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Abstract

If G is a finite group, we have proposed three new conjectures on the interaction between
different primes and their corresponding Brauer principal blocks. In this paper,we give
strong support to the validity of Conjectures B and C.
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1 Introduction

Meaningful interaction between the representation theory of finite groups from the perspec-
tive of different primes is extremely rare. However, in [25], we proposed the following three
plausible conjectures, which extended work of several authors (see [3, 16, 19, 28]).

If p is a prime and G is a finite group, we denote by B, (G) the principal p-block of G.
The main subject of our work is the set Irr, (B, (G)) of the irreducible complex characters
in the principal p-block of G whose degree is not divisible by p. This set seems to possess
remarkable properties.

Conjecture A Let G be a finite group and let p and q be different primes. If
Irry (B (G)) NIy (B¢ (G)) = {1},
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then there are a Sylow p-subgroup P of G and a Sylow q-subgroup Q of G such that
xy=yxforallx € Pandy € Q.

Conjecture B Let G be a finite group and let p and q be primes dividing the order of G. If
Irry (Bp(G)) = Ity (B4 (G)), then p = q.

Conjecture C Let G be a finite group, and let p and q be different primes. Then q does not
divide x (1) for all x € It (By(G)) and p does not divide x (1) for all x € Irry (B4 (G))
if and only if there are a Sylow p-subgroup P of G and a Sylow q-subgroup Q of G such
that xy = yx forallx € Pandy € Q.

The main result of [25] was to reduce Conjecture A to a problem on almost simple groups
and to prove it in the case that one of the primes is 2. To prove Conjecture A for almost
simple groups in the case where p and ¢ are both odd remains quite a challenge.

In the present paper, we focus on Conjectures B and C. Using the Classification of Finite
Simple Groups, in our first main theorem we prove the following.

Theorem D Conjecture C implies Conjecture B.

After proving Theorem D, therefore, we concentrate our efforts in the remainder of the
paper towards Conjecture C. Since the “if” direction of Conjecture C follows from “if”
direction of the main result [19], we shall only focus on the “only if” direction.

Theorem E Conjecture C holds for finite simple groups.

Besides Conjecture C being true for simple groups, in Theorem 3.3 below, we shall also
prove that Conjecture C is true for p-solvable groups, assuming the inductive Alperin—
McKay condition. This gives strong support to the validity of this conjecture.

Unfortunately, at the time of this writing, we still do not know how to reduce Conjec-
ture C to a question on almost simple groups.

2 Theorem D

In this Section we prove that Conjecture C implies Conjecture B. This will require the
following result on simple groups.

Theorem 2.1 Let p, g be different primes and let S be a non-abelian simple group with pq |
|S|. Assume that [P, Q] = 1 for some Sylow p-subgroup P of S and a Sylow q-subgroup
Q of S. Then one of the following holds:

(a) Thereexists a € Irryy (Bp(S))—Irr(B, (S)) which is Aut(S) p-invariant, where Aut(S)
is some Sylow p-subgroup of Aut(S).

(b)  There exists a € Ity (By(S)) —Irr(B(S)) which is Aut(S),-invariant, where Aut(S),
is some Sylow q-subgroup of Aut(S).

Proof First, note that by [19, Lemma 3.1], the condition [P, Q] = 1 implies that [P, 0] =
1 for some Sylow p- and g- subgroups P, Q of any covering group of S. If S is one of the
sporadic groups J; or Js, then we may use GAP [8] and its Character Table Library to see
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that the statement holds. Then [19, Propositions 3.2-3.4] further imply that we may assume
S to be a simple group of Lie type that is not isomorphic to a sporadic or alternating group
and is defined in characteristic ro & {p, q}. (We remark that this information was first found
in [2].)

So, let S be of the form S = G/Z(G) for G a group of Lie type of simply connected type
defined in characteristic ro # p, q. In this case, we may further assume that p and g are both
odd and that the Sylow p- and g-subgroups of G are abelian, using [19, Proposition 3.5]
(see also [2, Theorem 2.1]).

Since p and ¢ are odd, note that we may therefore assume without loss that p > 5.
Furthermore, using [18, Lemma 2.1 and Proposition 2.2], we have p is good for G and
p 1 |Z(G)|. This implies that p does not divide the order of any diagonal or graph outer
automorphism, so that Aut(S), may be taken as a subgroup of § x (F), where F is a
generating field automorphism.

