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ABSTRACT

Laminated glass is a sandwich material composed of two or more glass layers and one or
more polymeric interlayers. The mechanical behaviour of glass is commonly considered
linear-elastic whereas most laminated interlayers exhibit a viscoelastic behaviour. The
mechanical behaviour of laminated glass elements is governed by the material properties
of the interlayer, which means that the critical buckling loads of laminated glass panels
are time and temperature dependent. In this paper, a simplified method to calculate the
buckling critical load of rectangular laminated glass plates is presented, which uses the
analytical solutions of elastic monolithic plates, the quasi-elastic approximation and the
effective thickness concept. The analytical solutions are validated by numerical
simulations on simply supported laminated glass plates subject to different loading

conditions.
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ar Shift factor

gx) Shape function in beams
gx,y) Shape function in plates
t Time
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N, Loss factor of the polymeric interlayer of laminated glass

v Poisson ratio of the glass layers



v, (t,T) Viscoelastic Poisson ratio of the polymeric interlayer



1 INTRODUCTION

Laminated glass is a sandwich or layered material which consists of two or more plies of
monolithic glass with one or more interlayers of a polymeric material which usually show
a viscoelastic behaviour, i.e., their mechanical properties are time (or frequency) and
temperature dependent [1]. Polyvinyl butyral (PVB) is the most used interlayer material,
however the new ionoplastic interlayers improve the mechanical properties of laminated

glass for a large range of temperatures [1].

Structural stability is one of the design requirements in laminated glass beams and plates
due to their slenderness and brittleness. Due to the fact that the stiffness of the interlayer
Is temperature and time dependent, the same can be said about the critical load, i.e., the
critical load of a laminated glass plate subject to constant compressive loading decreases
with time. Most of the analytical models for predicting the buckling of laminated glass
plates have been derived from classical sandwich theory formulations [2, 3, 4] where it is
generally assumed that the materials exhibit a linear-elastic behavior and shear
deformations occur in the core. The equations for sandwich beams and plates with linear-
elastic interlayers can be easily extended to viscoelastic interlayers using the

correspondence principle [5, 6].

In order to facilitate the calculation of laminated glass elements, the viscoelastic solution
can be simplified using the quasi-elastic method, which consists of describing the
viscoelastic behaviour of the interlayer by an elastic behaviour with parameters that
depend on the load duration and temperature [7, 8, 9]. This means that the memory effect
of the viscoelastic material is neglected and that the mechanical properties are linear-

elastic but dependent on time [10].

The concept of effective thickness has been proposed in recent years [6, 7, 8] based on
the quasi-elastic solution, which consists of calculating the thickness (time and
temperature dependent) of a monolithic element with bending properties equivalent to
those of the laminated one. The effective thickness can then be used in analytical
equations and simplified finite element models in place of the layered laminated-glass
element [11, 12, 13, 14]. An effective Young modulus [13] can also be formulated from
the models developed by Benninson et al [10, 14] and Galuppi and Royer-Carfagni [11],
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which is more attractive to be used in numerical models because a monolithic model with
constant thickness is defined, whereas the Young modulus is time and temperature
dependent. The effective thickness and the effective Young modulus concepts can be used

interchangeably with the same accuracy.

Several analytical models have been proposed for determining the critical load of a simply
supported laminated glass beams [15, 16, 17, 18]. Galuppi and Royer-Carfagni [17]
developed an analytical model for the buckling of a simply supported laminated glass
column with viscoelastic core under a compressive load P(t), which can be time
dependent. A full viscoelastic solution is developed but a simpler model was derived

using the quasi-elastic approximation [17].

The effect of the boundary conditions in monolithic beams is considered through the
buckling ratio B (or alternatively with the effective length L), whereas the stiffness El

is constant. Aenlle et al [19] proposed a simplified method to calculate critical loads in
laminated glass beams with different boundary conditions using the Euler theory [20] of
monolithic beams, the quasi-elastic solution [9,10] and the effective stiffness, and the
effect of the boundary conditions are taken into account through the buckling ratios
derived for elastic monolithic beams [20, 21]. The authors demonstrated that that the
effective stiffness, the effective thickness and the effective Young’s modulus also depend
on the boundary conditions and their effect can also be taken into account through the

buckling ratio f. The model was validated by experimental tests and numerical models.

In this paper a simplified method to calculate critical loads in laminated glass plates using
the solutions of elastic monolithic plates [20, 21], the quasi-elastic solution [9] and the
effective stiffness concept [19] is proposed. In order to validate the model, the critical
load of several simply supported laminated glass plates, made of annealed glass plies and
PVB interlayer, subject to different loading conditions, were predicted using the
simplified model proposed in this paper and validated by numerical simulations carried
out with the finite element software ABAQUS [22].1t is concluded that the simplified
analytical model predict the critical load of simply supported laminated glass plates with
an error less than 10% for all the cases considered in the paper.



2. STATE OF THE ART

2.1 Sandwich beams with thin faces under static loading

The displacement of a simply supported sandwich beam with thin faces (see Figure 1) of
equal thickness H; = H; = H and Young modulus E, core with thickness H, and shear
modulus G,, spam L and with a central point load P can be found superimposing the

bending displacement w; and the shear displacement w, [3], i.e.:

w
W=W1+W2=W1(1+—2) 1)
wq
where
PL3
= 2
W1 = 48El @)
o = _PLHz 3)
2= 2
EH® EHH? 4
El=—+ 13 )
6 2
H13 == H + HZ (5)
Hl = H
H, His
H3 = H

Figure 1. Sandwich beam with two external faces of thicknesses H = H; = H, and one

interlayer with thickness H,.

In order to facilitate the calculation of displacements in sandwich beams, an effective
stiffness E1, ¢ to be used with bending monolithic models, can be derived from Eq. (1),

i.e:



PLH,

PL? PL3 4bG,H?
_ 1+ 23 13 (6)
48El.;r 48EI PL
48EI1
which results in:
1
Elysr = EI L ECH (7)
GZbH123 thin

Where ,,in IS a parameter which depends on the loading and boundary conditions.
Expressions for the effective stiffness of any statically-determinate symmetrically-loaded
sandwich beam can be formulated superimposing the bending and the shear deflections
[3]. For a simply supported beam with a central point load
Yenin = 12/L2, whereas ., = 9.6/L? for a simply supported beam under distributed
loading.

2.2 Sandwich beams with thick faces under static loading
In the case of sandwich beams with thick faces, the effective stiffness is derived using the

same procedure as that used in the previous section and it is given by:

Ely = EI BT (8)
1+ sz—Hl23¢thick
Where:
I 2
f
Yinick = WYenin (1 - 7) 14 ©)

In Eq. (9), I is the inertia of one of the faces with respect to its own centroidal axis. The
expressions of parameters Y., andy for simply supported beams under mid-point
concentrated loading and uniformly distributed loading are presented in Table 1, where

the parameter 8 is given by [3]:



o= L G,bHZ,
T2 I; (10)
H,EI; (1 — T)
Table 1. Parameters Y, and y for simply supported beams.
Beam Yehin 14
. (1 — coshB)
Central point load ~ 12/12 1— sinh & + tanh6 + 1/tanhf
0
Distributed load 9.6/L? 1+—-(1-
/ + PR (1 — cosh®)
If I = 0, from Eq. (9) it is easily derived that:
Ythick = Yenin (11)

2.3 Buckling of a monolithic beam
The critical load of a linear-elastic monolithic beam with constant cross section and

stiffness E1, according to the Euler theory, is given by [20, 21]:

2

T
B2 EI (12)

Nerie =

Where g is the buckling ratio.

If the critical load is calculated by the Energy method [20, 21] with an approximate

deflection curve g(x), the critical load is obtained from:

fOL Elg" (x)%dx

crit — L (13)
Jy 9’ (x)?dx

From which is inferred that:



n? fOLg”(x)zdx

BLY ™ JF g Gy 4
For a simply supported beam the mode shapes are sinusoidal in shape, i.e.:

g(x) = Asin ("Lﬂ) (15)
Substitution of Eq. (15) in Eq. (14) gives forn = 1:

K o

From which it is obtained that 8 = 1. This result coincides with buckling ratio of a simply

supported beam.

2.4 Buckling of sandwich beams with thin faces.
The critical load of a simply supported sandwich beam with thin faces can be estimated

using the expression [3]:

2

Nerie = L_zEleff (17)

where
1
Elys = EI BT, (18)
+ G,bH?, Yinin
and
2
T
l/)thin = L_z (19)
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It can be observed that Egs. (7) and (18) coincide, i.e. the expression of the effective
stiffness is the same for static loads and for buckling but with the special feature that the
parameters ., are different in statics and in buckling, for the same boundary

conditions.

2.5 Buckling of sandwich beams with thick faces
The critical load of a sandwich beam with thin faces can be estimated with Eq. (17) but

with a different effective stiffness given by:

1
Ely s = EI BT (20)
1 sz—le3¢tmck
where
2
1
(L
/ (1 (1)) \ .
lpthick:lpthin'l EIf'HzT[_Z( _Ii)l ( )
G,bHZ 12 I /

From Eq. (21) it is inferred that:

Yinick = Winin (22)
when Iy - 0.

2.6 Buckling of rectangular monolithic plates
The critical load of a simply supported rectangular monolithic plate with dimensions a x

b, thickness H ,and subject to uniaxial compression in the “x” direction (see Figure 2) is

given by:

2

/s
Nycrie = ﬁkD (23)

Where D is the stiffness of the plate:
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EH3
b=rma—m (24)

and k is a parameter dependent on the boundary conditions, which is expressed as:

i = (m_bﬁ_"lz) (25)

a mb

where the parameters m and n are the number of half-waves that the plate buckles into

the x and y directions, respectively.

Ny —> b S N
a “—
y > | <
L, H

Figure 2. Rectangular monolithic plate subject to a compressive uniaxial loading in the

x direction.

On the other hand, the critical loading of a rectangular plate subject to normal loadings
Ny, N, and Ny, (see Figure 3), can also be calculated by the Energy method assuming
an approximate buckling mode shape g(x,y), which satisfies the boundary conditions
[20, 21]. The total potential energy of the system consists of two parts, the strain energy

due to bending Uy, which can be calculated by means of the expression:

(azg(x ,y) azg(x,w)z

a
i
_2
00

0x? dy?
(26)
92g(x,y) 02g(x,y) (9%g(x, )\’
_2(1—1/)( I 3y7 —( oxdy ) >] dxdy
and the potential energy of the external loads Uy which is given by:
ab 2 2

_ 1 ag(x,y) ag(x,y) dg(x,y) 9g(x,y)

UN_—Eﬂ [Nx< e ) +Ny< % ) + 2Ny ——~ 2 ldxdy (27)
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Figure 3: Rectangular monolithic plate subject to loadings Ny, N,, and N,,,.

Using the notation:

’g(x,y)
axz _gx
dg(x,
gy, 9&y) _
—ay2 =0y ox
dg(x,y)
92g(x,y) =g,
Toxay ¥

Egs. (26) is expressed as:

ab
U =5 [[ (o +9)* ~ 20 - (atgy - (9%)°)] axy
00

and Eq. (27) as:

(28)

(29)
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ab
| Mg + Ny (63)° + 2oy gig3) dxy (30)
00

N =

UN:_

The critical values of the forces can be found minimizing the total energy II, i.e.

minimizing the equation:

M=U,+Uy (31)

2.7 Buckling of sandwich plates with thin faces
The critical load of a rectangular sandwich plate simply supported along the four edges,

with thin faces of thickness H, core with shear modulus G, and thickness H,, dimensions

a X b and compressed in the x direction is given by [3]:

2

T
Nycrie = ﬁk Deff (32)
where
b 2\?
r = (m_+ﬂ> (33)
a mb
D _ D
off = EHH Do (34)
262(1 _ VZ) thin
_ EHH% (35)
2(1-v?)
2 b?
Yenin = 72 <n2 + m? ﬁ> (36)
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2.8 Buckling of sandwich plates with thick faces

In the case of a rectangular sandwich plate with thick faces, with the same geometry as
that described in section 2.7, and compressed in the x direction, the critical load can be
predicted with Eq. (32) but using the following effective stiffness given by:

1 H?
EILH + (37)

3H
202(1 — VZ) l/)thlck

Defsz
1+

Where the parameters k, D are given by Eqgs. (33) and (35), respectively, and Y;pick =
Yenin-

2.9 Laminated glass beams under static loading

The concept of effective thickness for the calculation of deflections in laminated glass
beams under static loads was proposed by Benninson et al. [1, 14] based on a previous
work of Wolfel [13]. From the model proposed by Benninson et al. [1, 6], an effective
stiffness for a laminated-glass beam subject to a static loading can be formulated, which
is expressed as:

Y

G,(t,T) (Hy + H3) Iz

Benninson et al. assume y = 9.6 for all the boundary conditions although in the Wolfel’s
formulation this is associated to a simply supported beam under uniformly distributed
load. The Parameter Y in Eq. (38) is a constant coefficient that relates the monolithic limit
Elror and the layered limit El of the effective stiffness EI(t, T).rr, by means of the

expression:

EITOT

1+Y =
El;

(39)

Later, Galuppi and Royer-Carfagni [11] derived new equations for the deflection effective
thickness using a variational approach and assuming that the deflection shape of the
laminated glass beam coincide with that of a monolithic beam with the same load and
boundary conditions, i.e. ,the deflection of the beam is assumed as:
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g(x)

HT) = ——2 2
wiet,T) EI(t, Ty

(40)

where g(x) is a shape function that takes the form of the elastic deflection of a monolithic
beam, with constant cross section under the same load and boundary conditions as the
laminated glass beam, and EI(t).f is the bending stiffness of the laminated glass beam

given by:

Y

EI(t, T =El; |1+ 41
( )eff T 1+ EH1 H2H3 ( )

G, (6, T) (H, + Hy) V"

where the parameter 5 is calculated with the equation:

_ fOLg”(x)de _

Vs Jy g'(x)2dx

0<x<L (42)

The authors derived ¥z = 10/L? for a beam under concentrated load and ¢z = % =
9'?32 for a beam under distributed load. These parameters g coincide with those

proposed for sandwich beams (y;:,) under the same load and same boundary conditions.

2.10 Buckling of laminated glass beams
Blaauwendraad [15] proposed a formula for the buckling force of a simply supported
laminated glass column, which is expressed as:

72Ely H?
+

2 r_ (43)
T[ZEH]_ 7T2EH3 Gz(t,T)

Nerie (8 T) =

As it is pointed out by the author, this equation coincides with the equation derived by
Satler and Stein [16] for sandwich panels.
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Feldmann et al. [18] proposed to calculate the critical load of a simply supported beam

with the Euler Theory but using an effective stiffness E1(t, T).z, i.e..

T[ZEI(t, T)eff

Neri (t: T) = 12 (44)
where
Y

EH H,H; 12

1+ G,(t,T) (H, + H3) z

Galuppi and Royer-Carfagni [17] developed an analytical model for the buckling of
simply supported laminated three-layered composite beams with viscoelastic core and
under a compressive load P(t), which can be time dependent. The authors derived a
simple model using the quasi-elastic approximation which neglects the memory effect

and assuming that the deflection of the beam is given by:
T) = T si X
w(x, t,T) = a(t,T)sin (T) (46)
The critical load is given by:

2 Y
Pcrit(tl T) = ﬁ EIT 1+ EH1H2H3 T2

Go (6 1 (H, + Hy) 2

(47)

1+

It can be easily demonstrated that Eq. (47) coincides with Eq. (44) developed by
Blaauwendraad [15] and with Eq. (43) derived by Feldmann et al. [18].

