the control in the presence of control constraints is carried out
in these papers using a variational discretization. This kind of approximation may be
convenient when the gradient of the state is the variable of interest, since this quantity
is treated as one of the variables of the problem.

Another approach, in finite dimension, is to use the variational discrete normal
derivative of the discrete adjoint state introduced in [1], which is a continuous piece-
wise linear function. Doing so, both the trace of the discrete state and the normal
derivative of the discrete adjoint state are continuous piecewise linear functions, so
the identification of both with the discrete control is meaningful. Following this idea,
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in [2] the control is not discretized for the control-constrained case, but a variational
approach is followed.

In this work we investigate optimization methods for the case of discretizing the
control explicitely using continuous piecewise linear functions.

The end of Section 2 is devoted to describe with some detail some computational
aspects that will be important in the rest of the work.

We next provide in Section 3 an efficient method to solve the unconstrained problem.
We propose in Subsection 3.2 a preconditioned conjugate gradient method (pcg in the
rest of the work) for a reduced problem in the spirit of [22, Section 5]. We are able
to prove convergence of the conjugate gradient even for the case where the Tikhonov
regularization parameter v vanishes.

In sections 4, 5 and 6 we study the convergence of the semismooth Newton method
for the constrained problems and write practical algorithms for the solution of the finite
dimensional approximations. In Section 4 we deal with the control-constrained prob-
lem. In many of the aforementioned references about the semismooth Newton method
for control-constrained problems the authors study convergence of an abstract problem
or an infinite dimensional problem. For distributed and Neumann control problems the
results are immediately applicable to the finite dimensional approximations because
the controls can be discretized using piecewise constant functions, and therefore the
variational inequality arising from first order necessary optimality conditions can be
written in an element-wise form. The same idea applies when we are dealing with a
variational approach as proposed in [2, 3, 19] or a mixed formulation, as studied in
[3, 20, 21]. When we use continuous piecewise linear elements,the variational inequal-
ity cannot be written in a point-wise or elementwise form; see (36d) and Remark 4.
We include the analysis of Newton methods for both the original problem and the
discretized one. Local convergence results are provided in Theorems 4.2, 4.3 and 4.5.

In Section 5 we study the state-constrained problem using a Moreau-Yosida penal-
ization. Since there are no control constraints, the analysis of the semismooth Newton
method for the infinite dimensional problem is applicable to the finite dimensional
one, so we do not need to repeat it. We prove that the finite-element approximation of
the penalized problems converge to the solution of the penalized problem. This result
cannot be deduced straightforward from the ones in the literature since the penalized
functional is not of class C2. A continuation strategy as proposed in [16] is developed.
Finally, in Section 6 we discuss the problem with both control and state constraints.

It is well known that the main difficulty with Dirichlet control problems is the low
regularity of the solutions. This regularity and related error estimates are, so far, well
established in 2D polygonal domains [1, 5, 8] and 2D or 3D smooth domains [2] but
there is not, up to our best knowledge, a general study in 3D polyhedral domains.
Although the main focus of this work is on optimization methods, we also study the
regularity of the solution and error estimates of the approximations in one example
case in a polyhedron; see Example 3.6.

2. Statement of the problem and first properties
Let Q C R? d =2 or d =3, be a bounded domain with Lipschitz boundary I and in

this domain consider a target state yo € L?(Q2). Consider also the continuous linear
operator S : L3(T') — L?(Q) such that y = Su if and only if y is the solution in the
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transposition sense (see Definition 2.2 below) of
—Ay=0inQ, y=wuonTl. (1)

Let w C 2 be a domain such that w C © and define two pairs of functions a, 8 € C(I")
and a, b € C(@) such that a(z) < B(z) for all x € T and a(x) < b(z) for all z € @.
For some fixed regularization parameter v > 0, define

Tw) = 1154~ yolZa + 2l
and consider the sets
Unp={ue L*T): a(z) <u(z) < B(x) for ae. 2 € T},
and
Kop={y € L*(Q)NC(@): a(r) < y(r) < B(z) for ae. z € &}.

In this work we will study optimization procedures for the following four Dirichlet
control problems:

(P7) iy J(w)s (P5) min JCu), (P) gmin Jw), - (P9) min - J(w)
SueK,

namely the unconstrained, control-constrained, state-constrained and control-and-
state constrained problems.

Remark 1. Almost all the literature related to these problems is written using the
state equation (1). There would be no problem in taking into account an equation of
the form

d
Ay = —Z@i(aivjajy) +ay=FinQ, y=u+GonTl
i=1
with regular enough F, G, ap > 0 and a;; = a;; satysfing an uniform ellipticity

condition.

Let us state precisely what we mean by solution in the transposition sense. Consider
the space

d={¢:¢c HNN) and Ap € L*(Q)}.

This is a Banach space with the graph norm [|¢[l¢ = [|9|lm () + [|A¢ll2(q)- Further,
the functions in this space satisfy d,,¢ € L?(T'). This is known to be true for smooth
domains; convex domains, see [17, Lemma A.1]; plane polygonal domains, see [8, Corol-
lary 2.3]; or polyhedral domains, see [23, Theorem 2.6.7] and the usual trace theorem.
We have not been able to find a proof of this fact for general Lipschitz domains. In
[24, Theorem B.2] the regularity ¢ € H 3/2(Q) is proved. Nevertheless, as the authors
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notice in page 165 of this reference, the trace theorem is not valid neither in H3/2(Q)
nor in H/2(Q), so we cannot deduce immediately that 9,,¢ € L?(T). The results in
[24, 25] imply that the usual trace result can be extended to harmonic functions in the
limit cases. We show next how to take advantage of this to prove that d,¢ € L*(T)
in Lipschitz domains. Regarding the analysis of semismooth Newton methods —see
Lemma 4.1 below— we also prove Li(T") regularity for some ¢ > 2. Sobolev spaces
on the boundary are defined following [26, Definition 1.3.3.2]; cf. also the equivalent
definition of W14(T") given before Theorem 5.6 in [24]. With this definition, it is clear
that HY(T') = trH/?%(Q) for 0 < t < 1; see [26, Theorem 1.5.12].

Lemma 2.1. Let Q C R?, d = 2 or d = 3, be a bounded domain with Lipschitz
boundary I' and consider ¢ € ®. Then, there exists qo > 2 depending on the domain
such that, for 2 < q < qo, we have 9,¢ € LY(T) and

100l Lo(ry < Cl A L2(0)- (2)

If, further,  is smooth or convex or polygonal or polyhedral, then there existst > 0
such that 8,¢ € HY(T) and

1009 e (ry < ClIAG| L2 (3)

Proof. Denote z = —Ag, extend z by zero to R?, consider the Newtonian potential
centered at the origin N(z) and define w = z* N, the convolution product of z and N.
Then w € H() and Vw € H'(Q)4, so it is clear that Tr(Vw) € HY/?(I')? — LI(T)¢
for all ¢ < oo if d = 2 and all ¢ < 4 if d = 3, since the dimension of I" is d — 1. This
implies that:

(a) Opw = Vw-n € LYT) because the boundary I' is Lipschitz and therefore it has
a unit normal vector defined almost everywhere; and there exists C' > 0 such that

0wl Loy < CllAG| L2(02); (4)

(b) g = Tr(w) € WH4(T') due precisely to the definition of W4(T"), and there exists
C > 0 such that

lgllwrary < CllAQl L2 (5)

Define now v € H'(£2) the unique solution of —Av = 0in Q, v = g on T.

Following [27], for s € I and a > 0, we define the nontangential cone T, (s) =
{z €Q, |z —s| < (1+a)dist(z,I")}, and the nontangential maximal function of some
function w as M (w)(s) = sup{|w(z)| : = € Ti(s)}. Existence of nontangential limit
means that lim,_,; ,e7, (s) w(z) exists and is finite for all a > 0.

Using [24, Theorem 5.6], we have that there exists gy > 2 such that if 2 < ¢ < qo,
then the nontangential maximal function of the gradient of v satisfies M(Vv) € L(T")
and there exists C' > 0 such that

IM(VV)[|Lary < Cligllwra(r)- (6)

As is pointed out in [27, p. 438], this implies that Vv has nontangential limit a.e. on
I' and we can define the normal derivative of v at a point s € I' as the nontangential
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limit as # — s of Vu(x) - n(s). This, together with inequalities (6) and (5) imply that
Opv € L1(Q2) and

[0n 0] Loy < CllAG| L2(q2)- (7)

So we have that ¢ = v — w and we can define in a natural way 9,¢ = 0,v — Opw €
LY(T). The estimate (2) follows from (4) and (7).

For smooth, convex, polygonal or polyhedral domains, the second result follows from
the regularity ¢ € H3/2*t(Q) and the usual trace theorem for V¢. See [17, Lemma A.1]
for convex domains, [8, Corollary 2.3] for plane polygonal domains and [23, Theorem
2.6.7] for polyhedral domains. O

Definition 2.2. We will say that y € L?(12) is the solution in the transposition sense
of (1) if

(y, —A¢)g = —(u, Op¢)r for all ¢ € . (8)

Here and in the rest of the work (-,-)x stands for the standard inner product in
L3(X).

The adjoint operator of S is S* : L2(Q) — L?(T') defined by S*z = —0,,¢, where ¢
is the unique weak solution of

—Ap=2inQ, p=0o0nT. (9)
We can write now
1 v 1, ., "
J(u) = 5(5U — Yo, Su —yo)a + §(U7U)F = 5(5 Su +vu,u)r — (S*yo,u)r + co

where cq = O.5HyQH%2(Q) is a constant.

From this expression, we can easily compute the derivative of .J at a point u € L?(T")
in the direction v € L?(T):

J (u)v = (S*Su + vu,v)r — (S*yq,v)r.

For later use, we will define now for every u € L*(I'), y, = Su € HY*(I') and
¢u € HF(Q) the unique solution of

—Apy =1y, —yo in Q, v, =0on I

Discretization.

