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Abstract: A general near-field (NF) in-band synthesis strategy is presented for the direct layout
optimization (DLO) of reflectarrays with application to the generation of plane waves for the mm-
wave band. The technique relies on the definition of relevant figures of merit (FoM) and the use of a
gradient-based minimization algorithm. To this end, the volume where the NF is computed is divided
into a number of disjoint regions where the FoM are defined. These FoM define the performance of
the antenna and their direct optimization enables improvement compared to previous approaches
described in the literature, while reducing the memory footprint of the algorithm and accelerating
computation. The optimization procedure is divided into several stages to facilitate convergence
towards a successful outcome. First, a phase-only synthesis is carried out at a single frequency. Then,
a reflectarray layout is obtained using a method of moments based on local periodicity, accounting for
mutual coupling between elements. Finally, an in-band DLO is performed at a number of frequencies
directly optimizing the FoM. The results show that the obtained reflectarray layout complies with the
requirements in the frequency range 27 GHz–29 GHz within the 5G new radio n257 band.

Keywords: reflectarray antenna; near-field synthesis; near-field pattern; gradient-based algorithm;
plane-wave generator; compact antenna test range (CATR); dual linear polarization

1. Introduction

With the deployment of 5G networks [1], there is an increased need for the elec-
tromagnetic characterization of devices for applications that range from the Internet of
Things [2,3], smart cities [4], Industry 4.0 [5] and self-driving cars [6], satellite-terrestrial
relay networks [7,8] and beam-forming for mm-wave networks [9], among others [10]. Of
particular interest is the mm-wave frequency range (FR) 2, from 24.25 GHz to 71 GHz, since
it provides a readily available wide spectrum, unlike FR1 in the sub-6 GHz spectrum, which
is already very crowded with services that range from wireless local area networks to aerial
communications [11]. Of all the FR2 bands, the lower bands around 28 GHz are especially
appealing since they have been allocated by the most countries, including, but not limited
to, the European Union, the United States, Japan, China and South Korea [11], but also
because they present relatively low attenuation losses compared to other mm-wave frequen-
cies [12]. Thus, antenna measurement systems must evolve to fulfil the characterization
needs of the devices developed for these new applications.

To this end, a number of alternatives have been proposed for the measurement of
radiation patterns at mm-wave bands [12–15]. However, most of these techniques involve
a last stage of data post-processing to obtain the radiation pattern. Another alternative
consists in directly acquiring the radiation pattern, for instance, with far-field (FF) ranges.
However, since the antenna under test (AUT) needs to be placed in the FF region of the
probe, FF ranges usually result in bulky systems. By placing the AUT in the near-field
(NF) region of the probe a near-field range is obtained, but, again, data post-processing
is required. In this regard, compact antenna test ranges (CATR) [16] solve these issues by
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simulating open range conditions in the Fresnel region of the probe so the far field may be
readily acquired in a close range. Typically, parabolic antennas have been employed, due
to their geometrical properties, for the collimation of spherical waves into planar waves
in a region known as the quiet zone (QZ) [17]. To avoid diffraction effects due to the low
illumination taper in the reflector surface, serrated edges are employed [18]. However,
CATR systems based on single or multiple parabolic reflectors have various drawbacks:
they are bulky and expensive to manufacture, especially at high frequencies at which the
required surface error is very low [16].

A more interesting approach is the use of plane-wave generators (PWG). They consist
of array antennas that are optimized to generate a plane wave in their NF region. Although
the concept is not new [19,20], it has gained traction in the past few years for over-the-air
measurements of 5G devices in the mm-wave ranges [21,22]. The use of conventional
arrays generates an issue of requiring complex feeding networks to control the excitation
of the array elements [21]. This, in turn, may make the in-band synthesis of these arrays
more challenging since the feeding network would, ideally, have to be considered in the
simulations to obtain more accurate results [23]. Using spatially fed arrays [24] overcomes
this limitation, since the feed may be readily included in the in-band synthesis procedure
simply by obtaining the incident field at the array aperture at a number of frequencies, either
by means of measurements or use of full-wave simulations. Then, the array element may
be easily simulated by assuming local periodicity according to the Floquet theorem [25,26].
Both reflectarrays [27–29] and transmitarrays [30,31] have been proposed for use as probes
in CATR systems. However, due to the strong illumination taper imposed by the feed, an
NF synthesis technique is necessary to shape the NF field in the QZ such that it complies
with the requirements of a plane wave.

Recently, several synthesis techniques were proposed for the NF-shaping of spatially
fed arrays [28,32–34]. The generalized intersection approach (GIA) was employed to carry
out a phase-only synthesis (POS) in [28] to design a reflectarray for a CATR system. The
technique imposes magnitude and phase constraints by means of lower and upper mask
templates at a single NF plane and frequency. The same technique was also employed in
NF magnitude-only optimizations for reflectarray [32] and transmitarray [34] antennas.
Similarly, in [33] magnitude NF requirements are also specified as mask templates on a
whole NF plane. However, the POS is carried out by computing the FF generated by the
truncated NF according to those masks as an intermediate step before recovering the field
at the array aperture, from which the NF is computed again to assess if it complies with
specifications.

The above-mentioned techniques are able to effectively shape the NF, although they
present several drawbacks. First, all of them perform a POS and, thus, the procedure
only works at a single frequency. Due to the narrow bandwidth nature of spatially fed
arrays [35], this may penalize performance at other frequencies. In addition, the GIA
employed in [28,32,34] uses a gradient-based technique in the backward projector, which
calculates the Jacobian matrix of a cost function. The size of this matrix directly depends on
the number of optimizing variables and the number of points at which the NF is calculated,
since specifications are implemented with the mask template in all NF points, causing an
important memory footprint and slower computations when the NF field is computed in
more than one NF plane. On the other hand, the technique employed in [33] avoids the
use of a gradient-based algorithm by computing the FF as an intermediate step. However,
this limits the technique to the synthesis of NF planes at a single plane parallel to the array.
In addition, the technique has only been developed for magnitude-only synthesis, with
no NF phase constraints, so it cannot be applied to optimize spatially fed arrays for CATR
applications.

In view of these limitations, the present paper proposes a new NF in-band synthesis
technique for the optimization of reflectarray antennas with general NF constraints in
both magnitude and phase. With the proposed technique, and employing a full-wave
simulation tool directly in the optimization loop, an in-band synthesis at a number of
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frequencies is possible. Moreover, there are no restrictions as to at which points the NF
is optimized. In addition, to overcome the memory footprint and slower computations
derived from the definition of NF constraints by means of upper and lower mask templates
for all NF points, the direct optimization of the relevant NF figures of merit (FoM) in both
magnitude and phase is proposed. To this end, the volume where the NF is calculated is
divided into a series of disjoint regions where these FoM are calculated. A gradient-based
minimization algorithm is adopted to take into account these FoM, considerably reducing
the memory footprint and accelerating computations. In addition, a comparison with the
usual approach described in the literature of employing mask templates in all the NF points
shows that the new methodology is able to produce better results in fewer iterations in
the final optimized reflectarray, generating a plane wave with lower magnitude and phase
ripple.

2. General Near-Field Synthesis Based on the Optimization of Relevant Figures of Merit
2.1. Calculation of the Near Field and Figures of Merit

Let us consider the scenario shown in Figure 1. It consists of a reflectarray comprised
of a total of N elements with regular periodicity px × py, illuminated by a feed whose
phase center is placed at ~r f with regard to the array coordinate system (ACS) defined
by (xa, ya, za). The reflectarray generates a near field in a volume in front of the antenna.
Each point in space where the near field is computed is given by~r = (x, y, z). In addition,
the near field is referenced, in general, to its own coordinate system (NFCS, or near-field
coordinate system) given by (xn f , yn f , zn f ) which in general is translated and rotated with
respect to the ACS.
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�̂�𝑎

�̂�𝑛𝑓

�̂�𝑛𝑓

�̂�𝑛𝑓
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®𝑟 ′𝑛

Ground plane

Figure 1. Sketch of the reflectarray configuration for general near-field synthesis based on the
optimization of the near-field figures of merit.

For a given point in space, the near field radiated by the reflectarray may be obtained
as the contribution of the far field radiated by each element:

~ENF(~r) = ENF,x x̂n f + ENF,yŷn f + ENF,z ẑn f = T
N

∑
n=1

~EFF,n(~r,~rn
′), (1)

where T is the matrix of change of coordinates from the ACS to the NFCS, which is defined
by three angles (θ, ϕ, ψ); ~EFF,n(~r,~rn

′) is the far field generated by the n-th element according
to Love’s principle of equivalence [36]; and~rn

′ = (xn, yn) are the coordinates of the n-th
element in the reflectarray coordinate system (see Figure 1). Further details on the near-field
model, including the definition of matrix T, may be consulted in [24].

From the near field ~ENF(~r) obtained in a volume Ω in space, the next step is to
obtain the relevant FoM. For this purpose, we consider a number of disjoint regions Ωm,
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m = 1, 2, . . . , M where those FoM may be calculated. These regions fulfil the following
properties:

Ωi ∩Ωj = ∅; i, j = 1, 2, . . . , M; i 6= j, (2a)

Ω =
M⋃

m=1

Ωm, (2b)

where ∅ is the empty set. In short, these two properties mean that the regions Ωm fill all
space Ω without overlapping. Once the regions Ωm have been established, we can define
the FoM on them. In general, the FoM will be a function f of the near field and, here, we
employ the following notation:

Fk,Ωm = f
{
~ENF(~r)

}
, (3)

where Fk,Ωm , k = 1, 2, . . . , K is the k-th FoM of a total of K FoM and it is defined in region
Ωm. Since we consider a general NF synthesis with magnitude and/or phase specifications,
the FoM can be related to either or both.