Aenlle et al. [19] proposed to calculate the critical load of a laminated glass beam using
the equation of the critical load of a linear-elastic monolithic beam according to the Euler

theory, but using an effective stiffness, i.e.:

2

BZLZ El(t) T)eff (48)

Nerie (8 T) =
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where EI(t, T).¢ is given by Eq. (41). Due to the fact that the deflection of a beam in
buckling differs from that of a beam under static loading, new parameters ¥ have to be
calculated for buckling. In Table 2, the values of ¢ for the buckling of the most common
boundary conditions are presented where it has been assumed that the buckling mode
shapes of the laminated glass beams are equal to those of an elastic monolithic beam with

the same boundary conditions.

Table 2. 1 for the first buckling mode shape of a beam

Boundary condition g(x) Yp
X 2
Simply supported Asin (T) 72—2
. X m?
Cantilever Al 1—cos (Z) 12
Fixed-pinned A(Z+1.02-si ( i ) -

P LTS g e99L 0.4886L12
. . 2mx w2

Fixed-fixed A <1 — cos (T)) 02512

From Table 2, it can be easily inferred that the parameter yj is related to the buckling

ratio 8 by means of the equation:

7.[2

Yp = @02 (49)
and Eq. (48) can be expressed as:
Nerie (8, T) = YEI(L, T)egr (50)

Egs. (48) and (50) are general equations to calculate the critical load of a laminated glass
beam, and they can be considered a generalization of Eq. (47), derived for simply

supported beams to any boundary condition through the buckling ratio S.
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2.11 Buckling of laminated glass Plates
Amadio and Bedon [24, 25] developed an analytical model for the buckling of laminated

glass plates based on the Euler theory and using an effective stiffness D(t, T) -

2
Nerie = % kDt T)ete (51)

where D(t, T) ¢ is given by:

Et3,(tT)

12(1 —v2) (52)

D(t, T)egr =

In Eq. (52) t.4(t, T) is an equivalent thickness derived from Eqg. (38). Due to the fact that
Eqg. (38) provides the effective stiffness for a laminated glass beam, it is corrected through

a parameter 8 dependent on the ratio a/b.

The accuracy of Eq. (51) was studied in laminated glass panels in-plane compressed in

one direction [24] and subject to in-plane shear loading [25].

3 CRITICAL LOAD OF RECTANGULAR LAMINATED GLASS PLATES

In this paper, it is proposed to calculate the critical load of a laminated glass plate using
the equations of the critical load of a linear-elastic monolithic thin plate, but with an

effective stiffness D(t, T) g i.€.:

TL'Z

Tk D(t, T) ¢ (53)

Nerie =

Where k is a parameter dependent on the boundary conditions and on the ratio y = % [20,

21].

With Respect to the effective stiffness D(t, T).¢r, the expression formulated by Galuppi

and Royer Carfagni for rectangular plates under static loadings is considered, i.e.:
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Yp
12 D, D;H, ¥
G,(t, T)(D,HZ + DyH?) *F

D(t, T)eff = DT 1+

(54)
1+

where Yp is a constant parameter dependent on the material properties and thicknesses of

the laminated plate layers through the expression:

g2 EHi _EH;
v, - B1-v2)(1-v?) (55)
0,409 (=35 + G =3m)

and the parameter 1 is given by:

I, o|(ax + 93)" =21 =v) (g5 — (g2)")] dxdy
Iy o [(@2 + (g5)°] dxdy

P (56)

where g(x,y) is the buckling mode shape of an elastic monolithic plate with constant

cross section under the same boundary conditions of the problem at hand.
With respect to parameter k, values for the most common boundary conditions can be
found in the literature [20, 21].

If the expressions of D; and D are substituted in Egs. (54) and (55), they become:

Yp
. _E HH,___
(1—-v2)G,(t, T)(H, + H3) 7°

1

and
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12H, HyHZ,

Yp = (H, + H3)(H} + H3) 59

respectively.
3.1 Methodology

The critical load of a laminated glass plate can be calculated with Eq. (53) using
appropriate parameters k and ¥ . We assume that the parameter k consider in Eq. (53) is
the same as that consider in monolithic plates, which means that the buckling mode shape
is the same for the monolithic and the laminated glass plate. This also means that the
critical load of a laminated glass plate with dimensions a X b can also be calculated by

means of the equation:

D (ti T) eff

= (59)

Ncrit(t: T) = Nerit—mon

Where N.,;:—mon 1S the buckling load of a monolithic plate with same dimensions a X b

and stiffness D. The following procedure can be followed:

1) To assemble a finite element monolithic model with thickness Hy o , dimensions a X

b and material properties E and v.

2) To calculate the buckling load of the finite element monolithic model. Alternatively,
N.-it—mon Can be calculated using the analytical equations proposed in the literature [20,

21] for elastic monolithic plates.

3) To calculate the effective stiffness D(t, T).¢. Previously, the parameter ¥, must be

calculated or taking from the literature [3].
4) To predict the critical load by means of Eq. (59)

If the monolithic and the laminated glass models have the same total thickness Hyor, the

critical load can also be calculated with the equation:

E(t, T)egr
Nerie (8, T) = Neyit—mon Te (60)
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where:

E(H; + H3) Yp
E(t, T)egs = T 1+ EH,H, 1, (61)
o
e en®E + 1) v

is an effective Young modulus.

Egs. (59) and (60) show that the critical load of a laminated glass plate can be predicted
using a monolithic model with the same dimensions a X b and the same boundary
conditions as the laminated plate. Therefore, the assembly of a layered model can be
avoided.

An alternative consists of assembling a monolithic model with constants thickness but

defining a time and temperature dependent Young modulus given by E(t, T) et

4. EXAMPLES OF APPLICATION

Three different cases of rectangular laminated glass plates simply supported along the
fourth edges, are now examined using different configurations of loading and dimensions
a and b. The elastic properties used for both glass and PVB layers are presented in Table
3. The mechanical behaviour of the PVB interlayers was considered viscoelastic in terms

of Prony series and the data used in this paper was obtained in previous works [27].

Table 3. Material properties for glass and PVB [27].

Glass PVB
(Hy = H3 = 4mm) (H, = 0.38 mm)
E Y Go K v
p P ¢ G

(Young’s (Poisson’s Seri (Instantaneous (Bulk (Poisson’s ]
Modulus) ratio) (Densi) shear modulus) Modulus) ratio) (Density) (WLF: Tref=20 C)
[GPa] [kg/mq] [GPa] [GPa] [kg/m?]

72 0.22 2500 0.3696 2 0.44 1030 12.60 74.46

The critical load predicted with the analytical Eg. (53) is always compared with the results
obtained with a finite element model (FEM) assembled in ABAQUS.
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In the FEM, 3D linear shell continuum elements (SC8R) were used for the glass layers
whereas the PVB layers were meshed with 3D linear hexahedral elements (C3D8R). This
meshing technique has been demonstrated to be adequate to reproduce the laminated glass
behaviour with a relatively low computational time [27, 28]. The material properties
considered in the simulations were the same as those used in the analytical predictions
(Table 3) but modelling the PVB interlayer as a linear elastic material. The buckling load
was calculated iteratively for each considered time t = t; being the interlayer Young’s
modulus E; = E;(t;, T)) and the Poisson ratio v, = 0.44 [29]. The same temperature T =

20°C was considered for both the numerical simulations and the analytical predictions.

4.1 Simply supported plate under uniaxial compression.

The first case studied in this paper is a rectangular simply supported laminated glass plate
compressed in the x direction with the load N, (force per unit length) i.e. N, = 0 and
N,, = 0 (see Figure 2). Inthe case of elastic simply supported plates the buckling mode

shape can be represented by the double series [20, 21]:

glx,y) = i i Apnsin (mzx ) sin (m;y ) (62)

m=1n=1

Using the Energy method [20, 21] with an approximate buckling mode shape g(x,y)
and considering N, =0 and N,, =0 in Eq. (31), the critical load can be obtained

minimizing the equation:

180 [(g:+9;) - 20 -9 (g.g; — (a3, )] dxy

Nxcri = D(t; T) ff a ; (63)
t ¢ 11 (g.) dxdy
which results in:
o 2p | an?\’
it S A <mT * %) (64)

Nycrie = T[ZbZD(t: T)eff

2
Zz=1 Z?lo=1 mzAmn

Eq. (64) becomes a minimum [20, 21] if all coefficients A4,,,,, except one, are taken equal

to zero. This means that each mode shape is given by:
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g, y) = Apnsin (mzx ) sin (?) (65)

Identifying Eq. (53) and Eq. (64) it is derived that:

w2k I3 o (o + 95)" — 201 - ) (gx'gy — (gi5)")] dxdy

(66)
b
b I8 2 (g2)2dxdy
If Eq. (65) is substituted in Eq. (66), the later becomes:
m2b  an?\’

w2k w2 \"a T7h (67)

bz b2 m?
and parameter K is given by:

2 2
k= (m_b+ﬂ> (68)
a mb
On the other hand, substitution of Eq. (65) in Eq. (56) leads to:
w2 m?b?
Yp = ﬁ(nz + a2 > (69)

From Egs. (68) and (69) is inferred that the parameters w2k /b? and p are different

(except for same particular cases), contrary to laminated glass beams where

7.[2

= g7 (70)

Vs

It must also be remarked that the parameter ¥, given by Eq. (69) for a simply supported
laminated glass plate loaded in the “x” direction is equal to the paremeter Y, (EQ. (36))

for a simply supported sandwich plate subjected to the same loading.
If D(t, T).¢r is expressed as:
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D Y,
—ToT 1 + i (71)
1+Yp 1+ 12 D, D;H,

Go (6, T) (D1 H2 + D;HZ) ¥

D(t,T)esr =

The critical load can also be expressed as [3]:

2

Nycric = ﬁleTOT (72)

Where the new parameter k4 (t, T) depends on the ratio y = a/b through the parameters
k and yp, and on the thicknesses and material properties of the glass and viscoelastic

layers, and it is expressed as [3]:

@) =——[ 1+ fp 73
(6 )_1+YP 14 12 D, D;H, " (73)
G, (t, T)(D1HZ + DsHY) *°

If Egs. (68) and (69) are substituted in Eq. (73), the later becomes:

mb  an?\’

__l__

b Y,
k(67 =( a1 +7£ ) o 12 D, D;H, - n? ( ,  m?b? (74)
L+ G D D, HE + D,HE) b2 (n a? )

Since the critical value of N, is the smallest value that satisfy Eq. (64), the values of m
and n that minimize Eq. (64) must be determined. The value of N, increases as n increases
and therefore n = 1, i.e., the plate buckles in a single half wave in the y direction. Since
a simply supported plate must buckle into a whole number of half-waves, m must be an
integer [20, 21]. To determine the buckling pattern in the x direction the variation of k;
with the ratio a/b for different values of m must be consider. Moreover, due to the fact
that the shear stiffness G, (t, T) is not constant but it depends on time and temperature,

the parameter k; will also vary with G, (t, T). This means that the number of half-waves
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m in which the plate buckles into may not be constant but it might change with time and

this fact has to verified before predicting the critical loading of a plate [3].