To discretize the problems, consider {73}, a regular family of triangulations of Q. To
simplify the notation, we will suppose that I" is polygonal or polyhedral. Related to the
mesh, we will call N the number of nodes and {z; }é\le the nodes of the mesh. We define
the sets of interior indexes, boundary indexes and indexes in w as I = {j : z; € Q},
B={j:z; €'} and J] = {j : ; € w}. For the discretization of the state and the
adjoint state we use the space of linear finite elements Y;, ¢ H(Q),

Yh = {yh S C(Q) Yp € Pl(T) VT € 77L}
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As usual, we will abbreviate Y0 = Y, N H&(Q) For the control we use the space Uj,
of continuous piecewise linear functions on I

Up = {up € C(T): up, € P(TNT) VT € T}

Notice that the elements of U, are the traces of the elements of Y},. We will denote

I, : C(Q) = Yy or I, : C(T') — Uy, the interpolation operator related to these spaces
and IIj, : L2(Q) — Y}, or 1T, : L*(T') — Up, the projection onto this spaces in the L?
sense. For all y € L?(Q) and all u € L?(T):

(py, yn)o = (Y yn)a Yyn € Vi and (Hpu, up)r = (u, up)r Yup, € Up.
We discretize the state equation following the work by Berggren [28]: define S, :

L?(T') — L%(Q) such that for u € L?(T"), y, = Spu if and only if y;, € Y}, is the unique
solution of

a(Yn, zn) = 0 V21, € Yho, (Yn,vn)r = (w, vp)r Yoy, € Uy, (10)

where a(+, -) is the bilinear form associated to the operator in the PDE. This definition
of S}, corresponds to performing a L?-projection of u data to U and prescribing the
result as boundary data for the discrete state. In the case of the Laplace operator
a(y, z) = [ V'yVzdz. The discrete functional is thus defined as

1 v
Jh(u) = §(Shu — Yq, Spu — yQ)Q + §(u, u)p.

We define now
Ul g ={un € U+ al(z;) < un(z;) < Bla;) Vj € B},
and
Ky ={yn € Vi a(z)) < ynlz;) < b(z;) Vi € T}
The discrete problems read thus as
(PY) min Jy(up), (PC) min Jy(up), (PY) min  Jy(up), (PSS) min  Jy(up).
’U,hEUh UGUS,L; Shuh,EKib 'U«hEUg’[g

ShuhEK;b

The adjoint operator of Sy is given by the discrete variational normal derivative.
See [1]. S : L*(Q) — L*(I") and wy, = Sy if wy, € Uy, satisfies

(wh, 2r)r = (¥, 2n)o — alzn, ¢p) for all z, € Yy, (11)

where ¢, € Y} is the unique solution of

a(zn, &) = (y, zn)q for all z;, € Y. (12)
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It is customary to write Sjy = —0/¢p. For u € L*(T) and y € L*(f2), we have

(Shu, y)o = (u, Spy)r.

We can then write
1
Jp(u) = Q(SZShu + vu,u)r — (Shya,u)r + cq.

The computation of the derivative of J;, at a point u € L*(T) in the direction v € L?(T")
is then obtained with

Jp(w)v = (SESpu + vu,v)r — (Skya, v)r.

Since our final objective is to optimize in Uj, let us see in more detail how to make
the computations in this space.

Consider {e;}IV the nodal basis in Y}, where N is the dimension of Y}, and satisfies
N = Np+ Np, the latter being respectively the number of interior and boundary nodes.
With an abuse of notation, we will also denote e; the restriction of e; to I'. Define the
usual finite element stress, mass and boundary mass matrices by

]Cm' = a(ei,ej), Mm‘ = (ei,ej)g, Bi,j = (ei,ej)p fOl" 1 S i,j S N.

We will also use Z € RV*Y for the identity matrix, O € R¥*N for the zero matrix
and usually refer to submatrices as Ky or Ky, defined by taking the rows or columns
designed by the sets of indexes in the subscripts, the semicolon meaning “all the
indexes”. For instace, the usual boundary mass matrix is Bg .

Given up = > _;cpujej, we denote u € RMX1 the vector (uq,...,un,)? and for

yn = Z;V:1 y;je; we denote y € RN>*1 the vector (y1,...,yn)". Using (10), we have

that y, = Spuy, iff
Kip Kis Y1 0
) ) — . 1
[ Op1 Bpp ] [ Y ] [ Bp pu ] (13)

Since Bgp is nonsingular, we can write this as

Kiiyr = —Kipu,

Yyp = u. (14)

If we define S € RVeXN ag

K Kis |7
S — ’ ’ I
[ Op1 Ipp ] oE

we have that y, = Spuy if and only if y = Sw.
Given y, € Yy, let ¢ = Zjeﬂ ¢je; be the solution of (12) for y = y;. Denoting
¢ € RV ¥1 the corresponding vector, it can be computed as the solution of

Kri¢p = Mr.y. (15)
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Then we could compute w € RYe*1 the vector whose components are the coefficients
of the (minus) discrete normal derivative —9¢y, = Siyn, = w, = 3.5 wje; solving
the system

jEB

Bppw = Mp_.y — Kg1¢. (16)

Formally, we can also write that w = BlgyllBSTMy. To finish this section we also define
the matrix A € RV*Ne and the vector f € RVex! by

Aij = (SpShei +ve, ej)r and fi = (Spya, ei)r.
We have that
L 7 T
Jp(up) = JU Au — f u + cq. (17)
We also note that
A =ST"MS + vBgp. (18)
To compute the vector f, we consider the projection of yq onto Y;, in the L?(Q) sense,
yo,n = lpyo and denote yo € RN*1 the vector whose j-th component is yo,n(x;),
and
_ T
f =8 Myaq. (19)
So for up, vy € Uy, the latter represented by the vector v, we can compute
J' (up)vp = UTB]B,BUJ + Z/UTBMBU —oT'f.

Notice that applying the equality (16), the explicit computation of w is not necessary,
and we can write

J (up)vp, = v7 (Mp.y — Kp1¢ + vBepu — f).

3. Unconstrained problem

Problem (PY) has a unique solution @ € L?(T") that satisfies J'(u) = 0. For every
0 < h < hg, problem (PV) has also a unique solution 4y, that satisfies J; (@) = 0. The
problems being convex, these conditions are also sufficient. Moreover it is known that
@y, — @ strongly in L?(T") and also error estimates are available in terms of the mesh
size h if v > 0 and the domain is either 2D and polygonal or smooth. See [1, 2, 4-6, 29].

Let us comment two different approaches for the solution of the FE approximation
of (PY).
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3.1. Solve the optimality system for the state, the adjoint state and the
control.

We write first order optimality conditions for (P,EI ). There exists some hg > 0 such
that for every 0 < h < hg, there exist unique uy, € Uy, g5 € Yy and @, € Yy satisfying
the optimality system:

a(yp,zn) = 0 for all z;, € Yy, (20a)
Y, = uponl, (20Db)

a(zn, ¢n) = (Yn — ya,zn)q for all z;, € Yo, (20c)
vi, = 0", onT. (20d)

Taking into account the definition of discrete variational normal derivative and rela-
tions (14)—(16), we can write this optimality system as

K1 O Kig  Oir (i Or

Og 1 Iy —Iss On1 ys | Op
Mg —Mip O Kin u | | M.y
Mpr Mpr vBgry —Kgi eI Mg .yo

We may eliminate w with the boundary condition, and reorder the equations to get
the linear system

M+ vB _K:,]I Yy _ Myﬂ (21)
—K,: Or1 I 0 '

Notice that system (21) is solvable even for v = 0 (it is equivalent to (22), and A
is symmetric and positive definite for » > 0; see Lemma 3.1 below.). Solving this
equation would completely solve the problem for the unconstrained case. When the
discretization is very fine, the number of unknowns may make the solution of the
system by direct methods too difficult. The preconditioned conjugate gradient method
for this kind of linear systems is studied by Schéberl and Zulehner in [30] and Herzog
and Sachs in [31]. A preconditioner can be built using matrices representing scalars
products in Y} and Yjg. Following Algorithm 1 in the last-mentioned reference, at each
iteration three linear systems must be solved: two of size N and one of size Nj. In [31,
Algorithm 3], the systems are solved using a multigrid method.

Reduced problems in the adjoint state variable and related pcg have also been
studied in [32]. Nevertheless, the structure of the matrix we have in (21) is different to
the one treated in that reference and application of their results is not straightforward.

3.2. Use an iterative method to solve a reduced problem in the control
variable.

Let us see another way of solving (PV). Using (17), first order optimality conditions
can also be written as

Au = f. (22)
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Lemma 3.1. The matriz A is symmetric and positive definite for all v > 0 and there
ezists C' > 0 independent of h and v such that its condition number is bounded by

Ly < CRE M)+ Ay, Bs)
KR

- )\1(./\/() + V)\l(BIBé,IB%) ’ (23>

where 0 < M (Bpp) < Any(Bep) and 0 < A\(M) < An(M) are respectively the
smallest and greatest eigenvalues of the matrices By and M.

Proof. 1t is clear from (18) that A is symmetric. The mass matrices M and Bgp are
symmetric and positive definite and therefore A\ (M) > 0 and A\ (Bgg) > 0. Since the
boundary components of Su are exactly u, we have that ||Su| g~y > |||z~ and hence

uw'Au = u'(STMS +vBgp)u = (Su)T M(Su) + vu’ By zu
> (M(M) +vAi(Bzp)) ulzr. (24)

so A is positive definite.
From [4, Equation (3.8)], we know that there exists some C > 0 such that

1Shunl ) < VCllunl L2 (r)- Since
1Shun 7z = (Su)" M(Su) > M (M)[|Sulfz
and
[unl|7zr) = uBrsu < An, (Bss)[[wfx,

we obtain

AN (Bg.g)

u? Au = (Su)" M(Su) + vul By pu < (C MM

AN (M) + VAN, (Bs)) [l Fvs -
The bound for the condition number follows directly from the last inequality and
(24). O

For a graded family of meshes with grading parameter 0 < p < 1 (see [33]), we
usually define h = N~ N being the number of nodes of the mesh and d the
dimension of ). The case y = 1 corresponds to that of a quasi-uniform mesh family.

