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1. Introduction

The local dual spaces of a Banach space X are defined in [8] as those closed subspaces Z of the dual space X* such that
for every pair of finite-dimensional subspaces E of X* and F of X, and every ¢ > 0, there exists an operator L: E — Z
which satisfies the following conditions:

(@ d-=9lell<IL@] <1 +e)e] for all e € E.
(b) (L(e),x) =(e,x) for all e E and all x € F.
(c) Le)=eforallee ENZ.

Condition (a) says that X* is finitely representable in Z; i.e., that every finite-dimensional subspace of X* is almost
isometric to some finite-dimensional subspace of Z. Conditions (b) and (c) imply that Z must be nicely placed inside X*.

Examples of local dual spaces are provided by the classical principle of local reflexivity [13], which is equivalent to saying
that X is a local dual of X*, and the principle of local reflexivity for ultrapowers [12], which states, for every ultrafilter 4,
that (X*)g is a local dual of the ultrapower Xj.

Finding concrete examples of local dual spaces X is very valuable, in particular when no actual representation of X* is
known, because those local dual spaces may tell much about the local structure of X*. This situation is well featured by the
aforementioned principles of local reflexivity and also, in many other cases [8-10]. It is also noticeable that the notion of
local duality strengthens that of local complementation introduced by Kalton [14].

The goal of this article, to be achieved in Theorem 3.4, is to prove that for every ordinal 1 < @ < w1, the class By[0, 1],
regarded as a subspace of C[0, 1]**, is a local dual of C[0, 1]*, where C[0, 1] stands for the space of all continuous functions
on the unit interval, w is the first uncountable ordinal and B4[0, 1] denotes the set of all the Baire functions of class «
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on [0, 1]. Roughly speaking, Theorem 3.4 is telling us that all the Baire classes are locally the same in a very strong way.
In fact, the information provided by Theorem 3.4 about the local structure of each class B4[0, 1] is more accurate than the
information that can be obtained for the subspaces of C[0, 1]** from the only fact that C[0, 1] is a local dual of the space
of all Borel measures M|O0, 1].

Let us recall that, despite the Baire classes are similar from a local point of view, they differ in their global structure.
Indeed, it is known that every Baire class By[0, 1] is isometric to a space of continuous functions C(Ky), where K, is
a totally disconnected compact space [2, Theorem 1.4]; however, for 1 < ¢ < 8 < w1, although By[0, 1] is a subspace
of Bg[0, 1], it is neither isometric to nor complemented in Bg[0, 1] ([3, Theorem 3.11] and [2, Theorem 1.4]). Moreover,
there is no continuous injective operator from Bg[0, 1] into B1[0, 1] [5], and B[O, 1] is not isomorphic to B, [0, 1] [3].
Thus there are at least three different isomorphic types among these spaces. Nevertheless, it follows from a result of [17]
that the dual space of B[O, 1] is isometric to €3, for each 1 <o < wy.

In order to reach our goal, we first give, in Section 2, a sort of local version of a representation of C[0,1]** due to
Mauldin [15]. Our local representation is achieved in Theorem 2.1 and in its further generalization, Theorem 2.2. We point
out that, although Mauldin’s representation requires to assume the Continuum Hypothesis (CH), our Theorem 2.2 does not
need neither (CH) nor any of its weaker forms. In Section 3, we give the main result of this paper in Theorem 3.4: all the
classes By[0, 1], regarded as subspaces of C[0, 1]**, are local duals of the space M[0, 1] of Borel measures on [0, 1]. Next,
we apply Theorem 3.4 to answer the following question of Godefroy, Kalton and Saphar [7] in a concrete case. Given a
Banach space X, let B;(X) denote the space of its first Baire class elements (that is, the weak* limits in X** of sequences
in X). For X a separable Banach space, it is asked in [7, Question 10] if there exists a norm-one projection Q on X*** with
kernel B,(X)L. Note that there is a positive answer in two cases:

(1) when X contains no copies of ¢1, because B,(X) = X** [16],
(2) when X is weakly sequentially complete, because B,(X) = X.

In Corollary 3.6, we prove that this is true for X = C[0, 1]. We observe that this is a very special case, because C[0, 1] is
an L 1+-space; however, since every separable Banach space is a subspace of C[0, 1] and for a subspace M of X we can
identify Bq(M) with B4(X) N ML [6, Lemma XIIL7], our result strongly suggests that the answer to the problem should be
positive, in general.

Let us recall some facts that will help to introduce some notation. The dual of the space C[0,1] of all the con-
tinuous functions on the unit interval can be identified with the space M[0,1] of all the Borel measures on [0, 1].
Moreover, if {A;}]_, is a finite partition of the unit interval [0,1] into borelian sets, the space M(A;) of all the
Borel measures supported by A; is naturally identified with a subspace of MJ[O0, 1]. Under these identifications, we get
M[0,1]=M(A1) ®1 --- D1 M(Ap). Therefore, M[0, 1]* = M(A1)* @0 - - - Do M(Ap)*. The classes of Baire functions B[O, 1],
0 < o < wy, are defined by transfinite induction as follows. The class Bp[0, 1] is C[0, 1], and for each ordinal 1 < @ < w1,
By [0, 1] (called the space of all bounded Baire functions of class &) is the set of all the bounded functions on [0, 1] which are
pointwise limits of sequences in Uﬁw Bgl[0, 1]. These spaces were studied as Banach spaces in [2-5]. The class B, [0, 1] co-
incides with the space of all bounded Borel measurable functions on the unit interval [2]. Moreover, each B, [0, 1], endowed
with the supremum norm, is a Banach space that can be isometrically identified with a subspace of M[0, 1]* = C[0, 1]**,
where the duality is given by

1
(f,,u):/fd,u for f € By,[0,1] and u € M[0, 1].
0

We also adopt the following notations: given a Banach space X, its closed unit ball is denoted by By, its unit sphere
by Sy, its first dual by X*, and its second dual by X**. The action of f € X* on x € X is denoted by (f, x). Given € > 0,
we say that {x;: i € I} C Sx is an ¢-netin Sx if, for every x € Sy, infic ||x — x;|| < €. Given a number ¢ > 0, an operator
T:X—Y is called e-isometry if it satisfies 1 — ¢ < ||Tx| <1+ ¢ for all x € Sy.

2. The local Mauldin operator

Mauldin obtained a representation of C[0, 1]** in terms of bounded set-functions [15]. In Theorem 2.2, we offer a sort
of local version of this result. There are some differences between these two representation results: Mauldin’s result has
a global character, while ours is merely local. Moreover, we do not use the Continuum Hypothesis or any of its weaker
variants, while Mauldin applies CH. Other important differences are that the operator @ provided by our Theorem 2.2 is
linear, and above all, its action over the Borel simple functions (see clause (ii) in Theorem 2.2), which is crucial in order to
show that B0, 1] satisfies condition (c) in the definition of local dual we stated in the Introduction.

We denote by B the o-algebra of all the Borel subsets of [0, 1]. A finite partition D of a set A € BB into borelian, non-
void sets is called a subdivision of A. We say that a subdivision D’ refines D if each set in D’ is a subset of some set
in D. Let S denote the Banach space of all the bounded set-functions ¥ : B — R endowed with the supremum norm,
1% | = supgep ¥ (B)].
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Theorem 2.1. Let « be a norm-one, positive Borel measure concentrated on A € 3. Let E be a finite-dimensional subspace of M(A)*
and let Eq be its maximal subspace consisting of simple Borel functions. Thus, given a number & > 0 and a finite set {v;}}_; of measures
absolutely continuous with respect to ., there exist a linear operator @ : T € E — &1 € S and a subdivision D of A satisfying the
following clauses:

(i) forall T e Eandi € {1,...,n}, and for each refinement D’ of D,

<§é,

‘ (T,vi) = Y ®r(B)vi(B)

BeD’

(ii) if T € Eg and D’ is a refinement of D, then T =Y .1 P1(B) X8,
(iii) |@7(B)| < |IT|| forall T € E and all B € B.

Proof. Without loss of generality, we assume that Eg := span{xa,,..., X4,} where the sets A; are non-empty and pair-
wise disjoint. Rearranging indices if necessary, we also assume that @(A;) =0 for all i € {1,...,I'} and u(A;) > 0 for all
ie{l' +1,...,1}. We pick x; € A; for each i € {1,...,I'} and consider the set of measures

N ={v1, oV 8xsen 85,
Let {T1,..., T, Ti41,..., Ty} be a normalized basis of E with Ty = x4, for ke {1,...,1}, and let C := max{z;?zl [ Ak

ZZ; ATy € Sg}. Notice that L1(u) can be identified with a subspace of M[0, 1], and the restriction Ti|r, () determines an
element gy € Loo (1) so that

(T f) = [ g fdp forall feLi().

A

We select a set {gy};L, of bounded Borel functions on [0, 1] as follows: for k € {1,...,1}, we take g := xa,, and for
ke{l+1,...,m}, we choose gi so that gi(t) = gk(t), n-a.e. and gi(t) = (Tk,x) on all t € A; for each i e {1,...,I'}.

For every i € {1,...,n}, let f; be the Radon-Nikodym derivative of the measure v; with respect to . Let Dy be a

subdivision of A refining A :={A1,..., A, A\ UL] A;} and such that, for each i € {1,...,n},

Vi(D)
(D) <P

&
Li(w)

- x

DeDy

We write Co :={D € Dy: D C A{U---U Ay}, and for every k € {1,...,m} we consider the function Pyg:[0,1] > R
defined by

gedu
Proi=»_ &D)-xp+ Y fD( 5y X0 2)
DeCy DeDp\Co ®

under the agreement that (— xp =0 when (D) = 0. Formula (2) yields

Pio= xa, forallke{l,...,l}. 3)
Now, for every k € {1,...,m} we define the set-function @, : B— R as

B (B) = { Pio(D) if B is contained in some D € Dy,
k 0 otherwise.

The operator @ : E — S mapping T =Y ;L BTk to &1 := )y, BcPx is linear. Let us prove that & satisfies clauses (i)-(iii).
For (i), note that v;(D) =0 for every D € Cy. So, for every refinement D’ of Dy,

e d
> oDiD)= Y PrduiD)= Y bosdn,

DeD’ DeDp\Co DeDo\Co ( )
(Tk, xpdu)
= X G =(Te 30w (D)
DED()\C() M DGD()\C

Since || Tk|| =1, formula (1) leads to

&
‘m,vl Zaﬁk(D)v,(D)‘ '<Tk,vl— > v (D) >’<E'

DeD’ DeDp\Co
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Therefore, given T = Z,TZI M Tk € Sg, we have

(m, vi)— Y q>k<D)v,<D))

DeD’

‘ (Tv)— > @r(D)vl(D)’

DeD’

which proves (i).
Now, let D’ be any refinement of Dy and k € {1,...,1}. Applying formula (3), we get

D dD)xp= Y PoDxp= Y Xaxp=xa =Tk
DeD’ DeD’ DeD’

and (ii) is done.
Finally, let us show (iii). Let T = Z’knzl BxTr € Sg and B € B. There are three possible cases:
First case: B is not contained in any A;. Then & (B) =
Second case: there exists i € {1, ...,1'} such that B C A;. Thus we get

Or(B) =) BiPu(B) =) BiPro(B) =) Bigk(A) =Y Bi(Th 85, = (T, 8,).

k=1 k=1 k=1 k=1

Third case: there existsi € {I' +1, ..., 1} such that B C A;. Then, we have

u =z grdp )
Or(B)=Y_ APo(B)= Y BiPro(A) = Z p L8 an =Zﬂk<Tks MX"', du>=<T 4 du>-

k=1 k='+1 k=I'+1 (A7)

In the three cases it is clear that |®@7(B)| < ||T||, so the proof is complete. O
Now we apply Theorem 2.1 to obtain our local version of the representation of C[0, 1]**.

Theorem 2.2. Let E and F be finite-dimensional subspaces of C[0, 1]1** and C[0, 1]* respectively, and let & > 0. Let Eq be the maximal
subspace of E consisting of simple Borel functions. Thus there exist a linear operator ® : T € E — &7 € S and a subdivision D of [0, 1]
so that the following properties hold:

(i) forall T € Sg and v € Sk, and for each refinement D’ of D,

<e,

‘<T,v> - > @r(B)v(D)

BeD’

(ii) if T € Eo, then T =Y p .o P1(D) xp for each refinement D’ of D,
(iii) |®7(B)| < ||T|| forall T € E and B € B.

Proof. Let M be a maximal set of normalized, positive, mutually disjoint measures on B; let {v};_; be a normalized basis
of F, and C:=max{d j_; [Akl: D p_q AkVk € S}. Pick two numbers &1 > 0 and &3 > 0 such that C(2&7 + &2) < €.

Following Artemenko’s results in [1] (used by Mauldin in [15]), there exist a countable subset {u;}7°, of M and a fam-
ily {vyi}i2, of measures for every k € {1, ...,n} such that v, = >, vk and vy < i for all i. We choose p € N so that

p
Ve— ) Wi

i=1

<ep forallke{l,...,n},

and take a subdivision {A; }_1 of [0, 1] such that each w; is concentrated on A;.

Let P;: M[O, 1" — M(A;)* be the projections given by P;(T) := T|m(a,). Denote E; := P;(E). Passing to a bigger E, if
necessary, we can assume that E =Ej @oo -+ Doo Ep.

By Theorem 2.1, there exist a subdivision .4; of each A; and an operator @' : E; - S (we will denote @; = @I(T))
satisfying the following properties:

(i") for all T € Sg;, all v; and all the refinements A; of A;,

&2
<—,

’(T, Vi) — Y ®h(B)vii(D)
BeAj

(ii") if T € EgNE; and A is a refinement of A; then T=3 4 ¢;—(D)XD|
(iii") |q5§(B)| <|IT| for all T € E; and all B € 5.
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Thus @ := @1 +... 4+ @P is the wanted operator, and &7 = (b},]T +"'+¢ng- Indeed, since {A1, ..., Ap} is a subdivision
of [0,1] and every A; is a subdivision of A;, then D:=A;U---U A, is a subdivision of the unit interval. Let D’ be a
refinement of D, and let A; be the refinement of each A; induced by D’ so that D' = A} U--- U Aj,.

For part (iii), take T € E and any B € B. If for some i € {1, ..., p} there is A € A; such that B C A, then &7 (B) = <D{,iT(B),
so |@1(B)| < ||PiT|| < ||IT|; otherwise, @1 (B) =0 and (iii) is proved.

For part (i), given T € Sg, and bearing in mind that every vy; is concentrated on A;, clause (i’) yields

: £
(T,v)— Y @r(D)vki(D)’= ‘<P,-T,vki>— 3 @b (Dv(Dd)| < 2. (4)
DeD’ DeA;
Thus, since ||v, — Zf; will < é&q forall k e {1,...,n}, we get on the one hand,
P
<Tv‘)k_ZVki> <eér (5)
i=1
and on the other hand, taking into account part (iii) and ||T|| =1,
p P
> or(D) (vk(D) - kaf(D)> <max [@r(D)[-| 3 (vkw) - va(m)‘
DeD’ i=1 € DeD’ i=1
p
<= v <en (6)
i=1
Thus, from formulas (4)-(6),
p
£
EREY <15T(D)VI<(D)’ <261+ Z((T,vm -y ¢T(D)ka(D)) <21 +p=2 =261 + 62
DeD’ i=1 DeD’ p

Therefore, given any measure v = Zﬁ:l AkVk € Sg, we have

(T,v)— > ¢>T<D>v<D>‘ <Dl
k=1

DeD’

(T,u)— Y ¢T<D>vk<D>‘ <CQe1+82) <e,
DeD’
and (i) is proved. .
Finally, for part (ii), consider any T € Eq. Thus, by (ii’), P;iT =3 pc 4 @7 (D)xp, SO

p

T=) PT=) > ®Dxp= ) ®r(D)xo.

i=1 i=1 De Al DeD’

which proves (ii). O

The operator @ obtained in Theorem 2.2 will be called the local Mauldin operator associated with (E, F, ¢), and for
every T € E, we will say that @7 is its Mauldin representation (associated with (E, F, €)).

3. Main result

In this section, we will show that, for each 1 < o < w1, the space B,[0, 1] of all the bounded Baire functions of class «
is a local dual space of the space of Borel measures M[O0, 1]. First, we notice that the equalities of clauses (b) and (c) in the
definition of local duality may be relaxed and substituted for inequalities. This assertion is made precise in the following
theorem.

Theorem 3.1. A closed subspace Z of X* is a local dual of X if and only if for every pair of finite-dimensional subspaces E of X* and F
of X, and every 0 < € < 1, there exists an operator L : E — Z which satisfies the following conditions:

(') Lis an e-isometry.
(b') |{L(e),x) — (e, x)| <& foralle € Sg and all x € Sf.
(c') IIL(e) —e| < elle|| foralle e EN Z.

The proof of Theorem 3.1 is an exercise of linear algebra. A different sort of proof can be found in [8, Theorem 2.5].
In order to prove that an operator L : E — X is an g-isometry, it is sufficient to get control over the norms ||L(x;)||, where
{xi}ies is a suitable a-net in Sg. This fact is quantitatively settled in the following lemma.
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Lemma 3.2. (See [11, Lemma 2.6].) Let E be a closed subspace of a Banach space X, {x;}ic; an a-netin Sg with0 <o < 1. Let § >0
and L : E — X be a bounded operator such that 1 — 8 < ||L(x;)|| <1+ foralli € I. Then L is an (& + 8)(1 — o)~ -isometry.
Thus, given € > 0, if o and § are small enough, then L is an e-isometry.

The following result collects some results about the spaces B, [0, 1] that we need in order to prove Theorem 3.4.

Theorem 3.3. (See [2].) Let o be an ordinal with 1 < o < w1. There exists a class 2o of Borel subsets of [0, 1] containing the closed
subsets, such that {xa: A € 2o} generates a dense subspace of By [0, 1].

Here is our main result.
Theorem 3.4. For every ordinal 1 < « < w, the Baire class B4 [0, 1] is a local dual of M[0, 1].
Proof. Let E and F be finite-dimensional subspaces of M[0, 11* and M[O0, 1] respectively, and let 0 < & < 1 be a real number.
Our goal is to prove that the clauses (a’), (b’) and (c’) of Theorem 3.1 hold. To do that, let {81}?:1 C (0,1) be real numbers

whose exact value will be fixed later. We denote E, := E N By[0, 1] and choose a basis of E

{g1,---. 8841, 8m} CSE

such that {gq,..., g} is a basis of Ey. Let {v1,..., vy} be a subset of M[0, 1] so that (g;, vj) = 6;; for all i and j. Denote
C:=maxigigm vill-

By Theorem 3.3, we can choose a partition A = {A1, ..., Ag} of [0,1] and a family of real numbers {a,-r}’i:1f:] so that
XA, € Bq[0, 1] for all r (hence each A; is a Borel set) and, for each i € {1,...,I},
q q
D aixa —gif <& and | > airxa, | <lgill. (7)
r=1 r=1
We denote g := Zle airxa, forie{1,...,1}, and for i € {I +1,...,m}, we write g/ := g; for the sake of notation.
Passing to a bigger subspace F, if necessary, we take an &>-net {1, ..., p} in S such that for every g € E,
(1—e3)llgl < sup (g, Kj)- (8)
1<j<p

Let @ be the local Mauldin operator associated with (E, F, &4). For each i € {1, ..., m}, let us denote ®; := @(glf) :B—R
the corresponding Mauldin representation of g. Thus, by Theorem 2.2, there exists a subdivision D = {D1,..., Ds} finer
than the subdivision A such that, for every refinement D’ of D, we have

Z @i(D)pj(D) — (1j. gj)| <ea forallie{l,....m}and je{1,...,n}, (9)
DeD’
gi=)_ ®D)xp foralliefl,...I, (10)
DeD’
|@i(D)| < | g forallie{1,...,m}and D eB. (11)
Now, for each i € {1, ..., m} we define a function h; : [0, 1] — R by

s
hi ="y ®i(Di) XD,
k=1

By formula (10), gi=h; for all i e {1,....1}.
Next, we consider a new indexation of the elements of the subdivision D:

D={An,.... Aim;; A21, ., Aamys -5 Aqls - -5 Agmg )

where, for every i € {1,...,q}, the family {A;i, ..., Ajm;} is a partition of A;. Note that we can (and do) assume m; > 1 for
every i.

For each i € {1,...,q} and each k € {2,...,m;}, we take a non-empty closed subset Bj; of [0, 1] contained in Aj, such
that, for

Bi1 := At U(Ai2 \ Biz) U+ -+ U (Aim; \ Bim;),

we have |uj](Bj1 \ Aj1) < &5/2q, for every je{l,..., p}; hence
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m;j

€
Z [14jl(Ajk A Big) < ES foreveryie{l,...,q} and je{1,...,p}. (12)
k=1

Note that for every i € {1,...,q}, the sets {Bji, ..., Bji,,} form a partition of A;, so

{B11,..., Bimy; Ba1, ..., Bamys .. .5 Bq1, ..., Bgm,}

is a subdivision of [0, 1] with xp., € B[0, 1] for all i and all k. Thus, the equalities

ik
U(xag) = XBy» 1€{l,....q}, kefl,...,m}
define an isometry U :span{xp: D € D} — By[0, 1] that satisfies U(x;) = xa, for all A; € A. Hence U(g)) = gj, for all

ie{l,...,1}.
Now we define an operator L : E — By[0, 1] by

L(gi):=U(h;), forallie{l,...,m},

and show that L satisfies clauses (a’), (b’) and (c’) in Theorem 3.1 for the subspaces E and F and the number & > 0. In
order to prove it, we take an gg-net {eq,...,eq} in Sg. Note that e, = 271:1 crigi for all ke {1,...,q}, where c; = (vj, eg).
Let us denote e} := > crig; forallke({1,...,q}.