In order to validate the equations and parameters presented in this section, the critical
load N, of a simply supported rectangular laminated glass plate with three different
configurations a = b, a = 0.5b and a = 2b, respectively were predicted with Eq. (53).
The parameters, m, n, k and ¥, corresponding to the three configurations are shown in
Table 4, together with the corresponding mode shape obtained with a finite element

model. The parameter 1, can also be expressed as:

77,'2

¥ =z ky (75)

The values of k,, are presented in Table 4.

Table 4. Parameters k and y, for a simply supported laminated glass plate with different

ratios a/b.

m|n |k Yp ky | Mode shape

Sl Q

[m] | [m]

1 2 S 11 |1 625]1234 |5

2 |2 |1 (1 |1 |4 493 |2
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2 1 2 |2 |1 |4 19.74 | 2

The parameter k, for this simply supported laminated glass plate consideringn = 1, m =
1,2,3and ratios 0.3 < a/b < 3 isshown in Figure 4. The figure confirms that the values
taken for m in Table 4 are correct, i.e., they are valid for all the range of the shear
parameter G2 (see Figure 5) [27]) where 2 - 10° < G, < 4-108 MPa. Thecasea = 2 m
and b = 1 m is not covered in Figure 4 (only valid for b = 2 m). In this case, the plate
buckle with 2 or 3 half-waves depending of the values of G,(t, T). In table 4, the mode

shape with two half-waves is presented.

T L= =
AAT L

J
!
|

G2=1e7 Pa ’ G2=5e6 Pa
< 35 :

JEERN

) G2=1e6 Pa
\ | | G2=5€5 Pa
25 f

\/ ~__ || G2=265 Pa

- T
2
0.5 1 1.5 2 25 3
a/b

Figure 4. Parameter k; for a simple-supported laminated glass plate loaded in the x

direction (curves valid for plates with b = 2 m).
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Figure 5. Shear modulus, G2, of the PVB interlayer.

The predicted critical loads N, using Eg. (53) and the parameters presented in Table
3 are shown in Figure (6) fora = 1m,b = 2 m, in Figure (7) fora = 2m,b = 2 m and
in Figure (8) fora = 1 m, b = 2 m. The critical load of each case, obtained with the FEM,
are also presented in Figures (6) to (8), respectively. It is inferred that Eq. (53) provides

a good accuracy the error being less than 7.5% for the three cases considered in this

section.
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Figure 6. Critical load N,,;; of a simply-supported laminated glass plate uniaxialy
loaded in the x direction for Temperature T = 20°C(a=1m,b =2m, H; = H; =
4 mm, H, = 0.38 mm).
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Figure 7. Critical load N,,;; of a simply-supported laminated glass plate uniaxialy
loaded in the x direction for Temperature T = 20°C(a=2m,b =1m, H; = H; =

4 mm, H, = 0.38 mm).
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Figure 8. Critical load N, of a simply-supported laminated glass plate uniaxialy
loaded in the x direction for Temperature T = 20°C(a=2m,b =2m, H; = H; =
4 mm, H, = 0.38 mm).

4.2. Simply supported plate under biaxial compression

For the case of a rectangular simply supported laminated glass plate subject to biaxial
compression with loads N, and N,, ( N, = 0 ), the same expression for the deflection
shape given by Eq. (63) can be used. Moreover, it can be proved again that only one term
of the series should be considered in calculating the critical values of N, and N,, [20, 21].

Thus, the buckling mode shape is given by:

9(x,y) = Appsin (mzx ) sin (%) 76)

Applying the Energy method [20, 21] with the approximate buckling mode shape g(x,y)
the bending energy is given by:

eff(t T) j _|_ gy —-2(1-v) (gxgy gxy )] dxdy (77)
00

which after substitution of Eg. (76) results in:

2
4D, ¢ (t,T) m2b  an?
v, = 2D A7 (T4 ) (78)

The potential energy of the external loads is given by:
1 ab
, 1\2
Uy=—5 ﬂ [Nx(gx)z +Ny(g,) ]dxdy (79)
00

which leads to:

LS m?b an?
UN :—EAmn NXT-i'NyT (80)
Minimization of the total energy gives:
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(81)

" N m? m2b  an?\’
Nxm +Ny'7’l (B) :ﬁDeff(t,T) a +T

If the load N,, is expressed as:
Ny, = B N, (82)

the critical load N,..,-;; can be obtained from:

mb  an?\’
(7 + m)

—zzy Derr(tT) (83)
(148 57m2)

7T2
Nycrit = b2

from which is obtained that the parameter k is given by:

2\ 2
(2+)
R e (84)

(e

pp=Cp=Cla mb) (85)

The number of half waves in which the plate buckles into depends also on the
parameter 5. The parameter k, for a plate with b = 2 m, andratios § =0.2and 8 =1

is presented in Figures 9 and 10, respectively, for different ratios a/b.
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Figure 9. Parameter k, for a simply-supported laminated glass plate biaxially loaded

with N, and N,, = 0.2 N, (curves valid for b = 2 m).
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Figure 10. Parameter k, for a simply-supported laminated glass plate biaxially loaded

with N,, = N,, (curves valid for b = 2 m).