Corollary 3.2. If Ty is a family of graded meshes with grading parameter 0 < u <1,
then there exists C' > 0 independent of h and v such that

(2d—1)(1—i) 1+ Vh<1_i)d

k(A) < Ch T (25)
he +v
In particular, for a quasi-uniform family, there exists C > 0 such that
1
K(A) < oY (26)

v+h'
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Proof. from [34] and [33], we have that there exists constants 0 < C; < C

A (Beg) < Coh™, Ai(Bag) > Cih'n , An(M) < Coh?, A((M) > Cihi

Estimate (25) follows then from (23). Estimate (26) follows from (25) for y=1. O

The explicit computation of the matrix A is out of the question, since it requires the
solution of 2/Ng systems of size N;. Much better performance can be achieved using
an iterative method which only requires the computation of d = Aw. This is shown in
Algorithm 1.

Algorithm 1: Function d = Au

1 solve (14) for y
2 solve (15) for ¢

3 set d = Mgy — Kp1¢ + vBgpu

Preconditioned conjugate gradient methods can be carried out at the cost of one
evaluation of Awu per iteration. The computation of f can be done in a similar way,
but of course it only must be computed once; see Algorithm 2.

Algorithm 2: Computation of f

1 define yqo by y; = yon(z;) for j=1: N
2 set y = yq in (15) and solve for ¢
3 set f = Mgp.yoq — Kp1¢

To finish this section, let us say a word about a preconditioner to solve (22). In
practice, matrices like Bgg or P = Mpp + vBgp make acceptable preconditioners.
This is specially important when using graded meshes; see Example 3.5 below. Notice
that at each pcg iterate, we only need to solve two linear systems, each of size Ny, to
compute Awu, plus another one of size Ng to compute P~ 1r.

Example 3.3. All the code for all the examples has been made by the author using
MATLAB R2015b and has been run on a desktop PC with Windows 10 Pro 64bits with
16GB RAM DIMM 1333Mhz on an Intel Core i7 CP 870@2.93Ghz.

In this example we compare the different execution times, tp and tp, that we obtain
when we solve the optimality system using a direct solver for equation (21) or using
an iterative method, the preconditioned conjugate gradient method in our case, to
solve the reduced problem (22). We have used respectively MATLAB builtin commands
mldivide and pcg.

We use the example in [5], where € the interior of the convex hull of the points
(=0.5,—-0.5), (0.5,—0.5), (0.5,0), (0,0.5), (—0.5,0.5); yo =1 and v = 1.

A rough initial mesh is built with MATLAB PDETOOLBOX (version 2.1) commands
initmesh and ’hmax’ set to 0.2 and subsequent nested meshes are obtained by regular
diadic refinement using refinemesh. We use our own code to assemble the matrices
K, M and B.

For the pcg we use as initial guess the null vector, a relative tolerance of 1E-10
and the preconditioner P = Mpg + vBpp. At each iteration we have to solve the
linear systems (14) and (15). To do this, we first obtain the Cholesky factors of Ky
so that at each iteration we only have to solve triangular systems. The interior mesh
nodes were ordered using a symmetric approximate minimum degree permutation in
order to minimize the number of nonzero elements in the Cholesky factors of Ky using
MATLAB command symamd. An analogous reordering of the boundary nodes is done
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Table 1. Execution times for the 2D problem in Example 3.3. v = 1.

h ‘ N | M| Ns|tp(s)|tp(s) | peg | J(an)
0.2x 274 10657 10337 320 0.5 0.2 7 0.3470689275
0.2 x 275 42305 41665 640 4.1 1.0 7 0.3471023330
0.2x 26 168577 167297 1280 46.1 5.9 7 0.3471129922
02x2°7 673025 670465 | 2560 453.0 31.0 7 0.3471163823
0.2 x 278 2689537 | 2684417 | 5120 00 177.5 7 0.3471174585

to optimize the sparsity pattern of the Cholesky factors of the preconditioner. This
reorderings and factorizations take more or less the same cputime than each single
iteration of the pcg. This time is included in ¢p.

For reference and possible double-check, we also report on the optimal value of the

functional. We have marked with oo the experiments in which we have run out of
RAM.

Example 3.4. In this example we show that the number of pcg iterations for each
fixed h is independent of the value of v > 0 for all v < vg. We take the same domain
and meshes as in the 2D problem in Example 3.3 and set yo(z) = |z|2, so that J (i) > 0
even for v = 0. The results are summarized in Table 2.

Table 2. Dependence of the number of pcg iterations w.r.t. the
regularization parameter in Example 3.4.

h\v ‘ 1E4 1E2 1 1E-2 1E-4 1E-6 0

0.2 x2°° 2 3 7 26 49 49 49
0.2 x2°6 2 3 7 28 63 65 65
02x2°7 2 3 7 28 81 86 86

This example and the previous one show that choosing to use a direct or an iterative
method depends strongly on the mesh size and the number of iterations required for the
pcg to converge to a prescribed accuracy. The computation time for pcg is proportional
to the number of iterates needed. Comparing Tables 1 and 2 shows that for A > 0 not
very small and v > 0 small enough, the direct method will be faster than the iterative
one. For instance, for h = 0.2 x 279 the direct method will be faster for v < 1E — 2;
for h = 0.2 x 279, the critical v would be slightly greater than 1E — 4; and for smaller
h it seems preferable to use pcg.

Example 3.5. In this example we show the effect of the use of P = Mgp + vBpg
as a preconditioner to solve (22). In this case v = 0.01, Q = {z = re?? € R?: r <
1, 0 < 6§ < 11xw/12}, and we use a mesh family graded at the origin with parameter
p = 13/33 ~ 0.4; see [33]. In Table 3 we compare the number of iterations used
to reach the prescribed accuracy of 1IE—10 without and with preconditioner. This
example shows very clearly the effectiveness of this strategy of preconditioning.

Table 3. Number of conjugate gradient iterations without
and with preconditioner in Example 3.5. Graded mesh and
v = 0.01.

N‘ N]I‘ NB‘NOP"P‘ J(ﬂh)

289 225 64 46 26 | 0.0228920077
1089 961 128 103 24 | 0.0230219261
4225 3969 256 214 24 | 0.0231321072

16641 | 16129 512 421 24 | 0.0231982941
66049 | 65025 | 1024 733 26 | 0.0232287479
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Example 3.6. A 3D example in a polyhedron. Up to our best knowledge, there
is not a general theory about regularity of the solutions or approximation results for
3D Dirichlet control problems posed on polyhedral domains. In [2], the authors study a
semi-discrete or variational approach to 3D problems on regular domains. Although the
semi-discrete approach coincides with the full approach for unconstrained problems,
we cannot profit their results since the regularity of the solutions in a smooth domain is
(see [2, Lemma 2.1]) much higher than the one we may obtain in polyhedral domains.

For this example we will take €2 the unit cube (—0.5,0.5)%, yo = 1 and v = 1. First,
we obtain a regularity result for the solution of our problem.

Proposition 3.7. Let Q C R? be the interior of a rectangular parallelepiped and
yo € LP(Q) for some 3 < p < 4o0. Consider @ the solution of problem (PY). Then,
€ WYP(), 5 € W'(Q) and g € WP(Q). Moreover, @ = 0 on the edges and
corners of I

Proof. Since 4 € L?(I'), using transposition and interpolation it is clear that
y € H'/2(Q). Classical Sobolev embedding in 3D leads to y € L3(f). Since Q is a
parallelepiped and yq is regular enough, [35, Theorem 1] states that ¢ € W?23(Q), and
hence 0, € HiW2/3’3(Fi), where I';, i = 1 : 6, are the faces of I'. This does not imply
immediately that @ belongs to W?2/33(T") because 2/3 - 3 = 2, which is the topological
dimension of I', and some integral compatibility condition should be imposed on the
edges; but for all ¢ < 3, it is true that @ € W'=1/%49(T), and therefore § € Wh4(Q).
Using again Sobolev embeddings, we have that y € L*(§2) for all s < 400 and hence
¥ — ya € LP(Q). Applying once again [35, Theorem 1], we have that ¢ € W2P(Q).

Now we have that 0, € Hinfl/p’p(F,-) and we can prove that if we define 9, =0
on the edges of §2, then we obtain a continuous function. To do this, we use a similar
argument to the one used in [7, Section 4] for 2D problems. Since p > 3, ¢ € C1(Q).
Consider two faces A and B with a common edge AB and let 7%, 7% be two linearly
independent vectors tangent to face X (X = A or X = B) such that 7} = 74 is
also tangent to the edge AB. Since = 0 on I', we have that for every z € A,
V() 74 = V@(x) - 75 = 0 and for every x € B, V@(z) - 75 = V@(z) - 75 = 0. So for
x € AB, we have that Vg(x) = 0 and therefore V@(x) - n can be seen as a continuous
function if we set its value to 0 on the edges, despite the jump discontinuities of the
normal vector n.

So @ is continuous and hence @ € W'=1/PP(T'). The regularity of the optimal state
follows from the trace theorem; see e.g. [36]. O

Using this regularity, an error estimate can be proved for the example problem.

Proposition 3.8. Let Q be a rectangular parallelepiped and yo € LP(QQ) for some
3 < p < +o0. Consider @ be the solution of problem (PY) and 1y, be the solution of
(PY). Then there exists some hg > 0 and C > 0 such that for all 0 < h < hg

Hﬂ — ahHLQ(I‘) < Chl_l/p.