Now, let # be a p-element in G* whose G*-class is (F) p-invariant. Then the semisimple
character x; of G lies in B,(G) by [12, Corollary 3.4] and has degree prime to p since
x: (1) = [G* : CG*(t)]r(/) (see e.g. [5, Theorem 8.4.8]) and Sylow p-subgroups of G* are
abelian. But since x; lies in the Lusztig series £(G, t) and B, (G) contains only characters
lying in Lusztig series £(G, s) with |s| a power of g (see [4, Theorem 9.12]), we see that
x: does not lie in Irr(B,(S)). Furthermore, as p { |Z(G)|, we have ¢ € O”/(G*), and
hence y; is trivial on Z(G). Finally, since p t |Z(G)|, we also have Cg=(¢) is connected,
where G™ is the ambient reductive group whose fixed points under an appropriate Frobenius
endomorphism yields G* (see [21, Exercise 20.16]). Then for ¢ € (F), we have x = Xpo* s
where ¢™* is an appropriate field automorphism of G* (see [27, Corollary 2.5]). Hence y; is
Aut(G) p-invariant by our choice of t. O

Lemma 2.2 Suppose that N is a minimal normal subgroup of G, which is a direct product of
the different G-conjugates of a non-abelian simple group S. Let P € Syl p(G). Suppose that
a € Irr(S) is Aut(S) p-invariant, where Aut(S) , is some Sylow p-subgroup of Aut(S). Then
there are gi € G, h; € P and o; € Aut(S8") such that (a8! YOI o (oe8m)Omhm € Trr(N)
is P-invariant.

Proof Suppose that N is the direct product of Q2 = {S¢ | g € G}. Now, write
Q=0EDU---U0(S),

where O(S;) is the P-orbit of some S; = S¥, for some x; € G. Then N = Ny x --- x Ny,
where N; is the product of the elements in (O(S;). Let us fix an i until the end of the proof.
Of course, N; is P-invariant. Let o; = o™ € Irr(S;). Suppose that {S;", ..., 5"} are the
different P-conjugates of S;, where y; € P. Hence N; = SI:V' X - X Sl.y’, and

,
P = Np(S)y;
j=1
is a disjoint union.

By hypothesis, « is invariant under X € Syl,(Aut(S)). Therefore ; is invariant under
X, = X% € Sylp(Aut(Si)). Let M; = Ng(S;) and C; = Cg(S;). We have that M;/C;
embeds into Aut(S;). Then Np(S;)C;/C; is a p-subgroup of Aut(S;), and therefore, there
is 0; € Aut(S;) such that (Np(S;)C;/C;) C Xfi. Since «; is X;-invariant, it follows that
Bi = ()% € Irr(S;) is X ?i -invariant, and therefore Np (S;)-invariant. We claim that y; =
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Bi' x -+ x B € Irr(N;) is P-invariant. Indeed, if x € P, then yxx = wyy, k) for some
wr € Np(Si), 1 <k <r,and o a permutation of S,. Now, if u € S;, then

v @) =y @) = a0 @) = () )
= a() ' Bi(w) = yi ().

This proves that y; is P-invariant. Hence y = y; X -+ - X y; € Irr(N) is P-invariant. O

We will need the following well-known result of J. Alperin and E. C. Dade.

Theorem 2.3 Suppose that N is a normal subgroup of G, with G/N a p’-group. Let P €
Syl p(G) and assume that G = NCg(P). Then restriction of characters defines a natural
bijection between the irreducible characters of the principals p-blocks of G and N.

Proof The case where G/ N is solvable was proved in [1] and the general case in [7]. O

Theorem 2.4 Assume that the “only if” direction of Conjecture C is true for all finite
groups. Let p and q be primes. Assume that G is a finite group of order divisible by p and
q. If Ity (Bp(G)) = Ity (B4 (G)), then p = q.

Proof We argue by induction on |G|. Assume that p # ¢g. By Conjecture C, we know that
[P, Q] = 1forsome P € Syl ,(G) and Q € Syl (G).

Step 0. If 1 # N < G, then p divides |N| or q divides |N|.

Otherwise by [23, Theorem 9.9(c)]

Irry (Bp(G/N)) = Ity (B (G)) = Irryr (B4 (G)) = Trry (B4 (G/N))

and by induction we are done.

Step 1. Let L be a proper normal subgroup of G. Then G /L has order divisible by p or q.

Suppose that G/L has p’ and g'-order. We claim that Irr, (B, (L)) = Irry (By(L)).
Indeed, let 0 € Irry (By(L)). Then there exists x € Irr(B,(G)) over 6. Then x has q'-
degree by [15, Theorem 11.29] and therefore x € Irry (B, (G)), by hypothesis. Therefore
0 € Irryy (Bp(L)). By symmetry, the claim is proved. Therefore, Step 1 follows by using the
inductive hypothesis.

Step 2. Let N be a minimal normal subgroup of G and suppose that N is an elementary
abelian p-group. Then G = