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A B S T R A C T

Although the installation of photovoltaic systems on roofs is a successful investment, rooftop space availability
has been identified as a significant limiting factor in achieving zero-energy buildings, especially by building
components such as chimneys, elevator machine rooms, fans, plumbing vents, etc. This study presents a general
algorithm for the optimal deployment of photovoltaic module rows installed on irregular flat roof shapes. The
presented algorithm takes into account the irregular rooftop shape, the self-shading of photovoltaic modules,
the inclusion of building components, commercial photovoltaic modules with different sizes, mounting systems
with different configurations, distances required for maintenance, and the technical reports to minimize
shading effects. The proposed algorithm allowed to increase in the amount of solar energy received by the
photovoltaic modules. The optimization process takes into account the weather conditions at the specific
location. The optimization algorithm was implemented using a specific Mathematica™ code in which the
commands used in the development of the code were introduced to facilitate its replication. The optimization
algorithm output provides the essential parameters for the optimal photovoltaic system design such as: the
optimum number of mounting systems and their configuration, the optimum tilt angle of the mounting system
and its dimensions, the photovoltaic module model, the maximum total area of the photovoltaic field and
the maximum annual energy captured by the photovoltaic modules. We compared the mounting system
layout obtained with the proposed algorithm with the tilt angle photovoltaic module layout recommended by
three technical papers (IDAE Technical Report, Lorenzo’s equation and Jacobson’s equation) with respect to
photovoltaic field area gain, energy gain and levelized cost of energy.The optimal photovoltaic module layout
obtains the maximum photovoltaic field area gain of 35.52% with respect to the Jacobson’s equation and
the minimum of 32.29% with respect to the IDAE Technical Report. The optimal photovoltaic module layout
obtains the maximum energy gain of 27.83% with respect to the Jacobson’s equation and the minimum of
24.84% with respect to the IDAE Technical Report. The levelized cost of energy of the optimal 𝑃𝑉 module
layout is lower than that of the other arrangements studied. The algorithm presented may be useful for decision-
makers or policymakers in determining the optimal distribution of photovoltaic modules on irregular rooftop
shapes.
1. Introduction

Given the increasing global demand for energy, the exploitation of
various renewable sources is the best solution to confront global energy
crises, as solar energy enjoys the greatest acceptance and exploitation
compared to the rest of the other renewable energy sources (wind en-
ergy, geothermal energy, biomass energy, and hydropower). Therefore,
Solar energy is the most important source of renewable energies and
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can be exploited to generate electricity thermally in concentrating solar
power plants (𝐶𝑆𝑃 ) (Ghodbane et al., 2019) or by using photovoltaic
(𝑃𝑉 ) system. Regarding 𝐶𝑆𝑃 plants, they use various types of solar
concentrators (Ghodbane et al., 2019), as its initial investment cost is
high (Said et al., 2022) and has the advantage that it can be combined
with thermal energy storage. Regarding 𝑃𝑉 technology, is less costly
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and can generate electricity on a small scale. Therefore, 𝑃𝑉 systems are
considered a viable technological solution to help reduce dependence
on fossil fuels, as its potential is demonstrated by the exponential
increase in installed capacity worldwide, where the cumulative solar
photovoltaic power generation capacity from 23 𝐺𝑊 in 2009 to 754
𝐺𝑊 in 2020 (British Petroleum, 2021). According to Jacobson et al.
(2017), the electricity generated by photovoltaic systems in 2050 will
be distributed as follows 21.40% in 𝑃𝑉 plants, 14.90% in residential
rooftop 𝑃𝑉 , and 11.60% in commercial/government rooftops, knowing
that this study has been supported by the International Energy Agency
report (IEA, 2019), which indicates that the main driver for the devel-
opment of rooftop 𝑃𝑉 systems was the owners’ investments, and this
development is the result of four main factors, knowing that the choice
of installing 𝑃𝑉 modules on the roof depends not only on the amount
of solar irradiance received in a particular location, but also on the
following factors (Lang et al., 2015):

(i) Strong reduction in the cost of photovoltaic systems, where the
Levelized Cost of Energy (𝐿𝐶𝑂𝐸) can be used to measure a
𝑃𝑉 system’s economic efficiency. According to the International
Renewable Energy Agency (IRENA, 2019), the weighted average
𝐿𝐶𝑂𝐸 is expected to be between 0.02 and 0.08 USD∕kWh in
2030, and between 0.014 and 0.05 USD∕kWh in 2050;

(ii) Electricity retail prices, where the electricity sales prices to home-
owners are higher than electricity market prices due to taxes and
transmission and distribution (Gernaat et al., 2020);

(iii) Net metering policy, where this instrument allows homeowners to
sell excess electricity to the grid at a retail price (Iliopoulos et al.,
2020);

(iv) Subsidy benefit, where this instrument provides homeowners with
direct financial incentives that reduce the cost of adopting photo-
voltaic technology (Tibebu et al., 2021).

In addition, Gernaat et al. estimated that 31.86% of the global
rooftop area will potentially be suitable for rooftop 𝑃𝑉 systems, that is
equivalent to an area of 36 billion m2 (Gernaat et al., 2020). Moreover,
the total residential rooftop area in the European Union amounts to
around 19 billion m2 (Odyssee-Mure, 2015). The rooftops of build-
ings are also the best place to install small-scale photovoltaic systems
(Dehwah et al., 2018). In this regard, the study of the potential of
installing photovoltaic systems on rooftops has been the focus of many
researchers as (Jurasz et al., 2020; Lau et al., 2021), knowing that
the maximum installed capacity of 𝑃𝑉 modules on horizontal rooftops
depends on the following parameters related to the 𝑃𝑉 modules: tilt
angle of the 𝑃𝑉 modules, the orientation of the 𝑃𝑉 modules, the
distance between the 𝑃𝑉 modules rows, the number of 𝑃𝑉 modules,
and dimensions of the 𝑃𝑉 modules. When interacting these parameters
with rooftop parameters, such as available rooftop surface, building
components, rooftop shape, and rooftop orientation, the complexity of
the 𝑃𝑉 system design increases significantly.

In addition, several problems are often encountered during the
design of the 𝑃𝑉 modules deployment on buildings’ rooftops:

(i) Available rooftop area, where the restricted space availability
of rooftops has been identified as a major limiting factor in
achieving zero-energy buildings (Giffith et al., 2006). Several
authors have developed methods for estimating available rooftop
areas, the most important of which are (Melius et al., 2013):
constant-value Methods, manual selection methods, and 𝐺𝐼𝑆-
based methods. The first method is easy to compute, but the
results are challenging to validate. The second method is com-
putationally time-consuming and not easily replicable in several
regions. The third method can be replicated in several regions and
2

require a lot of computer resources;
(ii) Building components, where several building components restrict
the viability of rooftop 𝑃𝑉 , such as chimneys, elevator machine
rooms, fans, plumbing vents, etc. Concerning this aspect, sev-
eral works take into account the shading losses due to building
components (Siraki and Pillay, 2012), however, they ignore the
self-shading losses of 𝑃𝑉 modules. In addition, other studies such
as Bayón-Cueli et al. (2021) and Barbón et al. (2022) do not
consider building components;

(iii) Rooftop shape, which plays a crucial role in 𝑃𝑉 systems instal-
lation, where the basic shapes of a rooftop are rectangular and
L-shaped (Hachem et al., 2011). Consequently, several studies
have focused on investigating the optimal distribution of 𝑃𝑉
modules on different basic shapes of rooftops, where Bayón et al.
presented the optimal distribution of 𝑃𝑉 modules on rectangular
rooftop shapes (Bayón-Cueli et al., 2021). In addition, Barbón
et al. (2022) determined the optimal distribution of 𝑃𝑉 modules
on simple shapes of rooftops. Likewise, Ioannou et al. presented
the optimal configuration of the 𝑃𝑉 module rows when these
are installed on a square rooftop shape (Ioannou et al., 2014),
where they did not take into account the irregular rooftop shapes.
Variants of the L-shape are characterized by the use of several
additional angles, increasing the complexity of the problem con-
siderably. Also, Hachem et al. presented a detailed study of the
L-shape variants (Hachem et al., 2011). According to Dehwah
et al. (2018), the irregular rooftop geometry of some buildings is a
further limitation to their use for photovoltaic systems. Therefore,
this work aims to determine the optimal distribution of 𝑃𝑉
modules on irregular rooftop shapes;

(iv) Self-shading of 𝑃𝑉 modules, where it reduces the incident solar
irradiance on 𝑃𝑉 modules on specific modules caused by nearby
rows of 𝑃𝑉 modules. It is almost impossible to avoid these energy
losses, although they can be minimized. Due to its importance,
these shading losses are regulated by several legislations (IDAE,
2011). However, several studies that determine the optimum tilt
angle and orientation of 𝑃𝑉 modules do not take these losses
into account (Al Garni et al., 2019; Jafarkazemi and Saadabadi,
2013). Also, Bayón-Cueli et al. (2021) disregarded the effect of
shading in total incident energy calculations (Bayón-Cueli et al.,
2021). In Barbón et al. (2022) only the energy generated during
the operating hours without shading was taken into account. For
this purpose, the solar irradiance incident on the 𝑃𝑉 modules was
determined by the product between the adjusted solar irradiation
curve as a function of the tilt angle H𝑡(𝛽) and the total area of 𝑃𝑉
modules 𝐴𝑇

𝑃𝑉 (𝛽);
(v) The high number of commercial photovoltaic modules with differ-

ent sizes. 𝑃𝑉 modules come in a wide range of sizes, depending
on the manufacturer. On average, residential 𝑃𝑉 modules contain
60 solar cells, and commercial 𝑃𝑉 modules are slightly larger,
usually containing 72 solar cells (IEA, 2019). The size of the
module has been continuously increased (IEA, 2019). Therefore,
the number of 𝑃𝑉 module combinations for a given installation
is very high, complicating the optimal solution to the problem.
Only one 𝑃𝑉 module size is used in the study presented by Barbón
et al. (2022). And most studies do not take into account the size of
the 𝑃𝑉 module (Al Garni et al., 2019; Jafarkazemi and Saadabadi,
2013);

(vi) 𝑃𝑉 module mounting system, where this system allows 𝑃𝑉 mod-
ules to be securely attached to the ground. However, the mount-
ing system can be fixed or tracked. In the building sector, solar
tracking systems are not cost-effective (Mousazadeh et al., 2009).
Therefore, in this study, the mounting system used is fixed. The
configurations of this type of mounting system play a key role
in optimizing the distribution of 𝑃𝑉 modules on the rooftop and
complicates its optimal solution. Several studies take into account
the configuration of the mounting system in their work (Bayón-
Cueli et al., 2021; Barbón et al., 2022), but most studies do not

consider this parameter (Wang et al., 2018; Korsavi et al., 2018).
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It can be concluded that the design of rooftop 𝑃𝑉 systems is a very
complex process that involves many interrelated parameters. Therefore,
the design of an algorithm to facilitate this task is necessary. Thus, the
objective of the present work is to provide a methodology that allows
the optimal distribution of 𝑃𝑉 modules when these are installed on
rregular flat rooftop shapes. The optimization process is performed by
onsidering the parameters related to the 𝑃𝑉 modules (tilt angle and
rientation of the 𝑃𝑉 modules, distance between the 𝑃𝑉 modules rows,
umber of 𝑃𝑉 modules, dimensions of the 𝑃𝑉 modules, and mount-

ing system configuration) and the constraints and limitations of the
rooftop (available rooftop surface, building components, rooftop shape,
and rooftop orientation). The proposed algorithm uses well-established
methods for the estimation of solar irradiance received on the tilted
plane (Barbón et al., 2020) and incorporates a numerical model which
calculates the self-shading energy losses of 𝑃𝑉 modules and the shading
energy losses due to building components. This algorithm was applied
to the case of Almeria (Spain). Still, it can be used worldwide as the
method used to determine solar irradiance (Barbón et al., 2020) is
designed for this purpose (Barbón et al., 2021). In addition, it interacts
with the determination of the self-shading losses of 𝑃𝑉 modules and
the shading losses due to building components. The distribution of 𝑃𝑉
rows on irregular flat rooftop shapes is formulated as a two-dimensional
rectangle packing problem. Heuristic techniques were used to design
practical algorithms for this problem.

As mentioned above, several studies analyzed the design of the 𝑃𝑉
modules deployment on rooftops, but such studies had the following
limitations:

(i) Several studies were conducted to optimize the distribution of 𝑃𝑉
modules on basic shapes of rooftops, and there was still a lack of
study using irregular rooftop shapes;

(ii) Self-shading of 𝑃𝑉 modules causes high-energy losses, but many
studies do not take this into account;

(iii) Several building components restrict the viability of rooftop 𝑃𝑉 ,
but some previous studies did not consider this fact in their
approach;

(iv) Although a large number of commercial 𝑃𝑉 module sizes com-
plicates the optimal solution to the problem, most studies do not
take them into account, or only one size is considered;

(v) Most studies do not consider the mounting system, so the results
will deviate substantially from reality.

The specific contributions of this study can be summarized in the
following proposals:

(i) A methodology to maximize the amount of energy absorbed by
an irregular rooftop shapes.

(ii) For each tilt angle, the algorithm maximizes the total energy of
the 𝑃𝑉 modules on the rooftop, taking into account the self-
shading of the 𝑃𝑉 modules and the building components.

(iii) The study considers the size of commercial PV modules and
mounting systems as inputs.

Therefore, the present work addresses a gap in the scientific litera-
ture, as it aims to include in the proposed algorithm all the limitations
raised in previous studies. In another meaning, this is the first study
that considers all the limitations mentioned above.

A multi-condition analysis without computational constraints is nec-
essary to meet all the constraints posed in the problem. Mathematica™
software has been chosen for, among other reasons, the simplicity
of the theoretical formulation and the high performance. Extensive
Mathematica™ code is developed to establish the proposed constraints
and efficiently solve the problem of optimizing the arrangement of 𝑃𝑉
modules on irregular flat rooftop shapes.

The developed algorithm can enable engineers, architects, construc-
tion managers, owners, etc., to determine the optimal distribution of
𝑃𝑉 modules on irregular flat rooftop shapes. The application of the
3

optimization algorithm results in the optimal number of mounting
systems and their configuration, the tilt angle and dimensions of each
mounting system, the model of the photovoltaic module, the maximum
total photovoltaic modules area, and the maximum annual incident
energy on the photovoltaic modules.

This paper is organized with the following structure: The problem
approach with the constraints posed is presented in Section 2. The
optimization formulation is outlined in Section 3. The valuation in-
dicators are provided in Section 4. The methodology application and
the analysis of the results are presented in Section 5. Finally, Section 6
summarizes the main contributions and the conclusions of the paper.

2. Problem approach

This engineering problem is contextualized within the framework of
the relevant European legislation and the high electricity consumption
in the building sector. In 2019, almost 55% of global electricity con-
sumption was consumed in building operations (UN, 2020). Therefore,
electrification through renewable sources (e.g., 𝑃𝑉 systems) in the
building sector is essential to comply with the Paris Agreement (UN,
2015). Several European directives require new buildings to obtain
part of their energy needs from renewable sources. One of them is the
Directive 2009/28/EC (EU, 2009). A policy framework for climate and
energy for the period 2020–2030 has been established by the Euro-
pean Commission (EU, 2014). 𝐸𝑈 directives, in particular Directive
2018/2001/EC (EU, 2018), have also addressed the requirements for
the use of renewable energy in new and renovated buildings.

The study deals with the optimal distribution of 𝑃𝑉 modules on flat
rooftops under the following conditions: (i) irregular rooftop shapes;
(ii) self-shading of 𝑃𝑉 modules; (iii) inclusion of building components;
(iv) commercial 𝑃𝑉 modules with different sizes; and (v) mounting
systems with different configurations. These aspects are not sufficiently
addressed in the literature. Therefore, when such a high number of
parameters need to be considered, it can be difficult for experts to
optimize the choice of 𝑃𝑉 system components for a given location.

2.1. Irregular rooftop shape and building components

A general irregular flat rooftop shape is considered in this study.
The rectangular and 𝐿 shapes can be considered as the basic regular
shapes (Hachem et al., 2011). Irregular shapes can be derived from
the variation of these shapes. Hachem et al. defined the 𝐿 shape as
the composition of the main wing and an attached branch (Hachem
et al., 2011). 𝐿 shape variants and therefore irregular shapes are
characterized by angles deviating from 90◦ of the angle between the
wings of the 𝐿 shape. During the study as shown in Fig. 1, the shape
of the irregular roof was taken into account, as this roof was chosen
because it covers two conditions from the study, the shape of the
irregular roof facing south and the building components, where 𝑃 is the
available roof area. Regarding the proposed algorithm, it can optimize
any other type of regular or irregular rooftop shape.

The work employs 𝐺𝐼𝑆 (Geographical Information System) tech-
niques to determine the building rooftop’s Universal Transverse Merca-
tor (𝑈𝑇𝑀) coordinates. Specifically, the software used is the 𝑄𝐺𝐼𝑆™,
because it is free software with an open code (Sebbah et al., 2021; Park
et al., 2019). Moreover, the National Geographic Information Center of
the Government of Spain provides a database on Landsat image (NGIC,
2022).

A subproblem whose solution is necessary to implement the pro-
posed algorithm is to obtain the 𝑈𝑇𝑀 coordinates in the Mathematica™
software. For this purpose and as shown in Eq. (1), the user will
select the most adequate number of points 𝑝[𝑖], 𝑖 = 1, 2,… , 𝑛, in the
Mathematica™ software for each particular case to form a polygon
that adapts itself with sufficient precision to the limits of the irregular
rooftop shape.

𝑃 = Polygon[Table[𝑝[𝑖], {𝑖, 1, 𝑛}]] (1)
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Fig. 1. Irregular rooftop shape under study.

As shown in Fig. 1, the projection 𝑃 is obtained, and it can be inscribed
in a rectangle 𝑅 with dimensions 𝑊𝑅×𝐿𝑅, where, for convenience, the
lower-left point of 𝑅 is taken as the origin 𝑂:

𝑅 = BoundingRegion[{Table[𝑝[𝑖], {𝑖, 1, 𝑛}]},‘‘MinRectangle’’] (2)

𝑅 = TransformedRegion[𝑅,TranslationTransform[-𝑂]] (3)

𝑃 = TransformedRegion[𝑃 ,TranslationTransform[-𝑂]] (4)

2.2. Photovoltaic field geometry

The 𝑃𝑉 field is horizontal and consists of a number (𝑁𝑀𝑆 ) of 𝑃𝑉
module mounting systems with a longitudinal installation distance (𝑒𝑙)
between them. Each mounting system is inclined with a tilt angle (𝛽)
for the horizontal and azimuth angle (𝛾). The azimuth angle (𝛾) of the
mounting system (as the majority of the authors consider Chinchilla
et al., 2021) will be zero degree in the Northern hemisphere, while
the tilt angle (𝛽) of the mounting system will be optimized, i.e., the
tilt angle (𝛽) will be an algorithm output. The commercial mounting
system has length (𝐿) and width (𝑊 ). The commercial 𝑃𝑉 module
has a length (𝐿𝑃𝑉 ) and width (𝑊𝑃𝑉 ). Clamps are used to fix the 𝑃𝑉
modules to the mounting systems. Therefore, a transversal installation
distance (𝑒𝑡) between 𝑃𝑉 modules has been considered.

In a Field and as shown in Fig. 2a, which shows a row of 𝑃𝑉
modules with a south orientation (i.e., 𝛾 = 0 (◦)), to determine the effect
of self-shading, other parameters are required, the most important of
which is the longitudinal incidence angle 𝜃𝑙.

tan 𝜃𝑙 =
cos 𝛾𝑠
tan 𝛼𝑠

= tan 𝜃𝑧 cos 𝛾𝑠 (5)

where 𝛼𝑆 in (◦) is the height angle of the sun, 𝜃𝑧 in (◦) is the zenith
angle of the sun, and 𝛾𝑆 in (◦) is the azimuth of the sun. Fig. 2.b shows
the design parameters.

According to Barbón et al. (2022), the configuration of the mounting
system is determined based on two parameters, 𝑋 and 𝑌 . As for the
parameter 𝑋, it represents the number of the vertical consecutive 𝑃𝑉
modules in each row. This parameter can take the values 1, 2, 3, etc.,
although, for urban applications, its value usually 1 or 2, as regulations
typically limit the height that 𝑃𝑉 systems placed on rooftops can reach.
Regarding the parameter 𝑌 , it can take the letter 𝑉 or 𝐻 , where the
letter 𝑉 (𝐻) refers to the mounting system configuration in which the
𝑃𝑉 module length (𝑃𝑉 module width) is the reference for the tilt angle
. Examples of this nomenclature are 1𝑉 , 2𝐻 , etc. Fig. 3b shows the
2𝑉 mounting system configuration (𝑊 = 𝑊𝑃𝑉 , 𝐿 = 2𝐿𝑃𝑉 ), but other
configurations may be the optimal solution to the problem, e.g., 1𝑉
4

configuration, 2𝐻 configuration (see Fig. 3(a-d)). This parameter will
be an algorithm output.