The proof follows the same guidelines as those of [1] or [5, Section 6.1] and thus will
be omitted. An interesting remark is that for 2D problems, we can deduce uniform
convergence for the controls using the L?(T") estimate and an inverse inequality, since
the boundary is 1D. This does not work for 3D problems with the error estimate at
hand, since now I" is 2D.

To solve the problem we have used a regular mesh of identical cubes of size h, each
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Table 4. Execution times for the 3D problem in Example 3.3. v = 1.

ho | N | N | Ng|tp(s)| tr(s)| peg | J(an)

g4 4913 3375 1538 0.7 0.2 6 0.4142332683
2-5 35937 29791 6146 123.2s 5.2 6 0.4159847757
2-6 274625 250047 | 24578 o) 183.7 6 0.4164610762

of them divided into 6 tetrahedra according to the Kuhn triangulation of the cube (see
e.g. [37]). Up to our best knowledge, the current version of the MaTLAB PDET00OLBOX
(version 2.1) computes an approximation of B using the barycenter formula. Although
this does not affect the order of convergence for the FEM, this matrix plays a central
role in Dirichlet control problems (for instance, Bg p is not singular, but the barycenter
approximation may be singular), so we have computed it in an exact way (using the
mid-sides formula). Mesh data, computation times and optimal values are displayed
in Table 4.

4. Control constrained problems

Problem (PC) has a unique solution @ € L?(T") that satisfies J'(a@)(u — @) > 0 for all
u € Uyp. For every 0 < h < hg, problem (P];) has also a unique solution #; that
satisfies J; (@p)(up — @p) > 0 for all u, € Uy 5. The problems being convex, these
conditions are also sufficient. Moreover it is known that @, — @ strongly in L?*(T)
and also error estimates are available in terms of the mesh size h when v > 0 and
the domain is convex in 2D. See [1, 6]. In [2] the smooth (2D and 3D) case is treated
using variational approach, whose optimization process is different from the one we
are presenting in the work at hand: in [3, Ch. 2.1], the problem is solved using a fixed
point method, convergent for v large enough; see [18] and Remark 3 below for the
convergence of the semismooth Newton method.

4.1. Continuous problem

We can formulate first order optimality conditions as: there exist unique @ € L?(T),
g € H'?(Q) and ¢ € H} () such that

-Ay = 0 inQ, y=uonl, (27a)
—Ap = g—yoinQ, p=0onT, (27D)
(=Onp+vu,u—u) > 0 for all u € Uy g. (27¢)

We first describe a semismooth Newton method to solve this optimality system
and prove a convergence result for it (see Theorem 4.2). Next, we will reformulate
the optimality system in terms of the Lagrange multipliers related to the constraints.
We will see that this approach is better suited to the discrete problem, but has the
drawback that the Newton method related to it is not semismooth; nonetheless, we
will prove a convergence result for it; cf. Theorem 4.3. To facilitate the notation, we
will skip the lower bound «, and will work only with the constraint v < j3.

The variational inequality (27c) is a projection in L?(T"). In this case, it is equivalent
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to a pointwise projection:
vi(x) = min{vp(z), Opp(x)} on T. (27d)

In order to analyze the semismooth Newton method to solve the optimality system,
we define G : L*(T") — L*(T) by

G(u) = vu — min{vg3, —S*(Su — ya)}.
Thus, solving the optimality system is equivalent to solving
G(u) =0. (28)
Given u € L?(I"), we define the sets of active and free points related to u as
Fa(u) ={zel: —S*(Su—yq) >vp}, I'r(u)=T\Ta(u).

Abusing notation and when this does not lead to confusion, we will often drop the u
and only write I'4 and I'p. (Although it is customary to use the word “inactive”, we
have preferred to use “free” since we have already used the letter I for the identity
matrix Z and the interior nodes I.) xp will denote the characteristic function of a set
B.

Lemma 4.1. The relation G : L*(I') — L*(T") is slantly differentiable in the sense
stated in [15] and 0T G semismooth in the sense stated in [20, Ch. 2], where TG
is Clarke’s generalized differential [38].

A slanting functional M (u) € L(L?(T"), L*(I")) is given by

M (u)v = vv + Xr,.(u)S" Sv

for all v € L*(T).
Finally, if v > 0, M(u) has an inverse uniformly bounded in L(L*(T), L*(T)) for
all w € L*(T).

Proof. Using (2) in Lemma 2.1, we have that there exists some ¢ > 2 such that
S*S € L(L*(T), LY(T)). The slant differentibility then follows directly from [15, Pr 4.1
b)] and the semismoothness from [20, Theorem 2.13]; see also [14].

The expression for the slanting functional follows from the slant derivative of the
function min(0, -) and the chain rule [20, Theorem 2.10(c)].

Given z € L*(I'), existence of v € L?(T) satisfying M (u)v = z is straightforward,
since the equation can be reduced to a symmetric positive definite system on the
inactive set:

vo =z on I's(u),

M(ujp =z < { vo=2z—5*Sv onTp(u).
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This equations can be read as

—Ay =0in €, y=wvonl,
—Ap =y in , p=0onT,
vv=zonl'g(u), vv=2z+0yponlr(u).

Let us define w = xr,(,)v. Taking into account the definition of S and S*, we have
that vv = vw + z2xr ,(4) and

—Ay, =01n Q, Yw =w on I
— Ay = Yy in Q, pw=0o0nT,
w=0onTy(u), vw = z + Oppwy — S*S2Xr  (u) on Tr(u).

On one hand, using the continuity of S* (cf. (2)) and of S, we have
15 S2xr s wllzz ) < Cllzllzz@aw) < Cllzllzar)- (29)

On the other hand, using the definition of solution in the transposition sense, we have
that

(Y Yw)o = — (0, Oppuw)r = —v(w, w)r + (w, 2)r — (w, S*S2XT , (u))r-

So
vlfwlZary = (w,2)r = (0,8 Szxr,w)r = [Ywl?z()
< Nwlzzayllzllzzey + 1wl e @y 1S S2xr , w22 ()
< Clwllzz@yllzll z2(ry-

And we get [|w| 2y < C/v|z|2r). Taking into account the definition of w and
the condition for v on the active set, we get that ||v||r2r) < C/v||z| p2(r), where C is
independent of u, and hence M (u) has a uniformly bounded inverse for each v > 0. [

Remark 2. Notice that in the infinite dimensional case, if v = 0 then M(u)v =
XTp(u)S"Sv. In practical cases, it is known (cf. (3) or [8]) that there exists ¢ > 0 such
that S*Sv € H(TI') which is compactly embedded in L?(T"), and hence M (u) does not
have a bounded inverse.

Given a current iterate u € LQ(F), we may compute next iterate u™ using a semis-
mooth Newton method as follows:

Writing this in detail leads to
vut — v+ X, S S (Ut —u) = —vu+min{vB, —S*(Su — ya)},

which means that, if v > 0,

+

vut —vu=—vu+vp=ut =5 on Tsu),
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and
+ L, +
u = —;S (Su™ —yq) on I'r(u).

This equations can be read as

~Ayt=00nQ, yt=utonT, (30a)
~Apt =y" —yqonQ, " =0onT, (30Db)
1
ut =ponT4(u), ut==0,0"onTlp(u). (30¢)
v

With all these considerations, we can write a semismooth Newton method to solve the
optimality system in the infinite dimensional case.

Algorithm 3: Semismooth Newton method to solve (27a), (27b), (27d)

1 Initialize & = 0 and provide u® € L?(T")
k

Set u =u
Compute I'4(u) and I'p(u)

Solve the optimality system (30a) (30b), (30c)
Set uFt! = o

Set k=Fk+1

Stop or go to 2

N O ok WwoN

Theorem 4.2. The semismooth Newton method described in Algorithm 8 converges
g-superlinealy to @ provided u® is close enough to @ in the sense of L*(T).

Proof. Once we have proved Lemma 4.1, this result is a direct consequence of [10,
Theorem 3.4]; see also [15, Theorem 1.1] or [20, Theorem 2.12]. O

The discrete version of the variational inequality (27c) —see (36d) below— does not
have a pointwise version analog to (27d). A more convenient approach to the contin-
uous problem, from the point of view of the discretized problem, is obtained using
Lagrange multipliers associated to the bound control constraints. The con of this ap-
proach is that we do not obtain a semismooth Newton method, in the sense that the
involved functions are known not to be semismooth.

Remark 3. It must noticed that, when the variational discretization of the control is
used, [2, 3, 18, 19], the discrete optimal control is obtained as the pointwise projection
of the discrete optimal adjoint state as in (27d), so convergence of the semismooth
Newton method for such a discretization would follow from Theorem 4.2 and Lemma
4.1 with S replaced by Sp,.

To simplify the notation, we will reduce the exposition to the case of having only
an upper bound v < § on I

Condition (27¢) can be replaced by the following pair of equations: there exists also
A € L2(T') such that equation (27d) can be written as

i i vi(z) = Opp(z) —A(x)onT. (3la)
u(z) < B(x), AMz) >0, AMz)(a(z) —pB(x)) = O0forae zel. (31b)
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Condition (31b) can be written as

AMz) — max{0, A(z) + c(u(xz) — B(x))} =0 for a.e. z €T, (32)
which is true for any ¢ > 0. It is known that the operator described in (32) neither
is semismooth in L?(T") (following [20, Lemma 2.7]) nor has a slant derivative (as in

[15, Pr 4.1]). Since u € L*(T") appears inside the max operation, it is not clear that
Newton’s method applied to (27a), (27b), (32) converges. Define

_ vu+ S*Su — S*yq + A
Fo(u, A) = < A —max{0,\ + cu — ¢S5} )

and for each pair control-multiplier (u, \) € L*(T") x L*(T), set
1
Fa(u,\)={zel: E)\+u > B}, Te(u,A) =T\ Ta(u, A).