The definition of each particular FoM will depend on the goal of the optimization
procedure. For instance, one may want to maximize the value of the near field in a particular
region, for instance, of the x̂n f component for linear polarization X. Since, for this case, the
limiting FoM is the minimum value of the NF, the relevant FoM is:

Fk,Ωm = min
Ωm
{|ENF,x|}, (4)

where minΩm gives the minimum value in region Ωm. In this way, one may maximize the
minimum value of the field through the proper definition of the FoM. In the case of the
present investigation, plane-wave generators usually define the QZ to fulfil specifications
with a maximum ripple of phase of 10° and a maximum ripple of magnitude of 1 dB [27,37].
For the magnitude, this FoM is defined, in linear scale, as:

∆m
k,Ωm

= Fk,Ωm =
maxΩm{|ENF,x|}
minΩm{|ENF,x|}

, (5)

while for the phase is:

∆p
k,Ωm

= Fk,Ωm = max
Ωm
{∠ENF,x} −min

Ωm
{∠ENF,x}. (6)

The FoM in (5) and (6) are defined for linear X polarization since the x component of
the field is used. Analogous FoM may be defined for Y polarization by considering the y
component of the field. In this way, by minimizing ∆m

k,Ωm
and ∆p

k,Ωm
in a certain region, a

plane wave can be generated that fulfils the specified requirements.
Please note that the definition of FoM by means of (3) is general and can be particu-

larized to any desired FoM. For instance, one can consider the minimization of side-lobe
levels, cross-polarization of the near field, etc., just by proper definition of those FoM in the
desired region. However, for the purpose of the present paper, only the magnitude and
phase ripple defined in (5) and (6) will be used in dual-linear polarization.

2.2. Direct Layout Optimization Algorithm

Once the relevant FoM have been established, they may be employed in a general NF
synthesis consisting of the direct layout optimization (DLO) of the reflectarray. Figure 2
shows the proposed synthesis algorithm. It is based on a gradient-based algorithm, namely,
the Levenberg–Marquard (LM) algorithm [38], to perform the DLO.
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Figure 2. Schematic flowchart of the proposed DLO for a general NF synthesis based on optimization
of the relevant NF FoM.

2.2.1. Inputs of the Algorithm

The algorithm has several inputs that are required to correctly perform the optimiza-
tion: a starting layout of the reflectarray with the sizes of the geometrical features of the
chosen unit cell (for instance, the dimensions of rectangular patches, the lengths of dipoles,
etc.), the FoM specifications, the actual FoM calculated from the NF, and the number of
degrees of freedom (DoF) which are going to be optimized.

We consider a unit cell with L geometrical features. Since the reflectarray has N
elements, the total number of available DoF for optimization is P = LN. Thus, we can con-
sider the vector ~ξ = {ξ1, ξ2, . . . , ξp, . . . , ξP} as representing the reflectarray layout, where
ξp represents a DoF. In general, the total number of available DoF may be relatively large.
For instance, some multi-resonant unit cells may have up to eight [39] DoF per element. If
the reflectarray has several thousands of elements [40], then, the total number of DoF can
be in the range of several tens of thousands of DoF. Some specific applications, such as high
resolution SAR, may require optimization of more than 160,000 variables [41]. This may
create difficulties in achieving successful optimization since the number of local minima
grow exponentially with the number of DoF. To tackle this issue, one common approach
is to start the optimization with a reduced number of DoF and loose requirements and
gradually increase the number of DoF, while tightening the restrictions until convergence
is achieved, as illustrated in the flowchart in Figure 2.

Another input is the FoM calculated from the NF. In the present investigation, and for
the purposes of optimizing a reflectarray to work as a PWG, we consider the magnitude
and phase ripple as defined in (5) and (6), respectively. Thus, the total number of FoM
to consider in the synthesis is two per frequency and polarization. Since there are N f
frequencies and the reflectarray will work in dual-linear polarization, there will be 4N f
FoM to optimize. Similarly, the specifications that are also an input to the algorithm will
impose the desired values that the FoM need to achieve.
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2.2.2. Multi-frequency Direct Layout Optimization

The proposed multi-frequency DLO consists of an iterative procedure. Starting with
the initial layout, given by the values contained in vector ~ξ, the NF generated by the
reflectarray is calculated at a number of frequencies. From this NF, the initial magnitude
and phase FoM are calculated for each orthogonal polarization and frequency. The next
step is to calculate the cost function. To this end, three elements are needed: the value of the
current FoM (∆m/p

k,Ωm
), the specifications that are to be met (∆̃m/p

k,Ωm
), and the weight functions

to leverage the error of each FoM (W). Then, the cost function is defined as:

r f ,k,m = W f ,k,m

(
∆̃m/p

k,Ωm
− ∆m/p

k,Ωm

)
, (7)

where f = 1, 2, . . . , N f is the index for the dependence on the frequency, with N f the total
number of frequencies at which the optimization is carried out; k = 1, 2, . . . , K is the index
for the number of FoM (K in total) defined in region Ωm; and m = 1, 2, . . . , M is the index
for the different regions where FoM may be defined. Please note that it is not necessary to
optimize FoM in all regions. Since the LM algorithm is employed, the cost function defined
in (7) is also known as the residual [38].

The next step is to compute the Jacobian matrix. The size of this matrix depends on
the total number of DoF taken into account in the current iteration (which may vary from
one to another) and the total number of FoM that are optimized. The number of DoF define
the number of columns, while the number of FoM define the number of rows. Thus, the
size of the matrix is 4N f × NP, where NP ≤ P = LN. Any element of the Jacobian matrix
may be calculated as:

J(q, s) =
∂rq

∂ξs
, (8)

where q = 1, 2, . . . , 4N f , and s = 1, 2, . . . , NP. In (8), the dependence on indices f , k and m
has been dropped to alleviate the notation. In addition, although not directly specified, the
residual depends on the optimizing variables since~ξ defines the electromagnetic response of
the reflectarray unit cell that will shape the NF from which the FoM are calculated to obtain
the residual. In addition, the partial derivative in (8) may be numerically evaluated by
means of finite differences [38,42], that, for the particular case of gradient-based algorithms
for array antenna synthesis, can be efficiently computed using the differential contributions
technique [43].

Once the Jacobian matrix has been computed, the normal equations are formed:[
JT
i Ji + µi diag

(
JT
i Ji

)]
δi = −JT

i ri, (9)

which can be compactly written as:
Aiδi = bi, (10)

where subindex i denotes the current iteration (see Figure 2), JT is the transpose of the
Jacobian matrix, µ is a real positive number, diag(·) is the diagonal matrix, and δi is the
updating vector that satisfies the equality. Since matrix Ai is at least semi-positive definite,
an efficient Cholesky factorization can be used to solve (10) for δi.

After the normal equations are solved, the solution is updated as:

~ξi+1 = ~ξi + δi. (11)

With the updated layout ~ξi+1, the NF and FoM are computed again and checked
against the specifications. If the requirements are met, the algorithm stops and ~ξi+1 is the
final layout. Otherwise, the number of DoF in the optimization may be modified, as well as
the specifications, and the process is repeated again until convergence or a given maximum
number of iterations is reached.
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3. Application to Reflectarray for Compact Antenna Test Range

The algorithm proposed in the previous section will now be applied to the optimization
of a reflectarray array for its use as a probe in a CATR.

3.1. Antenna Definition, Near-Field Specifications and Unit Cell Characterization

A square reflectarray comprised of N = 1936 elements distributed in a regular grid
of 44 × 44 unit cells is chosen. The periodicity is px = py = 4.29 mm in both direc-
tions, which is approximately 0.4λ at 28 GHz. The phase center of the feed is placed at
~r f = (−79.3, 0, 200)mm with regard to the reflectarray center (see Figure 1). The feed
generates an illumination taper that varies between −15.4 dB at 27 GHz and −16.3 dB at
29 GHz.

The goal is to design a reflectarray that acts as a probe in a CATR system, where
an antenna or device under test is placed in the region where a plane wave is generated
in front of the antenna. The reflectarray feed would emit a wave, which is transformed
into a plane wave by the reflectarray and is then collected by the device being measured.
Thus, regarding specifications, the goal is to shape the near field in a plane in front of the
reflectarray in such a way that it complies with a maximum magnitude ripple of 1 dB and a
maximum phase ripple of 10°.

To this end, these FoM are computed in a tilted plane (see Figure 3) at z = 0.5 m (in
the ACS), whose rotation is defined by θ = 20°, ϕ = 0°, ψ = 0° (see Appendix in [24]). The
region is subsequently divided into three subregions: Ω1 where the FoM are calculated,
Ω2 which defines a transition, and Ω3 which comprises the rest of the plane. Although
regions Ω2 and Ω3 are not used for this particular optimization, they will become relevant
when comparing the new proposed technique with others described in the literature in
Section 3.4. In addition, regions Ω1 and Ω2 are circles with diameter d1 = 100 mm and
d2 = 200 mm, respectively.

Feed

(𝑥 𝑓 , 𝑦 𝑓 , 𝑧 𝑓 )

�̂�𝑎

𝑥𝑎
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�̂�𝑛𝑓

�̂�𝑛𝑓

�̂�𝑛𝑓

Figure 3. Schematic representation of the antenna optics. The NF plane is tilted θ = 20° with regard
to the reflectarray and is divided into three regions. The FoM are defined in region Ω1, while region
Ω2 defines a transition and Ω3 comprises the rest of the plane.

The chosen unit cell is depicted in Figure 4a. It consists of two layers of parallel
and coplanar dipoles, arranged such that each set of four dipoles control the phase-shift
for one linear polarization. The substrate has a thickness of hA = hB = 0.787 mm, a
relative permittivity of εA = εB = 2.33 and a loss tangent of tan δA = tan δB = 0.0013.
The separation center-to-center between parallel dipoles is 0.9 mm and the dipole width
is 0.4 mm. This unit cell provides up to eight DoF for optimization purposes (the dipole
lengths). However, to analyse the electromagnetic response of the unit cell and to obtain
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the initial layout (see Section 3.2), two variables are defined, Tx and Ty, that are related to
the dipole lengths as follows:

La1 = 0.5Ty ; La2 = Ty ; La3 = 0.5Ty ; La4 = Tx

Lb1 = 0.5Tx ; Lb2 = 0.9Tx ; Lb3 = 0.5Tx ; Lb4 = 0.93Ty.
(12)

These scaling factors were determined after carrying out a parametric study to obtain
a smooth variation of the phase-shift for Tx = Ty at several frequencies and angles of
incidence. Figure 4b shows the phase-shift at 28 GHz for several angles of incidence. As can
be seen, the electromagnetic response of the unit cell presents good angular stability while
providing a phase-shift larger than 360°, making it suitable for reflectarray design and
optimization [35]. On the other hand, Figure 4c shows the phase-shift response for oblique
incidence with (θ = 40°, ϕ = 30°) at three frequencies belonging to the fifth generation new
radio (5G NR) n257 band. In all cases, the phase-shift range is larger than 400°, making it
suitable also for multi-frequency optimization.
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Figure 4. (a) Sketch of the employed unit cell, consisting of two layers of parallel and coplanar
dipoles, arranged in two sets of parallel dipoles to control both linear polarizations independently.
(b) Phase response of the unit cell for normal and oblique incidence at 28 GHz, showing that the unit
cell response is stable with the angle of incidence. (c) Phase response of the unit cell for three different
frequencies for oblique incidence with (θ = 40°, ϕ = 30°).

3.2. Initial Layout

The multi-frequency DLO requires an initial reflectarray layout that must be generated
prior to the use of the technique. Here, the layout is obtained following a multi-step
procedure [44] in which, first, a phase-only synthesis (POS) at 28 GHz is carried out to
obtain a phase-shift distribution such that it radiates the desired NF at the frequency of
synthesis. To this end, the generalized intersection approach (GIA) [45] particularized for a
reflectarray NF model [24] is employed. For the POS, the initial phase-shift distribution
shown in Figure 5a was used. It corresponds to a far field-focused reflectarray pointing at
θ = 20° (see Figure 3). After the POS with the GIA, the phase-shift distribution of Figure 5b
was obtained.
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Figure 5. (a) Initial phase-shift distribution of a far-field-focused reflectarray at 28 GHz. (b) Optimized
phase-shift distribution after the POS with the GIA at 28 GHz.

Then, the lengths of the dipoles are adjusted element-by-element so that they provide
the required phase-shift obtained after the POS. For this process, variables Tx and Ty defined
in (12) are employed, such that Tx controls the phase-shift for linear polarization X and
Ty for polarization Y. Figure 6 shows a comparison of the NF before and after the POS at
28 GHz for polarization X. As can be seen, even though the field does not fully comply
with the imposed specifications, it greatly improves when compared with the starting point
before the POS. Indeed, the magnitude ripple is reduced from a maximum of 7.6 dB before
the POS to a maximum of 2.2 dB after the POS. For the phase, the maximum ripple was
reduced from 26.4° to 13.6°.
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Figure 6. Near-field comparison before and after the POS with the GIA for the (a) magnitude and
(b) phase for the cut y = 0 mm at 28 GHz.

The POS enables obtaining a layout that works relatively well at the frequency of
design, 28 GHz in this case. However, performance rapidly deteriorates as the frequency is
shifted. This can be seen in Table 1, which gathers information concerning the compliance
according to the imposed specifications (maximum ripple in magnitude of 1 dB and in
phase of 10°), as well as the maximum ripple in magnitude and phase. As can be seen, even
though the magnitude ripple decreases slightly at 27 GHz compared to the central frequency,
the phase ripple increases considerably. In addition, both magnitude and phase ripples
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deteriorate considerably at the upper frequency of 29 GHz, indicating that a wideband
multi-frequency optimization is needed.

Table 1. Performance of the reflectarray before and after the POS with the GIA at a plane 0.5 m away
from the antenna. After the POS, the layout is simulated at three different frequencies within the 5G
FR n257 band to assess the performance. Before POS, results are only shown at 28 GHz since ideal
phase-shifters are assumed. Compliance (%) indicates percentage of surface in Ω1 that complies with
specifications.

Compliance (%) Ripple

Reflectarray Frequency (GHz) Pol. X Pol. Y Pol. X Pol. Y

Mag. Phase Mag. Phase Mag. (dB) Phase (°) Mag. (dB) Phase (°)

Before POS 28 GHz 25.51 49.79 26.75 57.00 7.57 26.35 6.61 20.95

27 GHz 81.69 76.34 66.77 63.89 1.56 20.91 1.86 24.12
After POS 28 GHz 60.60 97.84 69.24 96.40 1.80 11.51 2.16 13.59

29 GHz 39.77 89.51 36.93 50.31 3.17 15.43 5.02 22.86

3.3. Wideband Multi-Frequency Optimization of the Near-Field Figures of Merit

The next step is to carry out a multi-frequency optimization of the reflectarray layout
to improve performance in the frequency range of interest. To this end, the multi-frequency
optimization algorithm of Figure 2 is employed. The synthesis is carried out at three
frequencies within the 5G FR n257 band, 27 GHz, 28 GHz and 29 GHz. In addition, two
linear polarizations are optimized, considering requirements in both magnitude and phase
ripples. Thus, a total of 12 FoM are optimized. In order to ease the optimization and
facilitate convergence towards a solution, a multi-stage procedure is adopted [46]. A total
of six stages are considered: first, only the dipoles oriented in the x̂a direction are optimized
by means of the Tx variable. In the second stage, only the dipoles oriented in the ŷa are
optimized by means of the Ty variable. Then, in the third stage, both variables Tx and Ty
are optimized at the same time for all reflectarray unit cells.

For the last three stages, a similar procedure is followed, but increasing the number of
DoF per reflectarray element. Now, the DoFs are the lengths of all dipoles but maintaining
the cell symmetry with La1 = La3 and Lb1 = Lb3 (see Figure 4a), i.e., Tx1 = Lb1 = Lb3 ,
Tx2 = Lb2 , Tx3 = La4 , Ty1 = La1 = La3 , Ty2 = La2 , Ty3 = Lb4 . The new variables are Txi and
Tyi , i = 1, 2, 3, for each reflectarray element. Thus, in the fourth stage, only variables Tx1 ,
Tx2 and Tx3 are considered, while, in the fifth stage, the optimizing variables are Ty1 , Ty2

and Ty3 . Finally, in the sixth and last stage, all six variables per element are optimized.
By following this procedure with the algorithm of Figure 2, and imposing requirements

of a maximum magnitude ripple of 1 dB and a maximum phase ripple of 10° for both linear
polarizations and three frequencies, the results of Figure 7 are obtained. The main cut
(y = 0 mm) is shown for both linear polarizations at the three considered frequencies for
magnitude and phase. Now, the magnitude and phase fully comply with the requirements
of a plane wave inside region Ω1 where the FoM are defined (see Figure 3).

The improvement in compliance of the QZ is better seen in Figure 8. This represents,
for linear polarization X at the three frequencies of interest, the magnitude and phase
in region Ω1 that complies with the requirements of a plane wave before and after the
multi-frequency optimization. The starting layout does not fully comply with specifications
at any of the frequencies, although at the central frequency the phase almost does, as also
shown in Table 1. After the optimization, the requirements are met for both magnitude and
phase at the three frequencies for which the FoM were optimized.
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Figure 7. Main cut y = 0 mm of the near field after the wideband multi-frequency optimization of
the layout for the (a) magnitude and (b) phase.
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Figure 8. For linear polarization X, representation of the magnitude and phase of the NF that
complies with a magnitude ripple of 1 dB and phase ripple of 10° before (top row) and after (bottom
row) the multi-frequency optimization. (a) Magnitude at 27 GHz before optimization. (b) Phase at
27 GHz before optimization. (c) Magnitude at 28 GHz before optimization. (d) Phase at 28 GHz before
optimization. (e) Magnitude at 29 GHz before optimization. (f) Phase at 29 GHz before optimization.
(g) Magnitude at 27 GHz after optimization. (h) Phase at 27 GHz after optimization. (i) Magnitude
at 28 GHz after optimization. (j) Phase at 28 GHz after optimization. (k) Magnitude at 29 GHz after
optimization. (l) Phase at 29 GHz after optimization. Similar results were obtained for polarization Y.

Table 2 gathers the performance data of the optimized antenna. A compliance of 100%
in region Ω1 (see Figure 3) is achieved. Compared with the initial layout obtained after
the POS, the worst magnitude ripple was reduced from 5.02 dB to 0.98 dB, while the worst
phase ripple was reduced from 24.12° to 6.87°.



Electronics 2023, 12, 91 12 of 17

Table 2. Performance of the reflectarray after the wideband multi-frequency optimization at a plane
0.5 m away from the antenna. Compliance (%) indicates percentage of surface in Ω1 that complies
with specifications.

Compliance (%) Ripple

Frequency (GHz) Pol. X Pol. Y Pol. X Pol. Y

Mag. Phase Mag. Phase Mag. (dB) Phase (°) Mag. (dB) Phase (°)

27 GHz 100 100 100 100 0.98 5.81 0.77 5.52
28 GHz 100 100 100 100 0.86 6.13 0.54 6.51
29 GHz 100 100 100 100 0.75 6.87 0.98 6.39

3.4. Comparison with Other Techniques in the Literature

Table 3 shows a comparison of the proposed optimization technique for spatially fed
arrays with others described in the literature in terms of the type of constraints, capabilities
and computational performance. The other techniques are based on the definition of
upper and lower templates in the region of interest that are used to trim the near field
according to the given specifications [47]. Although it is claimed that figures of merit, such
as pointing direction, ripple, secondary lobes, etc., are optimized [33], in reality, they are
used to define the templates which are the ones actually used in the algorithm. This is
true for the studies cited in Table 3. Only the present study directly optimizes the relevant
figures of merit, as described in previous sections. In addition, all techniques implement
at least NF magnitude constraints, although this is not the case for phase constraints that
are necessary for applications such as PWG for CATR. However, it would be possible to
extend the techniques with proper definition of upper and lower phase templates.

In the area of NF-field-shaping for spatially fed arrays, the present study is the first
in which a multi-frequency optimization with both magnitude and phase constraints is
implemented, which enables a wideband array to be obtained when performance would
otherwise deteriorate at frequencies different from the designated frequency.

Table 3. Comparison of the proposed algorithm with other techniques described in the literature in
terms of type of constraints, capabilities and computational performance.

Reference Constraint
Type

Magnitude
Constraints

Phase
Constraints

Multi-Frequency
Optimization

Memory
Footprint

Computational
Efficiency

[28] Upper & lower
templates Yes Yes No High Medium

[32] Upper & lower
templates Yes No No High Medium

[33] Upper & lower
templates Yes No No Low High

[34] Upper & lower
templates Yes No No High Medium

This work Relevant
figures of merit Yes Yes Yes Low Medium

A more direct comparison can be performed with the synthesis technique employed
in [28], since it also implements both magnitude and phase constraints. To this end, upper
and lower templates [47] were defined in three regions, Ω1, Ω2 and Ω3, as shown in Figure 3.
Ω1 is still the region where the plane wave is to be generated and so the templates impose
ripples of 1 dB for the magnitude and 10° for the phase. Ω2 defines a transition zone only
for the magnitude, while Ω3 is the non-coverage area. To ease the optimization, a maximum
side-lobe level of −10 dB is imposed. In the case of the phase, in regions Ω2 and Ω3, no
constraints are specified. The same procedure described in Section 3.3 is applied, increasing
the number of optimizing variables in six successive stages, but, this time, considering
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the upper and lower templates instead of the relevant figures of merit. By following this
strategy, the results shown in Table 4 were obtained. Although these certainly indicate a
net improvement over the starting point of Table 1 (all compliances increase, all maximum
ripples decrease), the results do not fully comply with the imposed specifications. However,
as shown earlier, when directly optimizing the relevant FoM, a 100% compliance is achieved
in dual-linear polarization at three different frequencies. Moreover, to achieve the results
shown in Table 4 a total of 700 iterations of the algorithm were necessary across all six
stages, but only 187 iterations were needed to obtain the results shown in Table 2. This is
consistent with the results shown for far-field synthesis [48], where directly optimizing the
FoM provided better results in fewer iterations than using upper and lower templates.

Table 4. Performance of the reflectarray after wideband multi-frequency optimization at a plane
0.5 m away from the antenna employing a multi-frequency version of the technique used in [28]
with specifications imposed by upper and lower templates. Compliance (%) indicates percentage of
surface in Ω1 that complies with specifications.