The selection of the dimensions of the 𝑃𝑉 modules depends on the
size and shape of the rooftop surface. This selection is not without
difficulty due to the many commercially available 𝑃𝑉 modules on the
𝑃𝑉 market, where Belsky et al. presented a study of the technical
characteristics of 1300 𝑃𝑉 modules from multiple manufacturers in the
range from 100 to 450 (𝑊 ) (Belsky et al., 2022). This work covers most
commercial 𝑃𝑉 modules as of the first half of 2021, where this work
will be a reference point for our study, given that the commercial 𝑃𝑉
module will be the output of an algorithm.

2.3. Solar irradiance on tilted plane

The latitude of the rooftop location affects the optimum deployment
of the 𝑃𝑉 modules, and in order to use the proposed algorithm at
different latitudes, a suitable solar irradiance model is needed. Since
the readily available data for many locations are the monthly solar
irradiance values on horizontal surfaces, whether beam or diffuse, and
their sum being the total solar irradiance, the solar irradiance model
used will be as input to the studied algorithm considering the effect of
crossing clouds on the used solar irradiance model.

In this study, the method proposed by Barbón et al. (2020) was
adopted to calculate the adjusted hourly solar irradiance (beam and dif-
fuse) on a horizontal surface, taking into account all weather conditions
in the locations selected for this study. Since this method involves the
use of meteorological conditions for each site chosen to study, it gives
good results and has been used in many studies, including Bayón-Cueli
et al. (2021), Barbón et al. (2022) and Jallal et al. (2020).

Eq. (6) has been used to determine the solar irradiance on a tilted
surface (Duffie and Beckman, 2013):

I𝑡 (𝑛, 𝛽, 𝑇 ) = I𝑏ℎ (𝑛, 𝑇 ) ⋅
cos 𝜃𝑖
cos 𝜃𝑧

+ I𝑑ℎ (𝑛, 𝑇 ) ⋅
(

1 + cos 𝛽
2

)

+
(

I𝑏ℎ (𝑛, 𝑇 ) + I𝑑ℎ (𝑛, 𝑇 )
)

⋅ 𝜌𝑔 ⋅
(

1 − cos 𝛽
2

)

(6)

Regarding I𝑏ℎ in (W/m2) and I𝑑ℎ in (W/m2), they are the amount of
adjusted solar irradiance (beam and diffuse, respectively) according to
Barbón et al. (2020). The rest of the parameters are as follows: 𝑛 it is a
day of year (regular or leap year); it changes from 1 to 365 in a normal
year, and to 366 in a leap year, since each date of the year has a specific
(𝑛) number. 𝛽 in (◦) is the tilt angle, 𝜃𝑧 in (◦) is the zenith angle of
the sun, 𝜃𝑖 in (◦) is the incidence angle calculated according to Duffie
and Beckman (2013), 𝜌𝑔 (dimensionless) is the ground reflectance, and
𝑇 in (h) is the solar time. In addition, the isotropic model of Liu
and Jordan is used to determine the diffuse, and the ground reflected
solar irradiance on a tilted surface (Liu and Jordan, 1963), as many
recent works have used this model, most notably (Makhdoomi and
Askarzadeh, 2021; Mamun et al., 2021; Conceiçao et al., 2019).

3. Optimization formulation

To find the optimal distribution of 𝑃𝑉 modules on flat rooftops of
different latitudes, a methodology has been proposed with a flowchart
as shown in Fig. 4.

The presented methodology follows these steps:
(i) Maximization the total area of the 𝑃𝑉 modules 𝐴𝑇

𝑃𝑉 (𝛽);
(ii) Determination of operating periods of a 𝑃𝑉 system;
(iii) Calculation of the effective area of 𝑃𝑉 modules 𝐴𝐸

𝑃𝑉 (𝑛, 𝛽, 𝑇 );
(iv) Maximization of effective annual energy incident on 𝑃𝑉 mod-

ules 𝐸𝑎 (𝛽).
The optimization algorithm has been implemented with specific

Mathematica™ code, and in order to facilitate its replication, the com-
mands used in the development of the code have been introduced.
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Fig. 2. Photovoltaic field geometry: (a) a row of south-orientated PV modules, (b) design parameters.

Fig. 3. Some possibilities of mounting system configurations.
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Fig. 4. Flowchart of the algorithm.
3.1. Maximization of total 𝑃𝑉 modules area

The problem of this first step of the methodology is to find an
optimal way to distribute the 𝑃𝑉 modules on building rooftops. The
proposed solution based on the packing problem is one of the best ways
to solve this problem. Various forms of packing problems related to
the deployment of solar technologies on building rooftops have been
studied in the literature.

The distribution of 𝑃𝑉 modules on roofs was also studied using
packing algorithms, as rectangular roofs without building components
6

were discussed by Bayón-Cueli et al. (2021), and simple shapes for
roofs without building components were studied by Barbón et al.
(2022). However, none of them faces the same constraints as those
presented in this paper, where these restrictions significantly increase
the complexity of the currently studied problem.

Among the packing algorithms, strip-packing problem, area mini-
mization problem, two-dimensional bin packing problem, two-
dimensional knapsack problem, two-dimensional cutting stock prob-
lem, pallet loading problem, etc., proposed in the literature (Imahori
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et al., 2006), to solve this packing problem, the special type of two-
dimensional rectangle packing problem has been chosen. Therefore,
Eq. (7) shows the total area of 𝑃𝑉 mounting systems that need to be
maximized.

𝐴𝑇
𝑃𝑉 (𝛽) = max

𝑁𝑀𝑆 (𝛽)
∑

𝑖=1
𝑊 ⋅ 𝐿 (7)

where 𝐴𝑇
𝑃𝑉 in (m2) is the total area of the 𝑃𝑉 modules, 𝐿 in (m) is

the length of a mounting system, 𝑊 in (m) is the width of a mounting
system, and 𝑁𝑀𝑆 is the number of mounting systems. The constraints
that the objective function has to fulfill are the following:

(i) Clamps are used to fix the 𝑃𝑉 modules to the mounting system.
Therefore, a transversal installation distance (𝑒𝑡) between 𝑃𝑉
modules has been considered;

(ii) A longitudinal installation distance (𝑒𝑙) between mounting sys-
tems must be considered. This parameter will be an algorithm
output. 𝑃𝑉 system designers use different assumptions to define
the minimum distance (𝑒𝑠𝑡𝑙 ) between row to row of mounting
systems (Bey et al., 2021; Yadav and Mukherjee, 2021). Numer-
ous legislations also require a minimum separation (𝑒𝑠𝑡𝑙 ) between
rows of mounting systems to minimize the self-shading of 𝑃𝑉
modules. For example, the Spanish Government Technical Re-
port states that to minimize the self-shading of 𝑃𝑉 modules the
distance between neighboring rows of mounting systems has to
guarantee a minimum of four hours of sunshine around noon
on the winter solstice (IDAE, 2011). In this work and as shown
in Fig. 2b, the longitudinal incidence angle (𝜃𝑙0) that minimizes
shading effects will be defined, where it can be determined at
noon or at any time before the shortest day of the year (21
December for the northern hemisphere) (Brecl and Topič, 2011),
and it can be identified using Eq. (8). According to the Spanish
Government Technical Report (IDAE, 2011) and as shown in
Fig. 2(a-b), 𝑒𝑠𝑡𝑙 is given by Eq. (9). A longitudinal maintenance
distance (𝑒𝑚𝑙 ) between neighboring rows of mounting systems is
also necessary for cleaning and maintenance operations (Byrne
et al., 2015), where is it found that Byrne et al. have provided
a Table showing the relationship between the tilt angle to the
longitudinal maintenance distance (𝑒𝑚𝑙 ) (please see Table 9 in
Ref. Byrne et al. (2015)). Regarding the longitudinal installation
distance 𝑒𝑙 between mounting systems, it is determined as the
maximum of 𝑒𝑠𝑡𝑙 and 𝑒𝑚𝑙 (see Eq. (10));

(iii) It is necessary to consider a minimum distance (𝑒𝑏) between the
rooftop boundary and the 𝑃𝑉 modules for maintenance opera-
tions and foot traffic;

(iv) It is also necessary to consider a minimum distance (𝑒′𝑏) between
the building components and the 𝑃𝑉 modules for maintenance
operations and foot traffic.

𝑙0 = arctan[tan 𝜃𝑧 cos 𝛾𝑠] (8)

𝑒𝑠𝑡𝑙 = 𝑆
tan 𝛽
cot 𝜃𝑙0

= 𝐿
sin 𝛽
cot 𝜃𝑙0

(9)

𝑒𝑙 = max[𝑒𝑠𝑡𝑙 , 𝑒
𝑚
𝑙 ] (10)

The problem consists in packing rows of mounting systems with a south
orientation, without solar tracking system, in the East–West direction
inside the available rooftop area (𝑃 ), where these rows of mounting
systems have the following characteristics: Southwards orientated, tilt
angle 𝛽, different configurations, length 𝐿, and width 𝑊 . As shown in
Fig. 5 and Eqs. (11) and (12), to facilitate the application of the packing
algorithm, the elements used shall be the projection of each mounting
system on the horizontal plane (𝑅𝑖𝑗).

𝑥 = 𝑊 + 𝑒 ; 𝛥𝑦 = 𝑆 + 𝑒 (11)
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𝑡 𝑙 (
𝑅𝑖𝑗 ∶ {𝐴((𝑗 − 1)𝛥𝑥, (𝑖 − 1)𝛥𝑦), 𝐵((𝑗 − 1)𝛥𝑥 +𝑊 , (𝑖 − 1)𝛥𝑦), (12)
𝐶((𝑗 − 1)𝛥𝑥 +𝑊 , (𝑖 − 1)𝛥𝑦 + 𝑆), 𝐷((𝑗 − 1)𝛥𝑥, (𝑖 − 1)𝛥𝑦 + 𝑆)}

With this packing algorithm, it is necessary to check whether a
ounting system belongs to the available rooftop area (𝑃 ). For this

purpose, the minimum distance of the four vertices of each 𝑅𝑖𝑗 to the
complementary region (𝐶𝑃 ) of 𝑃 is calculated in the Mathematica™
software using Eq. (13) with the restriction ≥ 𝑒𝑏.