By linearity, the Mauldin representation of every e; equals Z',“:] cki®;. Therefore, for each k € {1,...,q}, Theorem 2.2
gives

m m m
ILeo] =] Y caumn| = | > chi| = sup | > ci@i(D)| < ei]-
i—1 i—1 DeD |35
Since |le, — exll = Il X (vi. ex) (gi — &)l <mCeq, we get
[L(ew)| < 1+mCey. (13)

Given j € {1,..., p}, on the one hand, for i € {1,...,1}, we have L(g;) = gj, so
(). L(gn) — (j. &) < | & — &i o, < 1. (14)
On the other hand, for i € {I+1,...,m}, we have L(g;) =U(h;) and g; = g}, so
(g, L(g)) — (g &) | < |(pej, U hi) — hi)| + |(1a5. hi — gj)]. (15)

But hi = Y3 @i(Di) Xpy = Xty Yry Pi(Aer) Xa» and by (7), |®i(Byr)| < 1]l < ligill =1, hence by formula (12), we get

q Mg q Mg
&
(127, Uhi) — hi)| = <uj, > @A) (xB, — XAN)> <Y D Iijl(Ber A Ag) < qf =¢s. (16)
t=1r=1 t=1r=1
Moreover, by (9),
(14, hi — &])] < ea. (17)
So formulas (15)-(17) yield that
() L(gD) — (1. &) < &5+ €a. (18)

Therefore, by (14) and (18), given g € Sg, since g = Z}”:] (vi, g)gi and Z;”:] [(vi, g)| <mC, we get

[{iej. L(®)) — (ij. 8)| <mC(e1 + €4+ €5). (19)
In particular, choosing for every e; a measure ;€ {ui}f:1 so that (ej, uj) > 1 — €3, and taking into account that C > 1, we
obtain

|Len | > (L(ei). iej) > (ei, puj) —mC(e1 + €4+ €5) =1 —mC(e1 + €3 + £4 + £5). (20)
Therefore, since {e1,...,eq} is an gg-net in Sg, Lemma 3.2 and inequalities (13) and (20) yield

g1+&+es+e5+¢€
L is an mC 1+ 3_1'— 4: 5+ 6—isometry. (21)
— &6

Moreover, as {1, ..., [p} is an &z-net in Sg, formula (19) shows that for every p € S¢ and every g € S,
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(. L(g)) — (. 8)| < (1+ [ILI)e2 + mC(e1 + &4 + €5). (22)

Finally, for every g € Sg,, we have

1
L) —g| =] D (vi.2) (g — &) | <ICex <mCe;. (23)
i=1

Therefore, it follows immediately from formulas (21)-(23) that if the numbers {8,’}6:1 are chosen to be small enough, then L
satisfies clauses (a'), (b’) and (c’) of Theorem 3.1, and the proof is complete. O

Remark 3.5. Since the characteristic functions in the space C[0, 1] = By[0, 1] do not generate a dense subspace, the proof
of Theorem 3.4 is not valid in the case « = 0. However, it directly follows from the principle of local reflexivity that the
natural copy of C[0, 1] in M[0, 1]7* = C[0, 1]** is a local dual of MJ[O0, 1].

Given a Banach space X, let Bg(X) denote the space of its first Baire class elements, that is, the weak™® limits in X** of
sequences in X. Godefroy, Kalton and Saphar ask in [7, Question 10] which separable spaces X admit a norm-one projec-
tion Q on X*** with kernel B,(X)L. In the following, we prove that the answer is positive in the case when X = C[0, 1] as
a consequence of Theorem 3.4.

Corollary 3.6. There exists a norm-one projection Q : M[0, 1]** — MI[O0, 1]** whose kernel is Bo(C[0, 1])* and its range con-
tains M[0, 1].

Proof. Indeed, a subspace Z of a dual space X* is a local dual of X if and only if there exists a norm-one projection
P : X** — X** whose kernel equals Z1 and its range contains X [8, Theorem 2.5]. Thus the result follows immediately
from the fact that B{[0, 1] is a local dual of MJ[O0, 1], proved in Theorem 3.4, and from the fact that B1[0, 1] is isometrically
identifiable with the space B4(C[0,1]). O
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