Compliance (%) Ripple

Frequency (GHz) Pol. X Pol. Y Pol. X Pol. Y

Mag. Phase Mag. Phase Mag. (dB) Phase (°) Mag. (dB) Phase (°)

27 GHz 97.16 96.53 100 94.01 1.19 11.31 0.94 11.63
28 GHz 90.85 99.68 91.17 96.53 1.39 10.19 1.35 10.94
29 GHz 66.88 94.01 63.41 92.43 1.93 11.18 2.48 11.46

Regarding computational efficiency, directly optimizing the FoM also offers advan-
tages over using upper and lower templates. The present study, as well as others [28,32,34],
employed the LM algorithm to minimize a cost function at some point in the optimization
procedure. This algorithm requires the computation of a Jacobian matrix (see Figure 2),
which is a data structure that takes more memory to store. In the present investigation, the
maximum size of the Jacobian matrix is 4N f × LN, where N f is the number of frequencies,
L is the number of geometrical features of the unit cell that are being optimized, and N is the
total number of reflectarray elements. For the example considered here, N f = 3, L = 2 or 6,
and N = 1936. Thus, the maximum size would be 2.13 MB, assuming double-precision
complex numbers. If upper and lower mask templates are employed, the size of the Jaco-
bian considerably increases, since, now, all points into which region Ω is discretized are
stored per frequency in the Jacobian matrix. In the present case, region Ω was discretized
in a grid of 150× 150 points. Thus, the size of the Jacobian in that case is 11.68 GB. Thus, by
optimizing the FoM the size of the Jacobian matrix is reduced by more than three orders
of magnitude. If more than one NF plane was optimized, the size of the Jacobian would
further increase. In this case, the memory footprint could be alleviated to some extent by
reducing the number of points where the NF is calculated. For instance, in [43] an NF grid
of 81× 81 points is employed. In this case, the size of the Jacobian would be 3.4 GB, which
is still more than three orders of magnitude larger than when directly optimizing FoM.

4. Conclusions

In this paper, a new general near-field (NF) multi-frequency optimization technique
has been presented. It relies on the proper definition of the magnitude and phase figures of
merit (FoM) to be optimized in the region of interest. By employing a full-wave technique
based on local periodicity, the full electromagnetic response of the reflectarray unit cell is
obtained at a number of frequencies where the NF and the associated FoM are calculated.
Then, by applying an iterative multi-stage procedure based on the Levenberg–Marquardt
algorithm, a direct layout optimization is carried out. This procedure was applied to
obtain a reflectarray that acts as a plane-wave generator for a compact antenna test range
within the 5G FR n257 band. Typical plane-wave specifications of a maximum magnitude
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ripple of 1 dB and a phase ripple of 10° were imposed. The optimized reflectarray fully
complies with the imposed requirements in a frequency range between 27 GHz and 29 GHz,
corresponding to a relative bandwidth of 7.14%.

Compared with other techniques described in the literature for the NF-beam-shaping
of spatially fed arrays, the proposed technique is able to carry out a general NF multi-
frequency optimization, while other techniques only perform the synthesis at a single
frequency. In addition, due to the direct optimization of the relevant FoM instead of relying
on the use of upper and lower templates, better results are achieved in fewer iterations,
demonstrating superior computational performance. Moreover, the memory footprint is
also greatly reduced compared with other techniques described in the literature.
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Abbreviations
The following abbreviations are used in this manuscript:

5G NR Fifth-generation new radio
ACS Array coordinate system
AUT Antenna under test
CATR Compact antenna test range
DLO Direct layout optimization
DoF Degrees of freedom
FF Far field
FR Frequency range
GIA Generalized intersection approach
LM Levenberg–Marquardt
MoM-LP Method of moments based on local periodicity
NF Near field
NFCS Near-field coordinate system
POS Phase-only synthesis
PWG Plane-wave generator
QZ Quiet zone

List of Symbols
The following symbols are used in this manuscript:

(θ, ϕ) Angles of incidence in spherical coordinates
(θ, ϕ, ψ) Rotation angles that define matrix T
(xa, ya, za) Array coordinate system (ACS)
(xn f , yn f , zn f ) Near-field coordinate system (NFCS)
δ Updating vector that results from the solution of the LM normal equations
∆m

Ω Magnitude ripple calculated in volume Ω
∆p

Ω Phase ripple calculated in volume Ω
Ω Volume in space where the NF is computed
~ξ Vector that represents the reflectarray layout
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diag(·) Diagonal operator
~ENF Near field radiated by the reflectarray
FΩ Generic FoM calculated in region Ω
J Jacobian matrix computed from the cost function or residual
K Total number of FoM that are calculated
L Total number of geometrical features of a unit cell used for optimization
M Total number of disjoint regions into which Ω is divided
N Total number of elements of the reflectarray
N f Total number of frequencies in the optimization
NP Number of DoF used in the optimization
px/y Periodicity of the reflectarray unit cell in the x̂a/ŷa axis
P Total number of DoF available for optimization (P = LN)
r Cost function (residual) of the LM algorithm.
~r f Coordinates of the feed in the ACS
~r Coordinates of a point in space where the NF is computed in the ACS
~rn
′ Coordinates of the n-th reflectarray element in the ACS

T Matrix of change of coordinates from the ACS to the NFCS
Tx/y Auxiliary variable defined from the lengths of the dipoles oriented in x̂a/ŷa
W Weight function used in the cost function or residual
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