We have that

< vl + S*S I

€ O°LE,(u, \).
—eXTauN ! XTpun)] ) % 4)

So, given a current iterate (u, \), a Newton-like iterate to obtain (u™, A") reads as

vut = —=S*(Su —yq) — AT, (33a)
ut = B on Ta(u,N), (33b)
AT =0on Tp(u,\). (33c)

It is remarkable that the parameter ¢ only appears in this equations hidden in the
definition of the active set.

Algorithm 4: Newton-like method to solve (27a), (27b), (32)
1 Initialize k¥ = 0 and provide (u®,\°) € L3(T") x L*(T")

2 Set u = u¥ and A = \*

3 Compute I'y(u, A) and T'p(u, )

4 Compute (u™, A1) using (33a) (33b), (33c)

5 Set uFtl = ot and A\FHL =\t

6 Set k=k+1

7 Stop or go to 2

Theorem 4.3. If ¢ = v > 0, the sequence u* generated by the Newton-like method
described in Algorithm 4 converges q-superlinearly to @ in L*(T') provided u° is close
enough to i in the sense of L*(T') and \° = S*yq — (S*Su® + vu®).

Proof. In this case we cannot apply directly the results in [10, Theorem 3.4]; see
also [15, Theorem 1.1] or [20, Theorem 2.12] since u € L?(I") appears inside the max
operation, and it is known that the operator described in (32) is not semismooth
(following [20, Lemma 2.7]) or has not a slant derivative (as in [15, Pr 4.1]).

We will follow instead the method of proof of [15, Theorem 4.1] and we will show
that the sequence u* generated by Algorithm 4 is exactly the same as the one generated
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by Algorithm 3, which we will call @".
Writing in detail (33a) we obtain

~Ay"=00nQ, y"=utonT, (34a)
—Apt =yt —yginQ, T =0onT, (34b)
vut = 0T — AT on T. (34c)

Using now (33b) and (33c) we obtain

~AyT=00n9Q, y"=utonT, (35a)
—ApT =yt —ygon Q, eT=0o0nT, (35b)
1
um =B onTa(u,N), u"==0,0" onTr(u,N), (35c¢)
v
M =007 —vBonTa(u,N\), AT =0o0nTg(y). (35d)

Notice that (35a), (35b) and (35¢) is exactly as (30a), (30b) and (30c), provided that
Ca(u,N) =Ta(u).

To finish, let us prove by induction that u* = @* and T'4(u*, \F) = T4(@*) for
all kK € NU{0}. For & = 0 it is clear from the definition of the active sets and the
choice of A made in the assumption of this theorem. Suppose now u* = @* and
La(uf, \F) = T4(@*). It is clear that u**! = @**1. On the other hand, from (35c)
and (35d) and the choice ¢ = v we have that cu#™! + M+l = —S*S(uF+1 — yq), and
therefore I' g (uF 1 \FH1) = Ty (@FF1).

The result, hence, follows from Theorem 4.2. ]

We want to remark here that writting the Newton step as in (35a), (35b), (35¢) and
(35d) we obtain exactly the same kind of algorithm as the one described in [13]

4.2. Finite dimensional approximation

Let us focus now on the finite dimensional approximation. For every 0 < h < hg, there
exist a unique solution uy, € Uy, of (PhC ) and unique, yp, € Y, and @), € Yjo such that

a(yn,zn) = 0 for all z;, € Yy, (36a)

Yyp = uponl, (36b)

a(zh, @h) = (gh — YO, Zh)Q for all z;, € Yy, (36C)

(—0han + vip, up — ) > 0 for all uy € UL 4. (36d)

This way of writting the optimality system is useful to obtain error estimates (cf.
[1, 2, 5]). Nevertheless, we cannot deduce a pointwise projection formula for the optimal
control from the variational inequality.

Remark 4. This difficulty is of course not exclusive of Dirichlet control problems.
Think of this naive example. Let I' = [—1, 1] and take a mesh with nodes {—1,0,1}.
For every uy, vy, € Uy, we have that (us,vp)r = u! Bv, where B is the mass matrix

B=-

O =N
—
o = O
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Consider a = —o0, 8 = 0, and take , e.g., w = (—2,1,1)T. Then we have that
(—wp+p, up—tp) > 0Vuy, € Ul 3 = @), = —1.5e1+0e24+0e3 = u = (—1.5,0,0)7,
but

min(w, 0) = (-2,0,0)7T,

and we get different results with the L?(T") projection and the pointwise projection.

To circumvent this difficulty, we rewrite conditions (36a)-(36d) in order to use
standard semismooth Newton method. Taking into account (17), we can write (PY)
as

min %uT.Au — fTu (37)
subject to a < u < 3,

where A and f are defined in (18) and (19) and «, 3 € R™2xt are the vectors whose
j-component are respectively o(z;) and S(x;) and the inequalities are understood
componentwise. In order to simplify the notation, we will restrict ourselves again to the
case without lower bound. The optimality system can thus be written in the following
form: if w is the solution of problem (37), then there exists a unique A € RV*1 guch
that

Au+A—f = 0,

A>0,u<B A(u—-08) = 0. (38)
To continue, we rewrite again the second condition in (38) to obtain
Au+A—f = 0, (39)

A—max(0,A+c(u—0)) = 0.

Notice that (39) looks like a discrete version of the optimality system formed by (27a),
(27b) and (32). Acting in an analogous way as we did for the continuous problem, we
define

Au+X—f
Fhe(u, A) = ( A — max(0, A + c(u — 3)) )

and for every pair (u, A), we define the sets of active and free indexes as
A(u,A) ={j : Aj +c(u; — B(zj)) > 0}, Flu, A) = {j : Aj + c(u; — B(x;)) < 0}. (40)

Abusing notation and when this does not lead to confusion, we will often just write A
and [F. Notice that A UF = B for every possible pair control-multiplier.

Lemma 4.4. The function Fj, . is slantly differentiable for every ¢ > 0. A slanting
function for Fy, . is

My, o(u,\) = < A Ie.p ) .

—cIpalap Inrlrp
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Finally, for all v > 0, the inverse of My c(u, X) is uniformly bounded w.r.t (u, A).

Proof. In finite dimension, the function max{0, -} is semismooth due to Rademacher’s
theorem and Mj, . is a slanting function; see e.g. [20, Example 2.4] or [15, Lemma 3.1].

Let us prove the uniform boundedness of the inverse. Given z € RN and n € RVe,
we have that

v . Av+p = z,
Mp,c(u, ) [ ¥ } = [ n ] — —cvpy = Ma,
HF = TF.

We write the last equalities as

I _ Oa | _.
Afv—l—[oﬁ} = z—[ni}—.q,

—CUpy = MA-

This is the optimality system of the equality constrained optimization problem

o1
v =arg min —w! Aw — ¢Tw,
weRNs 2

subject to wy = —ma/c.

Writing w = Zg pwr + Zp pwpa and taking into account the equality constraint, we
have that vy is the solution of the following unconstrained optimization problem

1 T
Vr = arg H&}l[FIl 510%(1—]14‘,]]33./411537]1:)101[: — (IF,IBB(C + .AI[B;AT[A/C)) Wr

and therefore v is the solution of the following linear system
IRIB%AI]B%,]FU]F = I]F,IB(C + .AI]B,A’I’]A/C)

Since A is symmetric and positive definite, so is Zr g AZg , and its smallest eigenvalue
is bounded from below by 0 < A{(M) + v (Bgg); see (24). Therefore, the previous
system is solvable and there exists a constant C > 0, that may depend on h, v and
¢, but is independent of u, such that ||vg|| < C(]|2]| + [|n]|). From this it is straight
to deduce that |[v|| + ||p]| < C(||z]| + ||n]]) and hence Mj, . has a uniformly bounded
inverse. O

With these considerations, given a current iterate (u, A) with active and free index
sets A = A(u, A) and F = F(u, A), we can compute the next step of Newton’s method
(ut, AT) solving

. 1
ut =arg min —ulAu— flu
UERN]BXI
subject to usy = Ba.

Set AT = f — Au™.
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At each iteration, this is equivalent to solving the following unconstrained optimization
problem in the lower-dimensional space RVex1:

1 T
uf =arg min  —ul (ZrpAZsr)ur — (Zep(f — AZsaBa)) ur
up ERVFX1 2 (41)

Again the preconditioned gradient method works fine to solve this problem. A good
preconditioner in practice is P = Mgy + vBp .

Alternatively, taking into account the definition of A and f (see also Algorithms 1
and 2 respectively), we may write one step of the semismooth Newton algorithm as

M+vB —K.1 L, y* Muyq
—K,: O Ora o = U
e Oar Oan AL ZyBB (42)
ut = oy
Af = Op

As for the unconstrained problem, direct methods for small size problems or precon-
ditioned conjugate gradient techniques described in [31] can be applied to solve this
system at each Newton step.

Remark 5. Notice that the only information from iteration k£ used to compute itera-
tion k + 1 is the set of active indexes. Therefore, when A(wgi1, Akr1) = A(ug, Ag) we
have reached an stationary point. This is usually the criterion used to stop the semis-
mooth Newton method. Another consequence of this is that to initiate the algorithm,
in principle we do not not need an initial guess u° and A°, but only an initial guess
for the active set. We include nevertheless an initial guess for the control variable in
Algorithm 5 because we use uy as the initial guess for the pcg to obtain wgy.

Algorithm 5: Semismooth Newton method for (PF)

1 Set k = 0 and initialize ug and Ag; compute Ay = A(ug, Ag)
2 Set A=Ay and F=B\ A

3 Compute (upi1, Apr1) = (™, A7) using (41) [or (42)]

4 Set Api1 = A(Ukt1, Apt1)

5 Stop or set kK = k + 1 and return to 2

Theorem 4.5. The sequence uy generated by Algorithm 5 converges q-superlinearly
to w, the solution of (37), for every ¢ > 0, provided (ug, Xo) is close enough to (u, \).

This result is a direct consequence of Lemma 4.4 and [10, Theorem 3.4]; see also
[15, Theorem 1.1] or [20, Theorem 2.12].