𝐶𝑃 = DiscretizeRegion[RegionDifference[R2, 𝑃 ]] (13)

in[RegionDistance[𝐶𝑃 ,𝑅[𝑖, 𝑗]]] ≥ 𝑒𝑏 (14)

s shown in Eq. (15), the studied algorithm also takes into account the
uilding components (𝐶𝐸𝑖, 𝑖 = 1, 2,…, etc.). For this purpose, the above
rocedure can be used to calculate the new parcel.

𝑃 ∗ = RegionDifference[𝑃 , 𝐶𝐸1, 𝐶𝐸2,…] (15)

As shown in Eq. (16), another possible implementation, perhaps more
versatile and general, is to calculate the minimum distance between
two regions with the assumption that it is ≥ 𝑒𝑏.

MinValue[EuclideanDistance[𝑥, 𝑦], {𝑥 ∈ 𝐶𝐸𝑖, 𝑦 ∈ Polygon[𝑅[𝑖, 𝑗]]]} ≥ 𝑒𝑏
(16)

To study the irregular shape rooftop, the algorithm chooses different
points for the vertex 𝐴 of 𝑅11 inside the area (𝛥𝑥 × 𝛥𝑦) highlighted
in Fig. 5. The algorithm analyses 𝑚2 possible combinations (𝑙, 𝑘 =
1, 2,… , 𝑚) and provides for each tilt angle 𝛽 (and each mounting sys-
tem configuration) the best packing and also calculates the maximum
number of mounting systems 𝑛𝑟(𝛽) and how many of them are never
affected by shadows, 𝑛𝑟𝑛𝑠(𝛽), i.e. the first to receive the sunlight from
the South.

3.2. Determination of operating periods of the 𝑃𝑉 system

Determining the operating periods of the 𝑃𝑉 system is essential
to determine the effective area of the 𝑃𝑉 modules and to maximize
the annual effective energy event on them. Therefore, at sunrise time
𝑇𝑅(𝑛) and sunset 𝑇𝑆 (𝑛), the solar irradiance does not reach the effective
surface of the 𝑃𝑉 modules due to self-shading, which results in a
loss in the effective area of the 𝑃𝑉 modules (Self-shading losses). In
addition, sometimes it is noticed that the solar irradiance reaches the
back surface of the 𝑃𝑉 modules (sun faces towards the rear face of the
𝑃𝑉 module), which it results in a direct decrease in the hourly power
incident that leads to a decrease in the annual effective energy incident
on the 𝑃𝑉 modules.

3.2.1. Self-shading losses
Solar 𝑃𝑉 systems consist of a number of solar panels wired into

arrays depending on the demand for electrical energy from each of
those panels, which, in turn, consist of many solar 𝑃𝑉 cells that are the
basic units involved in capturing energy from the sun and converting
it into electricity. Now, if the shade falls on even just one part of
the solar panels in the array, the output from the entire system may
be compromised, this can be referred to as 𝑃𝑉 panel shading. With
parallel arrayed 𝑃𝑉 mounting systems, the self-shading of the modules
may be caused by the array of modules. In these cases, it is necessary
to improve the slope and separation of the module rows so that the
solar irradiance can reach the entire effective area of the 𝑃𝑉 system.
Therefore, it is important to determine the period [𝑇1(𝑛), 𝑇2(𝑛)] of the
day in which there is no effect of shading of the photovoltaic rows
on each other. This period is called the 𝑃𝑉 system operating hours,
and they are in terms of (𝜃𝑙0) per day (𝑛), where shading occurs when

𝜃𝑙 ≻ 𝜃𝑙0) as shown in Fig. 2b.
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Fig. 5. Packing algorithm.
3.2.2. Sun faces towards the rear face of the 𝑃𝑉 module
Sun faces towards the rear face of the 𝑃𝑉 module when cos 𝜃𝑖

is negative, where it can be calculated using Eq. (17) (Duffie and
Beckman, 2013).

cos 𝜃𝑖 = sin 𝛿 ⋅ sin 𝜆 ⋅ cos 𝛽 − sin 𝛿 ⋅ cos 𝜆 ⋅ sin 𝛽 ⋅ cos 𝛾

+cos 𝛿 ⋅ cos 𝜆 ⋅ cos 𝛽 ⋅ cos𝜔

+cos 𝛿 ⋅ sin 𝜆 ⋅ sin 𝛽 ⋅ cos 𝛾 ⋅ cos𝜔 + cos 𝛿 ⋅ sin 𝛽 ⋅ sin 𝛾 ⋅ sin𝜔 (17)

where 𝛿 in (◦) is the solar declination, 𝜆 in (◦) is the latitude, 𝛾 in (◦) is
the azimuth angle, and 𝜔 in (◦) is the hour angle. In the case of South-
facing 𝑃𝑉 modules, Eq. (18) that proposed by Duffie and Beckman can
be used to determine the time for which cos 𝜃𝑖 is non-negative (Duffie
and Beckman, 2013).

cos 𝜃𝑖 = cos(𝜆 − 𝛽) ⋅ cos 𝛿 ⋅ cos𝜔 + sin(𝜆 − 𝛽) ⋅ sin 𝛿 = 0 (18)

Therefore, it is immediate to determine the hour angle (𝜔) analytically
using Eq. (18). From there, it is possible to determine the range of hours
of the day [𝑇𝑎(𝑛), 𝑇𝑏(𝑛)] in which cos 𝜃𝑖 is non-negative.

Therefore, the day can be divided into three time periods: [𝑇𝑅(𝑛),
𝑇𝑆 (𝑛)] in which there is sunlight, [𝑇1(𝑛), 𝑇2(𝑛)] in which there is no self-
shading loss, and [𝑇𝑎(𝑛), 𝑇𝑏(𝑛)] in which the sun faces the front of the
𝑃𝑉 module.

Fig. 6 shows the different operating periods of the 𝑃𝑉 system for a
certain (𝛽). The intersection point of the three operational periods is 𝑛 =
80 and 𝑛 = 267 (marked in Fig. 6 with an orange line). cos 𝜃𝑖 becomes
negative when the sun’s azimuth (𝛾𝑆 ) falls outside the range [-90◦, 90◦],
where this happens after sunrise and before sunset on certain days of
the year, precisely when the solar declination (𝛿) changes from negative
to positive (or vice versa.), on March 21 (𝑛 = 80) and September 21
(𝑛 = 267) of the year.

Therefore, there are three calculation zones based on Fig. 6 and they
are as follows: zone A (1 ≤ 𝑛 ≤ 80), zone B (81 ≤ 𝑛 ≤ 266), and zone C
(267 ≤ 𝑛 ≤ 365). In zones 𝐴 and 𝐶, the energy is determined between
[𝑇𝑅(𝑛), 𝑇𝑆 (𝑛)] and it is determined between [𝑇𝑎(𝑛), 𝑇𝑏(𝑛)] in zone 𝐵.

In terms of effective area, the green zone in Fig. 6 represents the
time without shadow losses, while the gray area shows the time when
there are losses in the effective area of the photovoltaic modules.
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3.3. Calculation of the effective area of PV modules

As shown in Fig. 2b, the effective area of the 𝑃𝑉 module is the front
area of the 𝑃𝑉 module illuminated by the sun, where Eq. (19) allows
calculating the shaded value 𝐵 in (𝑚) of the 𝑃𝑉 module.

𝐵(𝑛, 𝛽, 𝑇 ) =
sin(𝜃𝑙 − 𝜃𝑙0)
cos(𝛽 − 𝜃𝑙)

𝐿 sin 𝛽 sec 𝜃𝑙0 (19)

According to Fig. 6 and in the green area, Eq. (20) allows calculating
the effective area 𝐴𝐸

𝑃𝑉 of 𝑃𝑉 modules.

𝐴𝐸
𝑃𝑉 (𝑛, 𝛽, 𝑇 ) = 𝐴𝑇

𝑃𝑉 (𝛽) (20)

While Eq. (21) allows calculating the effective area in the gray area of
Fig. 6.

𝐴𝐸
𝑃𝑉 (𝑛, 𝛽, 𝑇 ) = 𝐴𝑇

𝑃𝑉 (𝛽) −𝑊 ⋅ 𝐵(𝑛, 𝛽, 𝑇 ) ⋅ (𝑁𝑀𝑆 (𝛽) −𝑁𝑀𝑆𝑛𝑠(𝛽)) (21)

where 𝑁𝑀𝑆 is the number of mounting systems and 𝑁𝑀𝑆𝑛𝑠 is the
number of mounting systems not shaded.

3.4. Maximization of effective annual energy incident on 𝑃𝑉 modules

Eq. (22) allow calculate the effective annual energy incident on 𝑃𝑉
modules installed on the rooftop.

𝐸𝑃𝑉 (𝑛, 𝛽) = ∫

ℎ𝑆 (𝑛)

ℎ𝑅(𝑛)
I𝑡 (𝑛, 𝛽, 𝑇 ) ⋅ 𝐴𝐸

𝑃𝑉 (𝑛, 𝛽, 𝑇 ) 𝑑𝑇 (22)

where ℎ𝑅(𝑛) and ℎ𝑆 (𝑛) can take the following values 𝑇𝑅(𝑛), 𝑇𝑆 (𝑛), 𝑇1(𝑛),
𝑇2(𝑛), 𝑇𝑎(𝑛) and 𝑇𝑏(𝑛) depending on the operation zone.

Therefore, 𝐸𝑃𝑉 (𝑛, 𝛽) can be calculated according to the zones shown
in Fig. 6 as follows:

(i) For zones A and C, Eq. (23) is used.

𝐸𝑃𝑉 (𝑛, 𝛽) = ∫

𝑇1(𝑛)

𝑇𝑅(𝑛)
I𝑡 ⋅𝐴𝐸

𝑃𝑉 𝑑𝑇 +𝐴𝑇
𝑃𝑉 ∫

𝑇2(𝑛)

𝑇1(𝑛)
I𝑡 𝑑𝑇 +∫

𝑇𝑆 (𝑛)

𝑇2(𝑛)
I𝑡 ⋅𝐴𝐸

𝑃𝑉 𝑑𝑇

(23)

(ii) For zone B, Eq. (24) is used.

𝐸𝑃𝑉 (𝑛, 𝛽) = 𝐴𝑇
𝑃𝑉

𝑇𝑏(𝑛)
I𝑡 𝑑𝑇 (24)
∫𝑇𝑎(𝑛)
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Fig. 6. Operating hours of the PV system.
Finally, Eq. (25) gives the total annual energy received by the 𝑃𝑉
modules for each tilt angle 𝛽.

𝐸𝑎 (𝛽) =
365
∑

𝑛=1
𝐸𝑃𝑉 (𝑛, 𝛽) (25)

So, from the curve 𝐸𝑎 (𝛽) in (Wh/year), the optimum tilt angle (𝛽∗) is
immediately deduced for each mounting system configuration.

4. Efficacy assessment

We evaluate the efficiency of each deployment of rows of 𝑃𝑉
modules on the rooftop in relation to the optimal 𝑃𝑉 module layout, in
three aspects: the 𝑃𝑉 field area gain, the energy gain, and the levelized
cost of the electrical energy (𝐿𝐶𝑂𝐸).

4.1. PV field area gain

The 𝑃𝑉 field area gain (𝑃𝑉 𝐴𝐺) can be calculated as the difference
between the 𝑃𝑉 field area obtained by the optimal 𝑃𝑉 module layout
(𝛽∗) and the specific deployments of rows of 𝑃𝑉 modules on the rooftop
(𝛽), as a % of area:

𝑃𝑉 𝐴𝐺 =
𝐴𝑇
𝑃𝑉 (𝛽

∗) − 𝐴𝑇
𝑃𝑉 (𝛽)

𝐴𝑇
𝑃𝑉 (𝛽)

⋅ 100 (26)

4.2. Energy gain

In this study, different deployments of rows of 𝑃𝑉 modules on
the rooftop will be compared in terms of the energy gain (Bahrami
et al., 2017). The energy gain (𝐸𝐺) can be calculated as the difference
between the energy absorbed by the optimal 𝑃𝑉 module layout (𝛽∗)
and the specific deployments of rows of 𝑃𝑉 modules on the rooftop
(𝛽), as a % of energy:

𝐸𝐺 =
𝐸𝑎 (𝛽∗) − 𝐸𝑎 (𝛽)

𝐸𝑎 (𝛽)
⋅ 100 (27)

4.3. LCOE

The levelized cost of electricity produced (𝐿𝐶𝑂𝐸) is used to com-
pare the unit cost of electricity generated by different deployment of
photovoltaic module rows on rooftop over their lifetime. Allouhi et al.
9

(2019) define the 𝐿𝐶𝑂𝐸 as the ratio between the life-cycle cost of
the 𝑃𝑉 system and the energy produced over its lifetime, and provide
Eq. (28) for its calculation.

𝐿𝐶𝑂𝐸 =
∑𝐼

𝑖=0
[

𝐶𝑖∕ (1 + 𝑟)𝑖
]

∑𝐼
𝑖=0

[

𝑄𝑖∕ (1 + 𝑟)𝑖
]

(28)

where 𝐶𝑖 in (e) is the net cost of the project for 𝑖, 𝑄𝑖 in (kWh) is the
total electrical energy output for 𝑖, 𝐼 in (years) is the lifetime of the
project, 𝑟 is the discount rate for 𝑖, and 𝑖 is the year. The net cost of
the project of a 𝑃𝑉 system is the sum of the initial investment cost,
the operating and maintenance costs and the interest expenditure if it
is debt financed.

An adaptation of the equation provided by Khalil Zidane et al.
(2019) for the calculation of the initial investment cost can be used
for a rooftop 𝑃𝑉 system. The equation used in this study is as follows:

𝐶𝑖 = 𝑁𝑃𝑉 ⋅ 𝐶𝑃𝑉 +𝑁𝑖𝑛𝑣 ⋅ 𝐶𝑖𝑛𝑣 +𝑁𝑀𝑆 ⋅ 𝐶𝑀𝑆 + 𝐶𝑐𝑏 + 𝐶𝑝𝑑 (29)

where 𝑁𝑃𝑉 is the total number of 𝑃𝑉 modules, 𝐶𝑃𝑉 in (e/unit) is the
unit cost of a 𝑃𝑉 module, 𝑁𝑖𝑛𝑣 is the total number of inverters, 𝐶𝑖𝑛𝑣
in (e/unit) is the unit cost of the inverter, 𝑁𝑀𝑆 is the total number
of mounting systems, 𝐶𝑀𝑆 in (e/unit) is the unit cost of the mounting
structure, 𝐶𝑐𝑏 in (e) is the cost of the cable, and 𝐶𝑝𝑑 in (e) is the cost
of the protection devices.

Although there is no standardized annual operating and mainte-
nance cost (Talavera et al., 2019), the National Renewable Energy
Laboratory report (NREL, 2018) estimate these costs at approximately
0.5% and 1% of the initial investment for large and small systems,
respectively.

The electricity generated each 𝑖th year can be calculated by (Allouhi
et al., 2019):

𝑄𝑖 = 𝐸𝑎𝑖 ⋅ 𝜂 ⋅ (1 − 𝑑)𝑖 (30)

where 𝑄𝑖 in (kWh) is the total electrical energy output at the 𝑖th year,
𝐸𝑎𝑖 in (kWh) is the availability of solar resource at the 𝑖th year, 𝜂 is the
performance factor, 𝑑 is the annual degradation rate, and 𝑖 is the year.

Similar work uses 𝐿𝐶𝑂𝐸 efficiency to compare different mounting
system configurations (Barbón et al., 2021). 𝐿𝐶𝑂𝐸 efficiency is in-
troduced as the ratio between the 𝐿𝐶𝑂𝐸 with optimal 𝑃𝑉 module
𝛽∗
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Table 1
10 commercial PV modules.

n𝑜 Manufacturer PV model Technology 𝑊𝑃𝑉 𝐿𝑃𝑉

1 Era Solar (ES) BSP275P Polycrystalline (P) 991 1640
2 Era Solar (ES) ESPMC Polycrystalline (P) 992 1650
3 Solar Power (SP) REC TWIN PEAK Polycrystalline (P) 997 1675
4 Era Solar (ES) ESPMC Monocrystalline (M) 990 1650
5 Era Solar (ES) ESPMC Monocrystalline (M) 1002 1665
6 Talesun (TS) TP672P Monocrystalline (M) 992 1960
7 Era Solar (ES) ESPMC Polycrystalline (P) 992 1956
8 Era Solar (ES) ESPMC Monocrystalline (M) 1002 1979
9 Jinko Solar (JS) HC 72 M Monocrystalline (M) 1002 2008
10 JA Solar (JA) MBB HALF-CELL Monocrystalline (M) 1052 2120

layout (𝛽∗) and the 𝐿𝐶𝑂𝐸𝛽 with 𝑃𝑉 module layout with any tilt angle
(𝛽):

𝜂𝐿𝐶𝑂𝐸 =
𝐿𝐶𝑂𝐸𝛽∗

𝐿𝐶𝑂𝐸𝛽
(31)

otice that an 𝜂𝐿𝐶𝑂𝐸 value less than 1 implies that the 𝑃𝑉 module
ayout with any tilt angle (𝛽) is less efficient than the optimal 𝑃𝑉
odule layout (𝛽∗).

. Methodology application and results analysis

The objective of this section is to verify the feasibility of the
roposed methodology. For such methodology application, an irreg-
lar rooftop shape, a given study location, and 10 commercial 𝑃𝑉
odules were used as the starting point. This study determined the
arameters necessary for the optimal design of a flat rooftop 𝑃𝑉 system
o maximize the amount of energy captured by all the 𝑃𝑉 modules,
.e., number and arrangement of mounting systems, mounting system
onfiguration, dimensions of commercial 𝑃𝑉 modules, the tilt angle
f mounting system, and distance between rows of mounting sys-
ems. The optimization algorithm has been implemented with specific
athematica™ code.

.1. Base case

The base case is determined by the flat rooftop shown in Fig. 1.
he available rooftop area (𝑃 ) is 1129.97(m2). The dimensions of the

rectangle (𝑅) where 𝑃 is inscribed are 45.65 × 42.8(m). The building
omponents have the following dimensions 𝐿𝐵𝐶× 𝑊𝐵𝐶 = 1.20×1.45(m),
hile its height is 2.5(m), e.g. a lift . The shadow caused by the building

omponents will be disregarded in this study, as it has almost no influ-
nce on the total size of the terrace. Furthermore, the shading effect is
egligible when considering the distance between building components
nd 𝑃𝑉 modules. The rooftop is located in Almería (Spain), which has
latitude of 36◦50′07’’N, a longitude of 02◦24′08’’W, and an altitude of
2(m).

The algorithm calculates the commercial 𝑃𝑉 module that best suits
he needs of each rooftop. Based on the work of Belsky et al. who ana-
yzed 1300 𝑃𝑉 modules (Belsky et al., 2022), 10 types of 𝑃𝑉 modules
rom five manufacturers were selected in this study. Table 1 shows
eneral information such as the 𝑃𝑉 manufacturer, the 𝑃𝑉 model, the
echnology used, as well as the length 𝑊𝑃𝑉 in (mm) and width 𝐿𝑃𝑉 in
mm) of the selected 𝑃𝑉 module.

Although the mounting system configuration is an output of the
lgorithm, it can vary between four possible configurations: 1𝑉 , 1𝐻 ,
𝑉 , and 2𝐻 . While 3𝐻 and 3𝑉 configurations are discarded due to their
xcessive height. There is a possibility of 40 different combinations of
× 𝐿.
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.2. Methodology application

For the implementation of this methodology, the four proposed
teps have been applied to the base case: (i) Maximization the total
rea of the 𝑃𝑉 modules; (ii) Determination of operating periods of a
𝑉 system; (iii) Calculation of the effective area of 𝑃𝑉 modules; and

iv) Maximization of effective annual energy incident on 𝑃𝑉 modules.
he final result is the optimal solution, i.e. the 𝑃𝑉 module model used,
he optimal arrangement of the 𝑃𝑉 modules, the number of mounting
ystems and their configuration, and the tilt angle of the 𝑃𝑉 modules.

.2.1. Step 1: Maximization of total 𝑃𝑉 modules area 𝐴𝑇
𝑃𝑉 (𝛽)

Initially, the following parameter values are selected:

(i) The transversal installation distance (𝑒𝑡) is 0.025 (m);
(ii) The longitudinal maintenance distance (𝑒𝑚𝑙 ) is 1 (m);

(iii) The distance between the rooftop boundary and the 𝑃𝑉 modules
(𝑒𝑏) is 1 (m);

(iv) The distance between the building components and the PV mod-
ules (𝑒′𝑏) is 1 (m).

Then the longitudinal installation distance (𝑒𝑙) is chosen according
to Eq. (10), where (𝑒𝑠𝑡𝑙 ) must be calculated for each of the combinations
(𝑊 × 𝐿) and tilt angle (𝛽).

Regarding the solar longitudinal incidence angle (𝜃𝑙0), it is deter-
mined using the classical solar geometry formula (Duffie and Beckman,
2013) and the imposition of the 𝐼𝐷𝐴𝐸 standard (IDAE, 2011). For the
location of Almería in Spain, 𝜃𝑙0 is equal to 63.37 (◦).

Fig. 7 shows the optimal total modules area 𝐴𝑇
𝑃𝑉 (𝛽) as a function of

tilt angle (𝛽), where it has been constructed with the 40 different com-
inations of mounting systems and 𝑃𝑉 modules. The tilt angle range
as been chosen based on experience from other work . In this case,
he tilt angle range is 𝛽 ∈ [5◦, 34◦]. These values are merely an example,

without loss of generality. In addition to the optimal total modules area,
the algorithm provides all the characteristics of the optimal solution,
i.e., the number of rows of mounting systems, the number of 𝑃𝑉
modules per row, the specific placement of each mounting system,
the distance between rows and of course the optimal mounting system
configuration for each tilt angle. This detailed information is shown
in Table 2, where the number in brackets with the mounting system
configuration is the number of the commercial 𝑃𝑉 module listed in
Table 1.

Table 2 shows that the number (𝑛◦) of the commercial 𝑃𝑉 module
varies randomly over the range of tilt angle values. However, the type
of mounting system configuration varies throughout the range of tilt
angle values in a consistent and logical pattern. From Table 2 it is noted
that:

(i) For low tilt angle values (𝛽 up to 12 (◦)), the 2𝑉 mounting system
configuration proves to be the most effective in maximizing the
total 𝑃𝑉 modules area. Although this configuration has 2 rows of
𝑃𝑉 modules per mounting system, the low tilt angle (𝛽) means
that the shadow produced is less than the required maintenance
distance between rows (𝑒𝑚𝑙 ), thus complying with the restriction
imposed;

(ii) For the same reason mentioned in the previous point, the 1𝑉
configuration is the best solution for tilt angle values in the
range between (13◦ ≤ 𝛽 ≤ 33◦). For these tilt angles, the 2𝑉
configuration has a high height and requires an excessive distance
(𝑒𝑠𝑡𝑙 ) to comply with the standard;

(iii) Finally, for the tilt angle value (𝛽 = 34 (◦)), the 2𝐻 mounting
system configuration is the best.

The results shown in Table 2 illustrate the importance of this study,
s it is not possible to predict the optimal configuration easily.

Another interesting aspect is determining the parameter (𝑚) (see
ig. 5). The choice of this parameter is directly related to the execution
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Fig. 7. The total PV modules area 𝐴𝑇
𝑃𝑉 (𝛽).
Table 2
Optimal solution 𝐴𝑇

𝑃𝑉 (m2) and optimal mounting system configuration.

𝛽 (◦) 𝐴𝑇
𝑃𝑉 (𝛽) MS config. 𝛽 (◦) 𝐴𝑇

𝑃𝑉 (𝛽) MS config. 𝛽 (◦) 𝐴𝑇
𝑃𝑉 (𝛽) MS config.

5 622.182 2V (n𝑜 6) 15 566.481 1V (n𝑜 10) 25 489.197 1V (n𝑜 1)
6 628.674 2V (n𝑜 7) 16 555.228 1V (n𝑜 8) 26 482.147 1V (n𝑜 5)
7 629.960 2V (n𝑜 6) 17 555.330 1V (n𝑜 10) 27 476.195 1V (n𝑜 1)
8 611.211 2V (n𝑜 3) 18 550.490 1V (n𝑜 4) 28 477.271 1V (n𝑜 10)
9 607.272 2V (n𝑜 5) 19 540.539 1V (n𝑜 5) 29 469.263 1V (n𝑜 3)
10 597.851 2V (n𝑜 3) 20 532.722 1V (n𝑜 3) 30 464.851 1V (n𝑜 2)
11 585.974 2V (n𝑜 2) 21 527.050 1V (n𝑜 2) 31 458.860 1V (n𝑜 6)
12 584.491 2V (n𝑜 3) 22 515.201 1V (n𝑜 1) 32 457.573 1V (n𝑜 3)
13 577.632 1V (n𝑜 10) 23 504.134 1V (n𝑜 2) 33 455.454 1V (n𝑜 5)
14 570.941 1V (n𝑜 10) 24 499.224 1V (n𝑜 2) 34 450.846 2H (n𝑜 4)
time of the proposed algorithm. After many times of simulations, it has
been concluded that the optimum value of (𝑚) is 3. In other words, 9
combinations are made, starting from different origin points for vertex
𝐴 of the rectangle pattern 𝑅11. This value is a compromise solution
between the computational cost of a higher (𝑚) and achieving sufficient
accuracy for very irregular rooftop shapes. In this respect, it should be
noted that this methodology step consumes a lot of 𝐶𝑃𝑈 time. For this
example, the algorithm running time is around 90 (min) on a personal
computer (Intel Core, 𝑖5 − 1035𝐺1𝐶𝑃𝑈 , 1.00 GHz).

5.2.2. Step 2: determination of operating periods of the 𝑃𝑉 system
In this step of the methodology, the influence of the operating

periods of the 𝑃𝑉 system will be analyzed, as the operational periods
of the 𝑃𝑉 system depend on (𝛽).

The operating range of the 𝑃𝑉 system without self-shading [𝑇1(𝑛),
𝑇2(𝑛)] depends on the value of 𝜃𝑙0, whereas, in this study, it was
determined according to criterion standard IDAE (2011). Therefore,
for the location of Almería (Spain), 𝜃𝑙0 = 63.37 (◦). The values of the
solar time 𝑇1(𝑛) and 𝑇2(𝑛) for each day of the year can be determined
using Eq. (8). For example, for 𝛽 = 20 (◦) and 𝑛 = 1, the values of
[𝑇1(𝑛), 𝑇2(𝑛)] are [9.89, 14.11] and for 𝛽 = 20 (◦) and 𝑛 = 70, their
values are [6.20, 17.80]. For 𝑛 = 1, [𝑇𝑅(1), 𝑇𝑆 (1)] = [7.24, 16.76], so
the effective area is determined between the time ranges [𝑇𝑅(1), 𝑇𝑆 (1)]
and [𝑇𝑎(1), 𝑇𝑏(1)], and this deduction is correct and valid for 𝑛 between
1 ≤ 𝑛 ≤ 80 and 267 ≤ 𝑛 ≤ 365 (i.e., in the operating zone 𝐴 and 𝐶).
But when the declination (𝛿) is positive (i.e. when 80 < 𝑛 < 267 (i.e.,
in the operating zone 𝐵)), no self-shading at any time of the day, i.e.
[𝑇𝑅(𝑛), 𝑇𝑆 (𝑛)] = [𝑇1(𝑛), 𝑇2(𝑛)].

Eq. (18) can be used to determine the interval [𝑇𝑎(𝑛), 𝑇𝑏(𝑛)] in which
the sun faces the front face of the 𝑃𝑉 module (𝜃 =[0◦, 90◦]). For
11

𝑖

example, [𝑇𝑎(1), 𝑇𝑏(1)] = [6.49228, 17.5077] for 𝛽 = 20 (◦) and 𝑛 = 1,
and [𝑇𝑎(140), 𝑇𝑏(140)] = [5.58376, 18.4162] for 𝛽 = 20 (◦) and 𝑛 = 140.
For 𝑛 = 1, [𝑇𝑅(1), 𝑇𝑆 (1)] = [7.24, 16.76], so the energy is determined in
the range time [𝑇𝑅(1), 𝑇𝑆 (1)] since this value is less than [𝑇𝑎(1), 𝑇𝑏(1)],
and this deduction is correct and valid for (𝑛) between 1 ≤ 𝑛 ≤ 80 and
267 ≤ 𝑛 ≤ 365 (i.e., in the operating zone 𝐴 and 𝐶). Since for 𝛽 = 20 (◦)
and 𝑛 = 140, it is satisfied that [𝑇𝑅(140), 𝑇𝑆 (140)] = [4.95778, 19.0422],
so the energy is determined between [𝑇𝑎(140), 𝑇𝑏(140)] since this value
is less than [𝑇𝑅(140), 𝑇𝑆 (140)], and this deduction is correct and valid
for between 80 < 𝑛 < 267 (i.e., in the operating zone 𝐵).

Fig. 8(a–b) show the operating periods for 𝛽 = 20 (◦) and 𝛽 = 10
(◦), respectively, where the intersection point of the three operating
periods is at 𝑛 = 80 and 𝑛 = 267 (In Fig. 8(a–b), the coordinates of
the intersection between the three operating periods are highlighted
in orange). By comparing the two Figures 8a and 8b, the following is
observed:

(i) Obviously, the operating period [𝑇𝑅(𝑛), 𝑇𝑆 (𝑛)] is the same for both
cases studied (𝛽 = 20 (◦) and 𝛽 = 10 (◦));

(ii) The tilt angle variation (𝛽) has a little influence on the operating
period [𝑇1(𝑛), 𝑇2(𝑛)];

(iii) The tilt angle variation (𝛽) has an appreciable influence on the
operating period [𝑇𝑎(𝑛), 𝑇𝑏(𝑛)]. The smaller the tilt angle of the
𝑃𝑉 module, the lower the incidence of the sun’s rays on the rear
of the 𝑃𝑉 module.

5.2.3. Step 3: Calculation of the effective area of PV modules
As mentioned earlier, knowing the values of shading 𝐵(𝑛, 𝛽, 𝑇 ) will

allow to know the effective area (Once 𝐵(𝑛, 𝛽, 𝑇 ) is determined, the
effective area can be determined by Eq. (21)), and from there knowing
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Fig. 8. Operating hours of the PV system for 𝛽 = 20 (◦) and 𝛽 = 10 (◦).
Fig. 9. Shading Variation 𝐵(𝑛, 20◦ , 𝑇 ).
the amount of solar irradiance received annually by the 𝑃𝑉 modules
as shown in Eq. (22). Since the shading 𝐵(𝑛, 𝛽, 𝑇 ) depends on three
variables, its graphical representation must be limited to a few concrete
examples. Without loss of generality, the tilt angle (𝛽 = 20 (◦)) has been
chosen to analyze the evolution of (𝐵) for different days of the year 𝑛
against solar time (𝑇 ). According to Table 2, the optimum solution for
a tilt angle of 20 (◦) is 1𝑉 (𝑛◦3) with mounting system dimensions of
𝑊 × 𝐿 = 0.997 × 1.675 (m).