The critical load of a square plate with = b =2m, N, = N.

y,y=1andm=n=1is

predicted with Eq. (53) and shown in Figure (11) . The critical load for this example was
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calculated with a FEM (see Figure (11)), following the same steps described previously.

The maximum error between the numerical and the predicted critical load is 8.5%.
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Figure 11. Critical load N,.,.;; of a simply-supported laminated glass plate byaxially

loaded for Temperature T = 20° C (a = b = 2m, H, = H; = 4 mm, H, = 0.38 mm).
4.3. Simply supported plate under in-plane shear

We consider in this section the case of a simply supported plated subject to shearing forces
N,,, uniformly distributed along the four edges (see Figure 3). The boundary conditions
are satisfied by taking for the deflection of the buckled plate the double series expression
given by Eq. (63) [20, 21].

Using the Energy method with an approximate buckling mode shape g(x,y) and
considering N,, = 0 and N,, = 0 in eq. (30), the critical load can be obtained minimizing

the equation:

Dt Dege o !(gi+g)) —2a-v) (929, - (g;y)z)] dxdy
xycrit 2 ﬂ'g : (g;g;}) dxdy

(86)

from which:

33



2k _ %ﬂg(l; [(gx + 9;)2 -2(1-v) (gxgy — (g;y)z)] dudy (87)
b? I3 (0.9,) dxty

If eq. (62) is substituted in eq. (87), the later becomes:

m2m?  m?n?\°
2k ab Yim=12im= 1A ( a2 +?>

2 - mn
b 2 By B T ArnAna T

(88)

where m, n, p and q are such integers that m + p and n + g are odd numbers.

For short elastic monolithic plates (a/b < 2) [21] the minimum value N,,,;, is obtained

when m + n are even numbers. With respect to the parameter v, it can be calculated

from:

Iy, (g, + g;)z ~2(1-4) (g.g, - (g;y)z)] dxdy

P — o b N2 1\ 2 (89)
11700 + (g,) ] axay
Substitution of Eq. (62) in eq. (89, leads to:
2,2\ 2
X (o )
1 1 aZ bZ (91)

lpP_ =1 Dy AZ, (T[ m2b+n2nzg)

In monolithic elastic plates [21] a good accuracy is obtained considering the first five
terms (m + n even numbers), i.e. A;;, A, Aq3, A3, and A;5. With this assumption, the

buckling deflection shape is given by:

glx,y), = Z Z Ay Sin (mzx ) sin (mzy ) (92)

m=1,3n=1,3

where [21]:

4 y?
A =————=A 93
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25 A(9 + 9y2)?

22__36T 33
4 y?

Az ==—————=A

B 7521 +9y2)2 7%
4 y?

Az ==———1——A

137 52(9 +y2)2 " %2

v 81 81/1+y2\" 81/1+y2\
2= 1+——+— +—
81(1 +y2)* 625 25\1+9y? 25\9+y?2
The parameters k and ky, are shown in Figure 12 for different ratios 0.5 < a/b <2

whereas the parameter k; is shown in Figure 13 for different ratios a/b and different

values of G, (t, T).

30 . .

a/b

Figure 12. Parameters k and k., for a simply-supported laminated glass subject to in-

plane shear.

35



= 15

25

20

10

G2=4e8 Pa

¥

G2=1e7 Pa

4— G2=1e6 Pa

¥. G2=5e6 Pa g

G2=2e5 Pa

¥ (G2=5e5Pa

0.5 1 1.5
alb

Figure 13. Parameters k, for a simply-supported laminated glass subject to in-plane

shear (valid for b = 2 m).

The critical load of a square plate with a = b = 2 m was predicted with Eq. (63) using

the parameters k and k,, shown in Figure 12 and it is presented in Figure 14 together

with critical load obtained with a FEM. The maximum error between the numerical and
the predicted is less that 10%.

% 10*

Monolithic limit

Layered limit

»1 | | 1 | | 1

10° 107 107 10° 10° 10* 10° 108

Time [s]

36



Figure 14. Critical load N,.,.;; of a simply-supported laminated glass plate subjected to
in-shear loading for Temperature T = 20°C(a =b =2m,H; = H; =4 mm, H, =
0.38 mmy).

4 CONCLUSIONS

Structural stability is a design criterion to be considered when laminated glass elements
are subject to compressive loads. The critical load of a laminated glass plate is time and
temperature dependent due to the viscoelastic behavior exhibited by the polymeric
interlayers. However, in order to avoid failures due to buckling, the compressive load
must be less than the critical load given by the long-term limit of the interlayer shear
modulus G2«, which means that the quasi-elastic solution [10, 17] can be used

advantageously to calculate safe critical loads in laminated glass elements.

In this paper, an analytical expression (Eg. (53) ) to predict the critical load of laminated
glass plates subject to different compressive loading conditions has been proposed, which
has been derived extending the buckling theory of isotropic monolithic plates [20, 21] to
laminated glass plates, using the concept of effective stiffness. This effective stiffness

takes into account the time and temperature dependency of the polymeric interlayers.

The effective stiffness derived by Galuppi and Royer Carfagni [26] for laminated glass
plates has been used with Eq. (53), which is dependent on the boundary conditions trough
parameter ¥p,. However, the concepts of effective stiffness, effective thickness and

effective Young’s modulus can be used interchangeably with the same accuracy [13].