Example 4.6. We resume the 2D problem described in Example 3.3 and the 3D prob-
lem described in Example 3.6, with the upper constraint 8 = 0.16. We test Algorithm
5.

Following the tip of Theorem 4.3, we have taken the parameter ¢ = v and Ag =
f—Aug. Nevertheless, as expected from Theorem 4.5, we have not been able to observe
any problem for different values of c¢. The seed is set to ug = 0.
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To solve the optimality system of the unconstrained optimization problem at each
Newton iterate, we have used the preconditioned conjugate gradient method for (41)
with initial guess Zp guy. The use of the reduced problem is even more advisable in
this case than it was in Examples 3.3 and 3.6, because the size of the system (42) is
N + Nj+ Ny, which in any case is greater or equal than the size of the system (21),
which is N + Ny.

In Tables 5 and 6 and we report on the number of Newton iterations for each mesh
size as well as the total number of conjugate gradient iterations. For reference, we also
report on the number of active nodes and the optimal solution of the discrete problem
being approximated.

Table 5. Newton iterations and total pcg iterations for a 2D con-
trol constrained problem

h | Ng | Na | Newton | pcg | J(ap)

0.2 x 274 320 245 16 0.3537665421
0.2 x 272 640 491 20 | 0.3537991309
0.2 x276 | 1280 977 19 0.3538099358
0.2 x 277 | 2560 | 1951 16 0.3538134437
0.2 x 278 | 5120 | 3905 19 0.3538145736

W W

Table 6. Newton iterations and total pcg iterations for a 3D
control constrained problem

ho| Ng |  Na | Newton | pcg | J(tp)
22 98 54 2 7 0.3935682160
23 386 294 2 7 0.4007301110
24 1538 894 3 16 0.4104264396
25 6146 3210 3 15 0.4153200584
2-6 | 24578 | 11958 4 19 0.4173850169

Choosing the initial guess for Algorithm 5. If possible, it is a good idea to
select an initial point for the Newton method close to the solution. If we are dealing
with the problem for some mesh size h, a good candidate for the initial iteration is
Ip4yp,_,, the solution in a coarser mesh with A_; > h. This idea can be iterated with a
mesh family with parameters h_y, ..., hg = h. The computation time should decrease
for fine meshes provided that the interpolation can be carried out in an effective way.
For instance, using nested meshes.

Example 4.7. Solving the last 2D problem in Table 5 takes a cputime of 620 sec-
onds. Using a nested iteration, we solve the problem with 5120 boundary nodes in
436 seconds, with just 2 Newton iterates and 7 conjugate gradient iterates at the
finest level. The times include mesh generations and matrix assembly. To generate the
meshes and interpolate the solution, we have used MATLAB PDETOOLBOX command
refinemesh.

In the 3D case (see Table 6), solving the problem for h = 276 takes 681 seconds.
Using a nested mesh strategy this time is reduced to 404 seconds with 2 Newton iterates
and 9 pcg iterations at the finest level. In our example we have been able to make
an efficient interpolation of the solution at the previous level just using MATLAB’s
interp3.

Example 4.8. Absence of Tikhonov parameter In the same 2D pentagonal do-
main, we take again 8§ = 0.16, but now aa = —1.2, v = 0, yo = 1 if z; > 0.25, and
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e

Figure 1. Discrete optimal control at the finest level for Example 4.8. The polygonal boundary has been
stretched over a line and the vertexes have been marked with circles on the graph of uy.

yo = —1if 1 < 0.25. We are able to solve the finite dimensional problem, but up to
our best knowledge, there is no proof available about the convergence of the discrete
optimal solutions to the continuous optimal solution.

To solve the problem we follow a nested mesh strategy. The number of pcg iterations
per Newton iterate grow as h tends to zero, as is to be expected from Corollary 3.2;
see Table 7.

The constraints have been chosen in such way that we seemingly find both a bang-
bang part and a singular arc. We have sketched a plot of the discrete optimal control
for h = 0.2 x 278 in Figure 1. The boundary has been stretched on a 1D line and its
corners have been marked with circles on the graph of ay,.

Table 7. Convergence history for a bilaterally con-
strained 2D problem with v = 0.

h | Newton | pcg | J(ap)
0.2x2°0 2 31 | 0.0694073016
0.2x271 3 61 | 0.0849064798
0.2x272 4 104 | 0.0920895196
0.2x273 4 131 | 0.0971597067
0.2x274 2 87 | 0.0998850162
0.2 x2°5 4 194 | 0.1011428500
0.2x2°6 1 73 | 0.1017242162
0.2x277 2 185 | 0.1020255084
02x2°8 2 236 | 0.1021724081

5. State constraints

In the rest of the work, we will suppose that d = 2, € is convex and I'" is polygonal.
According to [5], if problem (P°) admits a feasible Slater point, then it has a unique

solution & € H'Y/2(I") and there exist § € H'(Q)NC(@), @ € Wol’t(Q) for all ¢t < 2 and
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two nonnegative measures i, i~ € M(w) such that

~Aj=0inQ, y=wuonT, (43a)
_A@:g_y9+g+—ﬁ_inﬂ,4,5:00111—‘, (43b)
1
u(z) = —0pp(z) on T, (43c¢)
v
(5 — iy - 5) < 0 Vy € Ka, (134)

and suppt C {y = b}, suppjii~ C {y = a}. In this case the adjoint state equa-
tion (43b) must be understood in the transposition sense, [5, Equation (4)], and (-, -)
denotes the duality product between M(w) and C(@).

As is pointed out in [12, page 197], or [15, page 878|, the PDAS or semismooth
Newton methods described in the previous section are not applicable to this problem,
since the multiplier is a measure. In [39] a Moreau-Yosida regularization is proposed.
This strategy is further investigated in [16]. Let us briefly describe this method. Again,
to simplify the notation, we will do the exposition for the unilateral constraint y < b
in w.

Given a shift function p* € L9(w) for some ¢ > 2 and a parameter v > 0, we will
solve the unconstrained problem

1
(@) min () + 5 [ max{0. +5(Su b)Y,

This problem has a unique solution v € H/ 2(T") for every v > 0. Since the functional
is of class C!, first order optimality conditions can be derived directly from the work
[1]: there exist unique y? € H'(Q) and ¢” € HZ () such that

—Ay"=0inQ, y" =u" on T, (44a)
—A¢T =y" —ya + xe max{0, " +(y" =)} in Q, 7 =0onT, (44b)
vu? = 0pp” on I (44c¢)

Theorem 5.1. The semismooth Newton method to solve (44a), (44b), (44c) converges
locally q-superlinearly.

Proof. We may write the system (44a), (44b), (44c) as the equation G(u) = 0, where
G : L*(T) — L?(T) is given by
G(u) = vu+ S*Su — S*yq + 5* (xo max{0, u* +v(Su — b)}).

Using the regularity results in [5, 8], together with the election of p* in L (w) we have
that p* +v(Su —b) € LY(Q) for some ¢ > 2, and hence G is semismooth in the sense
stated in [20]; see Theorems 2.13 and 2.10(c) in the aforementioned reference.

Define now wa(u) = {z € w: p* + v(Su—0b) > 0}. A slant differential of G(u) is
given by the expression

M(u)v = v+ S*Sv 4+ 78" X0, (u) S

Let us see that the inverse of M (u) is uniformly bounded in £(L?(T"), L?(T")) for all
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uw € L?(T'). M(u) is symmetric, continuous, and coercive on L?(T), existence and
uniqueness of a solution v € L?(T") of the equation M (u)v = z for every z € L*(T)
follows from Lax-Milgram theorem. The equation M (u)v = z can be read as

—Ay =01in Q, y=wvonl,
~Ap =Y+ VX, (¥ D2  p=0onT,
vv=0pp+zonl.

Using the definition of solution in the transposition sense and the last equation of this
system, we have that

(y7 Y+ PYXwA(u)y)Q = _(Ua 8“90) = _Z/(U7 U)F + V(U7 Z)F

and hence
2 o 2 2
Vo2 0y = vl(o, 2)r — /Q - / ¥ Sl

So we have that ||v[|z2r) < ||2]|z2(r) and therefore the inverse of M (u) is uniformly
bounded in £(L*(T), L*(T)) for all u € L*(T). O

When v — 400, u¥ — u; see [39, Theorem 3.1] or [16, Pr 2.1].

Let us turn now to the discrete problem (Pp). Consider the space M; C M(w)
which is spanned by the Dirac measures corresponding to the nodes {z;};cy, where
J = {j: z; € @}. Following [5, Corollary 2], if the continuous problem (P°) has a
regular feasible Slater point, then (P,f) has a unique solution @y. Moreover there exist
unique yp € K ffyb, @n € Y0 and two nonnegative measures ﬂ;, iy, € Mp such that

a(Yn, zn) = 0Vzp € Yo, yp = up on T, (45a)

a(zn, 8n) = (Un — ya, zn) + (B — g, 2n) Yz € Yo, (45b)

(= By yn — Tn) < 0 Vyp € Kl (45¢)
vy, = d"@, on T, (45d)

and supp /i C {a; : Ga;) = blw;)}, supp iy, © {a; ¢ Gly) = alay)}.

Since we are dealing with a finite dimensional problem and the max function is
known to be semismooth in finite dimension, we could think about applying directly a
semismooth Newton method as described in [12]. Nevertheless, the other assumption
fails here: the slant derivative may not have an inverse. Let us show this. Consider

_ Au—f+ ST
Flu.p) = ( p — max{0, p + v(Su - b) )

It is clear that the optimality system (45a)—(45d) is equivalent to the equation

F(u,pn) = 0. We define the sets of active and free nodes related to a pair control-
multiplier as

Alup, p) = {j € I+ pj +v(Sn(up)(z;) —bj) >0}, F=J\ A,
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The slant derivative of F'(u, p) is given by

M(Uw ,Ll,) - ( —")/IJAIA,:S I,]],]FIIF,J ) .