Fig. 9 shows the shading on days 1, 35 and 70. For 𝑛 = 1, it follows
that [𝑇𝑅(1), 𝑇𝑆 (1)] = [7.24, 16.76] and [𝑇1(1), 𝑇2(1)] = [9.89, 14.11].
Therefore, the shading occurs over a significant time interval (gray zone
in Fig. 6) in a smooth and progressive manner, until the maximum
value is reached 𝐵 = 𝐿 = 1.675 (m) at sunrise and sunset.

As the days approach the Spring Equinox (𝑛 = 80), the shading
phenomenon occurs over shorter periods. For example, for 𝑛 = 35, it
is satisfied that [𝑇𝑅(35), 𝑇𝑆 (35)] = [6.85, 17.15] and [𝑇1(35), 𝑇2(35)] =
[8.41, 15.58], while it is already almost instantaneous for 𝑛 = 70 because
[𝑇𝑅(70), 𝑇𝑆 (70)] = [6.20, 17.80] and [𝑇1(70), 𝑇2(70)] = [6.53, 17.46]. As
already mentioned, the days (𝑛 ∈ [81, 266]) that marked by vertical
orange lines in Fig. 6 are never shaded.

5.2.4. Step 4: Maximization of effective annual energy incident on 𝑃𝑉
modules

In this last step, the optimum tilt angle will be decided by taking the
effective annual energy received by the 𝑃𝑉 modules as an objective
function. To achieve that, it is necessary to calculate the total solar
irradiance on a tilted plane using Eq. (6), where the beam and diffuse
solar irradiance on the horizontal plane have to be determined taking
into account the climatic conditions of the site chosen to conduct the
study.
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Therefore, the optimization algorithm was implemented with a spe-
cific Mathematica™ code, where the adjusted beam radiation (I𝑏ℎ) and
diffuse radiation (I𝑑ℎ) received by the horizontal plane, was calculated
using the method presented by Barbón et al. (2020). Regarding this
method for calculating the amount of solar irradiance, it takes into
account the effect of particular weather conditions, where 𝑃𝑉 𝐺𝐼𝑆 data
has been used to obtain a package with average monthly and diffuse
solar irradiance (PVGIS, 2022). Consequently, Fig. 10 shows the three-
dimensional plot of the 𝐸𝑃𝑉 (𝑛, 𝛽), as it was obtained using Eqs. (23)
and (24).

To get the optimal tilt angle (𝛽) and as shown in Fig. 11, Eq. (25)
has been used to calculate the total annual energy 𝐸𝑎 (𝛽) for each tilt
angle (𝛽).

From Fig. 11, it is noted that the tilt angle (𝛽 = 7 (◦)) gives the
greatest amount of annual energy 𝐸𝑎 = 1240.12 (MWh) received by the
studied 𝑃𝑉 modules, so the title angle 𝛽∗ = 7 (◦) is the optimal tilt
angle for the studied 𝑃𝑉 modules.

The most important conclusion of the study is that the adoption
of the tilt angle of the 𝑃𝑉 modules less than the optimal tilt angle
(𝛽 < 7 (◦)), will allow receiving significant amounts of the total energy
received from the 𝑃𝑉 system. Although the tilt angle of each 𝑃𝑉
module alone is not optimum, many more 𝑃𝑉 modules can be installed
(within all constraints), and the total energy, taking into account the
self-shading effect, is much higher. For each specific example, the
algorithm allows finding the tilt angle for the optimal arrangement of
the 𝑃𝑉 modules.

5.2.5. Optimal solution
Finally, all that remains is to return to step 1 of the methodology

and present the final solution.
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Fig. 10. Effective energy 𝐸𝑃𝑉 (𝑛, 𝛽).
Fig. 11. Maximization of effective annual energy 𝐸𝑎 (𝛽).
Fig. 12 shows the optimal arrangement of the 𝑃𝑉 modules, whereas,
𝑃𝑉 modules of model 𝑛◦6 (𝑇𝑃 672𝑃 ) were used (i.e., 𝑊𝑃𝑉 × 𝐿𝑃𝑉 =
0.992 × 1.96 (m), this means, 𝑊 × 𝐿 = 0.992 × 3.92 (m)). The optimal
𝑃𝑉 system consists of 162 mounting systems using 2𝑉 configuration
(i.e., 𝐴𝑇

𝑃𝑉 = 629.96 (m2)), where the tilt angle of the 𝑃𝑉 modules is
(𝛽∗ = 7 (◦)). Therefore, there are 39 mounting systems without self-
shading because they are in the first row facing South. The longitudinal
installation distance between mounting systems is 𝑒𝑙 = 𝑒𝑚𝑙 = 1 (m),
simultaneously verifying the standard 𝐼𝐷𝐴𝐸 (IDAE, 2011). Also, it can
be seen how the optimal solution respects the distance between the
rooftop boundary and the 𝑃𝑉 modules, and the distance between the
building components and the 𝑃𝑉 modules (𝑒𝑏 = 𝑒′𝑏 = 1 (m)).

5.3. Efficacy assessment

To highlight the importance of this study and how it differs from
other studies, many comparisons have been made with previous studies
that dealt with the effect of the optimal tilt angle for 𝑃𝑉 modules on
maximizing the solar irradiance received by them.

Assuming the 𝑃𝑉 modules are South oriented, numerous studies
provide estimates of optimum tilt angles in different sites around the
world, Barbón et al. (2022) and Chinchilla et al. (2021). These studies
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use models that can be classified into two categories: (i) models that use
only the latitude angle of the site, and (ii) models based on maximizing
the total solar irradiance incident on the tilted surface. Among all these
models, three have been selected in this study: (i) IDAE Technical
Report (IDAE, 2002), (ii) Lorenzo’s Equation (Lorenzo, 2011), and (iii)
Jacobson’s Equation (Jacobson and Jadhav, 2018). Model (i) has been
selected because it is the one recommended by the Spanish government,
where the study has been carried out. Model (ii) is commonly used
in Spain (Marzo et al., 2018; Fernández-Infantes et al., 2006). And
model (iii) is very commonly used in other parts of the world (Nicolás-
Martín et al., 2020; Al Garni et al., 2019; Ascencio-Vásquez et al., 2019;
Tröndle et al., 2019).

A Technical Report (IDAE, 2002) by 𝐼𝐷𝐴𝐸 requires that the annual
optimum tilt angle be determined by Eq. (32):

𝛽𝑜𝑝𝑡 = 𝜆 − 10 (32)

where 𝜆 is the latitude (◦).
For locations with 𝜆 < 45◦, Lorenzo (2011) proposes the following

equation for calculating the annual optimum tilt angle:

𝛽 = 3.7 + 0.69 ⋅ 𝜆 (33)
𝑜𝑝𝑡 | |
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Table 3
Relationship between recommended annual optimum tilt angle, 𝐴𝑇

𝑃𝑉 .and 𝐸𝑎.

Author Recomm. 𝛽 (◦) 𝐴𝑇
𝑃𝑉 (𝛽) (m2) 𝐸𝑎(𝛽) (MWh)

IDAE Technical report (IDAE, 2002) 26.8 476.195 993.44
Lorenzo (2011) 29.0 469.263 979.429
Jacobson and Jadhav (2018) 30.0 464.851 970.103
Fig. 12. Optimal distribution of PV modules with 𝛽∗ = 7 (◦).

where 𝜆 is the latitude (◦). This model is has been used in Marzo et al.
(2018) and Fernández-Infantes et al. (2006).

The Jacobson’s equation (Jacobson and Jadhav, 2018) has also
been used extensively (Nicolás-Martín et al., 2020; Al Garni et al.,
2019; Ascencio-Vásquez et al., 2019; Tröndle et al., 2019). This model
proposes the following equation for calculating the annual optimum tilt
angle:

𝛽𝑜𝑝𝑡 = 1.3793 + 𝜆(1.2011 + 𝜆(−0.014404 + 0.000080509𝜆)) (34)

where 𝜆 is the latitude (◦).
Table 3 shows the relationship between the photovoltaic mod-

ules layout with tilt angle recommended by 𝐼𝐷𝐴𝐸 Technical Report,
Lorenzo’s equation, and Jacobson’s equation and the parameters 𝐴𝑇

𝑃𝑉
and 𝐸𝑎.

Fig. 13 shows the 𝑃𝑉 field area gain and energy gain using Eqs. (26)
and (27), respectively, for 𝐼𝐷𝐴𝐸 Technical Report, Lorenzo’s equation
and Jacobson’s equation. From Fig. 13 it is clear that the recommended
tilt angles (𝐼𝐷𝐴𝐸 Technical Report, Lorenzo’s equation and Jacobson’s
equation) do not give good results in terms of 𝑃𝑉 field area gain and
energy gain.

In relation to the 𝑃𝑉 field area gain and the energy gain, Fig. 13
suggests the following conclusions:

(i) The optimal 𝑃𝑉 module layout (𝛽∗ = 7 (◦)) obtains the best
results. Although this configuration has the greatest 𝐿 (𝐿 = 2𝐿𝑃𝑉 )
it produces a lower shading because it uses a low tilt angle.
Therefore, this configuration packs the most 𝑃𝑉 modules for the
same surface.

(ii) The Jacobson’s equation gets the worst result. This is due to the
fact that it uses a high tilt angle which is close to the site latitude
and as a result of this, the produced shadows are very large and
the rows of 𝑃𝑉 modules require more space in between them.
Therefore, the use of tilt angles whose values are close to the
14
latitude value of the site is damaging to the performance of the
𝑃𝑉 system.

(iii) The maximum 𝑃𝑉 field area gain is 35.52% with respect to the
Jacobson’ equation and the minimum is 32.29% with respect to
the 𝐼𝐷𝐴𝐸 Technical Report.

(iv) The maximum energy gain is 27.83% with respect to the Jacob-
son’s equation and the minimum is 24.84% with respect to the
𝐼𝐷𝐴𝐸 Technical Report.

Fig. 14 shows the arrangement of the 𝑃𝑉 modules for optimum tilt
angle recommended by 𝐼𝐷𝐴𝐸 Technical Report, Lorenzo’s equation,
and Jacobson’s equation. The parameters obtained are summarized in
Table 4.