Moreover, it has been assumed that the buckling mode shapes of the laminated glass plate
is equal to that of a monolithic plate subject to the same loading and with the same

boundary conditions.

When using Eq. (53), two parameters, k and ¥ P, dependent of the boundary and loading
conditions, have to be known. With respect to parameter k, the same expressions used in
monolithic plates have been considered, which can be found in the classical books of
structural stability [20, 21] for the most common boundary and loading conditions. As

regards parameter ¥ p, the analytical expression derived by Galuppi and Royer Carfagni

37



[26] has been used to determine the values of this parameter corresponding to the

boundary and loading conditions considered in the paper.

Parameters k and 1, are dependent on the number of half-waves in which the plate
buckles into through the parameters m and n. Due to the fact that the shear modulus of
the interlayer G,(t,T) is time and temperature dependent, when a plate is subject to a
buckling, the number of half-waves of the buckling mode shape can change also with
time and temperature. This can be observed in Figures 4 and 9, where for some specific
ratios a/b, the number of half-waves depend on the magnitude of the shear modulus of

the interlayer.

The accuracy provided by Eg. (53) has been validated by numerical simulations. A finite
element model of simply-supported laminated glass plates were assembled in ABAQUS.
The plates were subject to uniaxial, biaxial and in plane shear loadings at a temperature
T = 20°C. It has been proved that the discrepancies between the numerical and the
analytical results are less than10% for all the boundary and loading conditions considered
in the simulations, which demonstrates that Eq. (53) can predict with a good accuracy the
buckling critical load of a laminated glass plates. Moreover, the monolithic limit and the
long-term limit, corresponding to the interlayer shear modulus G5°, are predicted with a

good accuracy the error being less than 5%
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Figure Captions

Figure 1. Sandwich beam with two external faces of thicknesses H = H; = H, and one

interlayer with thickness H,.

Figure 2. Rectangular monolithic plate subject to a compressive uniaxial loading in the

x direction.
Figure 3: Rectangular monolithic plate subject to loadings N,, N,, and N,,.

Figure 4. Parameter k; for a simple-supported laminated glass plate loaded in the x

direction (curves valid for plates with b = 2 m).
Figure 5. Shear modulus, G2, of the PVB interlayer.

Figure 6. Critical load N,.,-;; of a simply-supported laminated glass plate uniaxialy
loaded in the x direction for Temperature T =20°C(a=1m,b =2m, H; = H; =
4 mm, H, = 0.38 mm).

Figure 7. Critical load N, of a simply-supported laminated glass plate uniaxialy
loaded in the x direction for Temperature T = 20° C(a =2m,b =1m, H; = H; =
4 mm, H, = 0.38 mm).

Figure 8. Critical load N, of a simply-supported laminated glass plate uniaxialy
loaded in the x direction for Temperature T = 20° C(a =2m,b =2m, H; = H; =
4 mm, H, = 0.38 mm).

Figure 9. Parameter k, for a simply-supported laminated glass plate biaxially loaded
with N, and N,, = 0.2 N, (curves valid for b = 2 m).

Figure 10. Parameter k, for a simply-supported laminated glass plate biaxially loaded

with N, = N,, (curves valid for b = 2 m).

Figure 11. Critical load N,..,-;; of a simply-supported laminated glass plate byaxially
loaded for Temperature T = 20° C (a = b = 2m, H, = H; = 4 mm, H, = 0.38 mm).

Figure 12. Parameters k and k., for a simply-supported laminated glass subject to in-

plane shear.

Figure 13. Parameters k, for a simply-supported laminated glass subject to in-plane

shear (valid for b = 2 m).
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Figure 14. Critical load N,.,.;; of a simply-supported laminated glass plate subjected to
in-shear loading for Temperature T = 20°C(a =b =2m,H; = H; =4 mm, H, =
0.38 mmy).
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Table 1. Parameters ), and y for simply supported beams.

Beam Yenin 14
. (1 — coshB)
Central point load ~ 12/12 1 sinh 0 + e+ 1 /tanh@
6
2
Distributed load 9.6/ 1+———(01-
/ + T7o0sho (1 — cosh®)

Table 2. g for the first buckling mode shape of a beam

Boundary condition gx) Yy
_ S 4 2
Simply supported Asin (T) —
Cantil a1 i n
antilever — cosS (Z) m
Fixed-pinned A ad +1.02-si ( ™ ) n—z
P L 0er s\ e90L 0.488617
Fixed-fixed al1 (2”x> m’
ixed-fixe cos L 02502
Table 3. Material properties for glass and PVB [27].
Glass PVB
(H; = H; = 4mm) (H, = 0.38 mm)
E Y Go K v
p p C; C,
(Young’s (Poisson’s ) (Instantaneous (Bulk (Poisson’s )
Modulus) ratio) (ensity) shear modulus) Modulus) ratio) (Density) (WLF: Tref=20 C)
[GPa] [kg/m?] [GPa] [GPa] [kg/m?]
72 0.22 2500 0.3696 2 0.44 1030 12.60 74.46
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Table 4. Parameters k and i, for a simply supported laminated glass plate with different

ratios a/b.

a |b a Kk Yp ky | Mode shape
b

[m] | [m]

1 2 5 6.25 | 12.34

2 2 1 4 4.93

2 1 2 4 19.74 | 2
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