Remark 6. The inverse of M (u, ) may not exist for some (u, p). Indeed, for any
(z,8) € RMs x RM| we have that

v 2 Av +8Tn z
M = =
(u, p) ( n > ( ) > { YLy aTp, . Sv+ Iyplpyn = 0.

From the second equation we may deduce

")/IA7;S’1) = —Lwd.

If Ny > Np we have a linear system with more equations than variables, and hence it
will not be consistent for at least one value of § and M will not have an inverse.

Instead, we use a Moreau-Yosida penalization of (PE) Again we will write only
the case of unilateral upper constraint. For some shift function p* € Y}, such that
p*(xzj) =0if j € J, and a parameter v > 0, a direct discretization of (Q7) could be

(Q7) min Jy,(up) + /maX{O w* + y(Spup — b)}dz.

up €Uy

A practical way of computing the integral in the penalty term is to use the lumped
mass matrix £ € RV*V_ Since we are going to use it only for integrals in @, we define
it as

N
Lij=0ifi#j, Ljj=0ifj¢T, Lj;=) My ifjel.
k=1

Therefore, we will be solving

1
(@) Jmin J (up) + > > L max{0, ¥ (z;) + y(Shun(z;) — b(z;))}>.
men j€T

Problem (Q)) has a unique solution u; € Uj and there exist unique y,) € Y}, and
©) € Ypo such that

a(y,,zn) = 0Vzp, € Yo, y) =u) on T, (46a)
a(zn@)) = () — ya, zn)0
+ > L5 max{0, p*(x5) + 7y (x5) — b)) }2n(w5) Vzn € Yio,  (46b)
JET
vu) = 8hcph on I (46¢)
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The nonlinear system (46a)—(46¢) can be solved using a semismooth Newton
method. To this end, we will use the nonlinear operator G, : R — R defined
by

Gr(u) = Au — f + ST Lmax{0, u* + v(Su — b)}.

Thus, solving (46a)—(46¢) is equivalent to solving Gp(u) = 0.
For every u;, € Up, we define sets of active and free nodes as

Ay (up,v,h)={j€l: ﬂ;‘+7(shuh($j)_bj) > 0}, Fo(up, v, h) = I\NAy(up, v, h). (47)

Abusing notation we will drop some or all of the arguments or will use the vector
notation when this does not lead to confusion, e.g. A, A, (u). Notice that if u* =0,
then A, (up,,h) is independent of . For the sake of notation, it is also convenient to
define for every set A, C J the diagonal matrix H(A,) € RV*Y such that

e 0 if j & A,
HZ’J - 51’]{ ﬁjJ ifjeA,.

Abusing notation, we will often write H(u) = H (A, (u)) or even we will write H when
this does not lead to confusion. The proof of the following result is as the corresponding
one in infinite dimension.

Theorem 5.2. Gj(u) is slantly differentiable, a slant differential is given by
M(u)v = Av + ST H(u)Sv

and it has a uniformly bounded inverse w.r.t. w.

Notice that using this H notation, we can write
Gh(u) = Au— f + STH(u) (1" + v(Su - b)),
and therefore, for a given u, and denoting H = H(u), one Newton step reads like
Aut + 1y STHSu™ = f 4+ STH(vb — u*). (48)

Let us comment that for the computation of w = STHy for some y € RY, first we
solve

Krips = Hr.y, (49)

and, next, we have

w = Hp.y — Kp1¢s = —Kp1¢s

because H is diagonal and its nonzero components correspond to nodes that lie in @,
and are hence interior to €.

Again a preconditioned conjugate gradient method can be used to solve this system,
provided an efficient way of computing d = (A + 7STHS)v and the second member
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of the system. Notice that in each of the algorithms 6 and 7 the computation of ¢ can
be done with just one system solve.

Algorithm 6: Function d = (A 4+ 7STHS)v
solve (14) for y

solve (15) for ¢,
solve (49) for ¢s

set ¢ = @y + Vs
set d = Mp.y — Kp1¢ + vBp pu

TU W N =

Algorithm 7: Computation of ¢ = f + STH(u)(vb — p*)
set y = yq; solve (15) for ¢,
set y = vb — p*; solve (49) for ¢
set @ = ¢Pr + s
set ¢ = Mg Yo — Kp1¢

Alternatively, the solution to (48) can be obtained solving

W N =

MAvB+yH —Kg|[y" | _ [ Mya+H(yb—pY)
—K,: O o 0 (50)
ut = yg.

Finally, the semismooth Newton algorithm to solve our problem reads as:

Algorithm 8: Semismooth Newton method for (Q})

1 Set k = 0 and initialize up; compute A, o = A, (uo)
2 Set A, = A, and H = H(A,)

3 Compute up1 = u™ using (48) [or (50)]

4 Set Au.z,kJrl = Aw(ukJrl)

5 Stop or set kK = k + 1 and return to 2

Remark 7. As we noticed in Remark 5, the only information from iteration k used
to compute iteration k + 1 is the set of active indexes. Therefore, when A, (ug41) =
A, (uy) we have reached an stationary point. This is usually the criterion used to stop
the semismooth Newton method.

Nevertheless, as we will see below in the context of algorithms 9 and 10, the main
use for the solution of (Q}) will be to provide an initial guess for the next step in those
procedures, so it does not seem necessary to solve exactly (Q}) in general. Following
[16], we may implement the following stopping criterion for Algorithm 8. After step 3,
we compute an approximation of the multiplier pj41 € RV as

Pkt =0 5 & Ap g, pkr1y = 15 + (W1, — b5) if j € Ak
and we may stop the algorithm if
[1k+1 — max(u” +y(Ye1 — b), 0l 22 (@) < €

In practice, this quantity gives a good measure of the change in the active set between
iterates as well as the unfeasibility combined with the penalization parameter ~.
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We state the convergence result for the Newton method. It follows directly from
Theorem 5.2

Theorem 5.3. The semismooth Newton method to solve (Q}) described in Algorithm
8 converges locally g-superlinearly to u, the solution of Gp(u) = 0, provided ug is close
enough to w..

In all the examples below we have taken the shift p* = 0.

Example 5.4. In general it is not a good idea to solve directly (Q)) for some ~y big
enough. The resulting intermediate problems are usually very ill conditioned.

We resume the 2D problem taken from [5] and described in Example 3.3. As in [5], we
take w the ball centered at (—0.1, —0.1) with radius 0.2 and b = 0.15. We use Algorithm
8 taking ug = 0. The results are summarized in Table 8. We measure the unfeasibility
of the state as the maximum constraint violation mev(y,) = || max(yn — ,0)|| L= ()

Table 8. Direct application of Algorithm 8 for v = 109

h | 5 | mevy] | Newton | pcg | Jn(u))
0.2 x27% | 1E409 | 6.0E-07 19 470 | 0.3552476482
0.2x27% | 1E4+09 | 1.1E-06 19 468 | 0.3552689635
0.2x276 | 1E4+09 | 1.6E-06 21 467 | 0.3552757641
0.2 x 277 | 1E4+09 | 2.5E-06 21 459 | 0.3552778183
0.2 x 278 | 1E409 | 2.7E-06 21 451 | 0.3552784696

The first thing that can be observed is that v cannot be too big w.r.t. the problem
size. Although the algorithm should converge in finite time, a value too big for v will
make the active sets of the intermediate steps fluctuate, and in practice it may not
stop. This is what happens in this case with meshes coarser than the first one exposed
in the table.

Nevertheless, the computational effort can be better measured by the total number
of conjugate gradient iterations made when we solve (48) in step 3 of Algorithm 8.
Solving the solution in the finest mesh takes 8246 seconds.

In [16] a continuation strategy is proposed. This reduces considerably the computa-
tional effort. We will use subscripts for the iteration number of the semismooth Newton
method described in Algorithm 8 and superscripts for the numbering of the iterates of
the continuation strategy provided in Algorithm 9. For some sequence {7"},>1 such
that 7 > 1 for all n > 1, we have

Algorithm 9: Continuation strategy to solve (Q})

1 Set n = 0 and initialize 4° and u°

2 Compute "1, the solution of (an) using Algorithm 8 with seed u™
3 Set 4yt = 7rtlyn

4 Stop or set n = n + 1 and return to 2

There are still three important details to be explained about Algorithm 9: first and
most important, the choice of the initial guess u’; next, the appropriate values for 7;
and finally, a suitable stopping criterion.

To obtain a good initial guess, we will solve the problem in a coarser mesh with a
smaller value of ~. Since we are going to deal with meshes of different sizes, we will
use the notation A, (up,7y,h) when needed. We also recall that Ij, is the pointwise
interpolation operator from C(T') onto Uy. Given (h,~%), we fix M > 0 and pick a
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finite sequence (hn,’yn)rj‘fzo such that h,, is decreasing, hy; = h, 7y, is increasing and
i < A0
Algorithm 10: Nested concept to choose u’ in Algorithm 9

1 Set n = 0 and initialize up, € Up,

2 Solve (QZ") using Algorithm 8 with initial guess wuy,,
3 Set up,,, = In,.,u)" €Uy
4 Setn=n+1

5 If n < M goto 2

6 Return uy,, € Uy,

n+41

Although Algorithm 10 is meaningful for non-nested meshes, the computational
effort needed to make the interpolation in step 3 in non-nested meshes can be consid-
erable, specially for 3D problems.

In [16] some criteria are given to choose 77! > 1. In practice, if 7 is very small
the algorithm would not advance; if it is very big, we would lose the advantage given
by the continuation strategy.

In [16] the authors stop the continuation strategy if residuals related to the state,
the adjoint state and the multiplier are smaller than a certain tolerance of order O(h?).
In our case, since the problem is linear quadratic, the residuals related to the state
and the adjoint state are zero (at least up to roundoff error). The residual related to
the multiplier can be computed as

ra= Y Lt b))

jeALT!

n+1

As an alternative, a tolerance for the maximum constraint violation e, can be used
stop if mev(y)") < exc.