For the 𝐿𝐶𝑂𝐸 study, the terms 𝑁𝑖𝑛𝑣, 𝐶𝑖𝑛𝑣, 𝐶𝑐𝑏, and 𝐶𝑝𝑑 can be
considered to have the same value for all 𝑃𝑉 module arrangements
studied. The price of 𝐶𝑃𝑉 and 𝐶𝑀𝑆 have been obtained from Autosolar
(2021) (All the cost are referred to date 26/04/2022.). The annual
operating and maintenance cost is 0.5% of the initial investment cost
(NREL, 2018).

The 𝐿𝐶𝑂𝐸 efficiency for optimum tilt angle recommended by
𝐼𝐷𝐴𝐸 Technical Report, Lorenzo’s equation, and Jacobson’s equation
is determined using Eq. (31). The 𝜂𝐿𝐶𝑂𝐸 values are 0.97, 0.98, and 0.97,
respectively. Notice that the 𝐿𝐶𝑂𝐸 of the optimal 𝑃𝑉 module layout
(𝛽∗) is lower than that of the other arrangements studied.

The sensitivity of the model is measured as the influence of the
initial investment cost on 𝐿𝐶𝑂𝐸 efficiency. As the price reduction of
photovoltaic modules is the current trend (IRENA, 2017), we consider
a price variation of 60% to 100% of the current price. As the price
increase of mounting systems is the current trend, we consider a
variation of this price between 100% to 140% of the current price.
Fig. 15 illustrate our sensitivity analysis. The following conclusions can
be inferred:

(i) The price of the 𝑃𝑉 modules does not influence the choice of
the optimal 𝑃𝑉 module layout (𝛽∗) as the best option.

(ii) Only the maximum price (140%) of the mounting systems makes
the optimal arrangement of the mounting systems (𝛽∗) more expensive.

(iii) When the price of 𝑃𝑉 modules is minimum and the price
of mounting systems is minimum, the optimal arrangement of 𝑃𝑉
modules (𝛽∗) obtains the lowest cost.

(iv) When the price of the 𝑃𝑉 modules is maximum and the price
of the mounting systems is maximum the optimal arrangement of the
𝑃𝑉 modules (𝛽∗) obtains the highest cost.

6. Conclusions

This paper presents a general algorithm for the optimization of the
deployment of photovoltaic systems installed on irregular flat rooftop
shapes, aiming at maximum energy generation.

The main novelty of this algorithm is that it takes into account the
limitations posed by other studies, such as:

(i) Irregular rooftop shape;
(ii) Self-shading of photovoltaic modules;

(iii) Inclusion of building components;
(iv) Commercial photovoltaic modules with different sizes;
(v) Mounting systems with different configurations.
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Fig. 13. Ratio of PV field area gain and energy gain with respect to the optimal arrangement of the PV modules for 𝛽 = 7(◦).
Fig. 14. Arrangement of the PVmodules for optimum tilt angle recommended by IDAE Technical Report, Lorenzo’s equation, and Jacobson’s equation.
Table 4
Parameters obtained in the study.

Parameters IDAE Lorenzo Jacobson
(IDAE, 2002) (Lorenzo, 2011) (Jacobson and Jadhav, 2018)

Recommended 𝛽 (◦) 26.8 29.0 30.0
Mounting system config. 1𝑉 1𝑉 1𝑉
PV module model 𝑛𝑜1 𝑛𝑜3 𝑛𝑜2
Number of 𝑃𝑉 modules 293 281 284
𝑊𝑃𝑉 × 𝐿𝑃𝑉 (m) 0.992 × 1.64 0.997 × 1.675 0.992 × 1.650
𝑒𝑙 1.485 1.619 1.645
Decision-makers (i.e., engineers, architects, site managers, owners,
etc.) often encounter these issues during the design of the photovoltaics
systems in buildings’ rooftops. The optimization process is performed
by considering the weather conditions of the particular site. The design
optimization algorithm is formulated as a constrained packing prob-
lem. The optimization algorithm has been implemented with specific
Mathematica™ code. To facilitate its replication, the commands used
in the development of the code have been introduced. The algorithm
used here highlights the important impact of the mounting system
configuration and the size of the photovoltaic modules on the row
layout. The application of the optimization algorithm results in:

(i) The optimal number of mounting systems and their configuration;
(ii) The tilt angle and dimensions of each mounting system;

(iii) The model of the photovoltaic module;
(iv) The maximum total photovoltaic modules area;
(v) The maximum annual incident energy on the photovoltaic mod-

ules.
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From a qualitative point of view, the study shows the following
conclusions:

(i) The type of mounting system configuration used and its tilt angle
have a strong influence on the total photovoltaic modules area. And
therefore, on the amount of solar energy captured by the photovoltaic
field.

(ii) The choice of the distance between the mounting systems in
the North–South direction is affected by the longitudinal spacing for
maintenance, giving more relevance to the type of mounting system
configuration used.

(iii) The total area of the photovoltaic modules shall be maximized
when the tilt angle of the mounting systems involves similar values
between the longitudinal distance in the North–South direction and the
longitudinal spacing for maintenance.

(vi) Not in all cases, the tilt angle that maximizes the total area
of the photovoltaic field is the same as the angle that maximizes the
amount of energy captured. Although in most cases they coincide. This
difference is due to the cosine of the incidence angle or the Liu and
Jordan model for the diffuse and the ground reflected solar irradiance.
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Fig. 15. Sensitivity analysis of LCOE efficiency.
We compare the optimal photovoltaic modules layout with the
arrangement of the mounting systems with tilt angle recommended by
𝐼𝐷𝐴𝐸 Technical Report, Lorenzo’s equation, and Jacobson’s equation.
The parameters used for comparison are: photovoltaic field area gain,
energy gain, and levelized cost of energy. The optimal photovoltaic
module layout obtains the maximum photovoltaic field area gain of
35.52% with respect to the Jacobson’s equation and the minimum of
32.29% with respect to the 𝐼𝐷𝐴𝐸 Technical Report. The optimal pho-
tovoltaic module layout obtains the maximum energy gain of 27.83%
with respect to the Jacobson’s equation and the minimum of 24.84%
with respect to the 𝐼𝐷𝐴𝐸 Technical Report. The levelized cost of
energy of the optimal 𝑃𝑉 module layout is lower than that of the other
arrangements studied.

The algorithm presented may be useful by decision-makers or poli-
cymakers in determining the optimal distribution of photovoltaic mod-
ules on irregular rooftop shapes. Future work will consist of extending
this study to different sites around the world to analyze the influence
of site latitude. Another possible extension of the work would be to
analyze the influence of the roof shape on the energy captured by
the photovoltaic field. Moreover, the model could further be improved
considering the shadowing produced by the building components.

Nomenclature

𝐴𝑇
𝑃𝑉 Total PV modules area ( m2)

𝐴𝐸
𝑃𝑉 Effective PV modules area (m2)

𝐵 Value of the shadow (m)
𝐶𝑐𝑏 Costs of the cable (e)
𝐶𝑖 Initial investment cost (e)
𝐶𝑖𝑛𝑣 Unit cost of the inverter (e/unit)
𝐶𝑀𝑆 Unit cost of the mounting structure (e/unit)
𝐶𝑂𝑀 Cost of operation and maintenance (e)
𝐶𝑝𝑑 Costs of the protection devices (e)
𝐶𝑃𝑉 Unit cost of a 𝑃𝑉 module (e/unit)
𝑑 Annual degradation rate
𝐸𝐺 Energy gain (%)
𝐸𝑎 Total annual energy on the PV modules (MWh)
𝐸𝑃𝑉 Total energy on the PV modules (MWh)
𝑒𝑏 Rooftop boundary distance (m)
𝑒′𝑏 Building components boundary distance(m)
𝑒𝑙 Longitudinal installation distance (m)
𝑒𝑚𝑙 Longitudinal maintenance distance (m)
𝑒𝑠𝑡𝑙 Longitudinal standard distance (m)
𝑒𝑡 Transversal installation distance (m)
ℎ𝑅 Lower limit of the integral
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ℎ𝑆 Upper limit of the integral
I𝑏ℎ Adjusted beam irradiance on a horizontal surface (W/m2)
I𝑑ℎ Adjusted diffuse irradiance on a horizontal surface (W/m2)
I𝑡 Adjusted total irradiance on a tilted plane (W/m2)
𝐿 Length of the mounting system (m)
𝐿𝐵𝐶 Length of the building components (m)
𝐿𝑅 Length of the rectangle (m)
𝐿𝑃𝑉 Length of the PV module (m)
𝐿𝐶𝑂𝐸 Levelized cost of electricity produced e/kWh)
𝐿𝐶𝑂𝐸 efficiency Levelized cost of electricity produced efficiency
𝑁𝑀𝑆 Number of mounting systems
𝑁𝑀𝑆𝑛𝑠 Number of mounting systems not shaded
𝑁𝑃𝑉 Number of PV modules
𝑛 Ordinal of the day (day)
𝑃𝑉 𝐴𝐺 PV field area gain (%)
𝑃 Available rooftop area (m2)
𝑄𝑖 Availability of solar resource at the 𝑖th year (kWh)
𝑅 Rectangle where 𝑃 is inscribed (m2)
𝑆 Projection the 𝐿 on the horizontal plane (m)
𝑟 Discount rate for 𝑖th year
𝑇 Solar time (h)
𝑇𝑎 Initial hour where cosine of incidence angle is positive (h)
𝑇𝑏 Final hour where cosine of incidence angle is positive (h)
𝑇𝑅 Sunrise solar time (h)
𝑇𝑆 Sunset solar time (h)
𝑇1 Initial hour where absence of shading is guaranteed( h)
𝑇2 Final hour where absence of shading is guaranteed( h)
𝑊 Width of the mounting system (m)
𝑊𝐵𝐶 Width of the building components (m)
𝑊𝑅 Width of the rectangle (m)
𝑊𝑃𝑉 Width of the PV modules (m)
𝛼𝑆 Height angle of the sun (◦)
𝛽 Tilt angle of PV module (◦)
𝛽∗ Tilt angle of PV module for the maximization of the total energy
(◦)
𝛾 Azimuth angle of PV module (◦)
𝛾𝑆 Azimuth of the sun (◦)
𝛿 Solar declination (◦)
𝜃𝑖 Incidence angle (◦)
𝜃𝑙 Longitudinal incidence angle (◦)
𝜃𝑙0 Longitudinal incidence angle that minimizes shadowing effects (◦)
𝜃𝑧 Zenith angle of the sun (◦)
𝜆 Latitude angle (◦)
𝜌𝑔 Ground reflectance (dimensionless)
𝜔 Hour angle (◦)
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