With all these considerations, we propose the following algorithm. Fix a mesh se-
quence such that {hj}j]vio is decreasing, vo > 0, C > 0, up, € Up,, Nmax € N and a

sequence {77}t guch that 7 > 1 for all n.
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Algorithm 11: Solving (PP)

1 Set j =0, h = hj, upo = up,

2 Setn=10

3 Compute u,", the solution of (Q}"), using Algorithm 8 with seed up, ,

4 if (rg < Ch? or mev(y]") < e ) and j < M then

5 Set j =7+ 1and h = h; /* Refine mesh */

6 Set up pi1 = Ith:il e Uy /* Write last output in the new mesh
basis */

7 else

8 ‘ Set uppi1 = up”

9 end

10 Set Y1 = 7"y, /* Update ~ */

11 Setn=n+1

12 if ((rg < Ch? or mev(y)") < ex) and j == M) or n > npyax then

13 | Stop

14 else

15 | Goto 3

16 end

Example 5.5. Now we apply Algorithm 11 for vg = 1, 7% = 10 and a family of 9
nested meshes of sizes h; = 0.2 x 277, 5 =0:8, the coarsest for hg with 52 nodes and
the finest for hg with 2689537 nodes.

A summary of the results can be found in Table 9. The total computation time
was 1570 seconds, which is a significant improvement compared with the 8246 seconds
used by Algorithm 8 (see Example 5.4).

Table 9. Data for continuation strategy and nested choice of the
initial point.

| m rq | Newton | peg | Ju(u))
1E4-00 1.20E-02 2 12 0.3434276446
1E+01 | 7.24E-03 1 7 0.3464821594

7 0.3512477862
25 | 0.3544114381
37 | 0.3550780145
0.3552160750
59 | 0.3552595829
63 | 0.3552727851
54 | 0.3552770205
50 | 0.3552784696

1E+02 | 1.96E-03
1E4-03 | 2.35E-04
1E+04 | 2.40E-05
1E+05 | 2.39E-06
1E4-06 | 2.38E-07
1E+07 | 2.37E-08
1E+408 | 2.37E-09
1E409 | 2.37E-10

CONOUL WN = O |,

T UL Ut UL R W
S
=

Determination of (the support of) the Lagrange multipliers of (P°). Com-
parison of the adjoint state equations for (P,?) and (Q]) leads to the approximation
formula

i Y Lo+ () — 0))ds, -
JEAL(u)

Since w C €2, it is very common that the Lagrange multipliers of the original problem
are finite sums of Dirac measures centered at points on the boundary of w, say g™ =
> pq tkdx, for some n >0 and X}, € dw.
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Increasing v will have as a result a better approximation of the Lagrange multiplier
and its support. Notice, nevertheless, this will done with great effort and the approxi-
mation of both the control, the state and the functional optimal value will not improve
in a significant way.

Example 5.6. In Example 5.7 the number of active nodes for the last mesh is 748.
All of them are on Jw but they are not isolated. We can see in Table 10 how the
number of active nodes decreases as -y increases, with little variation of the functional
or the state.

Table 10. Determination of the active set. Data
for h = 0.2 x 278,

¥ | Na, | mev(y]) | J(u})

1E+09 748 | 2.7E-06 | 0.3552784696
1E+410 230 | 9.1E-07 | 0.3552787761
1E+11 106 | 2.0E-07 | 0.3552788799
1E+12 46 | 4.1E-08 | 0.3552789024
1E+413 21 7.8E-09 | 0.3552789074
1E+14 11 1.9E-09 | 0.3552789083
1E+15 5 | 2.0E-10 | 0.3552789086

6. Control and state constraints

Again according to [5], if problem (P®S) admits a feasible Slater point, then it has a
unique solution @ € H'/?(T") and there exist § € H*(Q) N C(@), ¢ € Wol’t(Q) for all
t < 2 and two nonnegative measures i*, i~ € M(@) such that

—Ay=0inQ, y=uonT, (51a)

~Ap=y-—yo+pa  —p inQ ¢g=0o0nT, (51b)
1

() = min{f(z), max{a(x), ;8ng5(:c)}} on T, (51c)

(B =p"y =) <0 Vy € Kap (51d)

and supp i™ C {y = b}, suppji~ C {§ = a}. As we said in the previous section, a
semismooth Newton strategy for this problem is meaningless, so instead we are going
to deal with a Moreau-Yosida approximation. As we did in the previous sections, we
will consider only unilateral constraints « < 8 on I' and y < b in @ to simplify the
notation. For a shift function p* € LI(w) for some ¢ > 2 and a parameter v > 0, we
consider the problem

(QYY) min J(u)+ 21’y /w max{0, u* + v(Su — b)}2dz.

ueU_ 3

This problem has a unique solution u” € H'/?(T'). Moreover, there exist 37 € H(Q),
oY € H*(Q), s > 3/2, such that

—Ay"=0inQ, y" =u" on T, (52a)
—Ap” =y" —yo + max{0,u" +v(y" —b)} in Q, ¢” =0o0onT, (52b)
(=8n” + v, u—u?) >0 for all u € U_o 4. (52¢)
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Define
G (u) = vu — min {vf, —5*Su + S*yo — S*xz max{0, u* + v(Su —b)}}.

It is clear that u” is the unique solution of (Q¢7) if and only if G?(u”) = 0. For some
fixed shift function p* € LY(w), ¢ > 2, consider the active sets

TCa(u,v) ={x el : =S*"Su+ S*yq — S*x, max{0, u* + v(Su — b) > vp3}
and
wa(u,v) ={x ew: p* +~v(Su—"0b) > 0}.
A slant differential of G7(u) is given by
M7 (u)v = vv + X1, (uy) S (1 + VX (u,7)) -

Theorem 6.1. G7 is slantly differentiable, M7 (u) is a slant differential of G7 and
for every fized v > 0, M7 (u) has an inverse in L(L*(T),L*(T")) uniformly bounded
for all w € L*(T). The semismooth Newton method M (u™ — u) = —G?(u) converges
g-superlinearly.

Proof. The proof follows the same lines as those of Lemma 4.1 and Theorems 4.2 and
5.1 O

As we did for the pure control-constrained case, to deal with a problem better suited
to the finite dimensional case, we write the optimality condition (52c¢) with the help
of a Lagrange multiplier. There exists \Y € L?(T") such that, for any ¢ > 0,

vu? =07 — AV on T, (53a)
AT =max{0,\" +c(u” — )} on T (53b)
Define now
Fo(u, \) = vu + S*Su — S*yq + S*xo max{0, u* +y(Su—b)} + A
A A — max{0, A\ + cu — ¢/} '

We have that

< vl + S*(1+ YXw, (uy)S I ) € CL Y (u, \)
CXFA(u,A)I XF]F(u,A)I e

and hence a Newton-like method to solve F{ (u, \) = 0 is given by

vut = —S*(1+ ’ywaw))Squ —yq) — AT,
ut = BonThun),
)\+ = 0Oon FF(u,A)-

Although F. is known not to be slantly differentiable, it can be proved as in Theorem
4.3 that the sequence generated by the above described Newton-like method to solve
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FJ(u,\) = 0 is the same than the one generated by the semismooth Newton method
to solve G7(u) = 0 provided we take the same initial guess up, ¢ = v and Ay =
S (Yo — (1 4 YXws(ug ) ) SU0) — V.

Let us turn now to the finite dimensional problem. We can write the approximation
of problem (QS’A’) as a constrained optimization problem in R/Ve:!:

Q) min yu” Au — fTu + g max{0, p* +~(Su — b)}" L max{0, p* + 7(Su — b)}
h subject to u < 3.

Existence and uniqueness of solution follows immediately from the coerciveness of the
discrete penalized functional. Since this discrete functional is also of class C*, first
order optimality conditions are standard and read as

Au + ST Lmax{0, u* +y(Su—b)} + X = Ff, (54)

A—max(0,A+c(u—0) = 0
Using the definitions (40) and (47) for the active sets of indexes A(u, A) and A, (u,, h)
and the matrix H related to A, we have that one step of Newton’s method can be
written as

1
uf = arg I%in iug(I]FB (A+~STHS) I r)ur
F

— (Zrp(f — AZpaBs — STH(p* +v(SZpaBa — b)) ))TUIF (55)

ui = Ba
A = f— Aut — STH(p ++(Sut — b))

or, alternatively, as

MA+vB+yH —Kp L, yt Myq + H(yb — p*)
—K,: O Ora or = 0
In,: O1  Oga AT Iyp0 (56)
ut = yi
Af = 0.

An adaptation of algorithms 5 and 8 to solve (Qg’v) is straightforward, and so is
an adaptation of Algorithm 11 to use a continuation strategy together with a nested
mesh strategy.

Example 6.2. We repeat Example 5.5 adding the control constraint v < 0.16. We
obtain the results summarized in Table 11. The total computation time was 2894
seconds. Although this may seem a lot of time, we have to remember that we are
solving an optimal control problem with pointwise constraints in both the control and
the state using a mesh with almost 2.7E406 nodes and 5.4E+06 elements to test the
algorithm.
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Table 11. Convergence history for the solution of (PCS).

Yoo | r4q | Newton | peg | Jp(u])

1E+00 | 9.42E-04
1E+01 | 1.12E-03
1E402 | 9.03E-04
1E+03 | 2.26E-04
1E+04 | 2.38E-05
1E4-05 | 2.36E-06
1E+06 | 2.34E-07
1E4-07 | 2.33E-08
1E+08 | 2.32E-09

10 | 0.3527536758
10 | 0.3530056222
15 | 0.3535235000
33 | 0.3546079241
0.3551408902
59 | 0.3552411683
65 | 0.3552759281
94 | 0.3552874384
104 | 0.3552912421
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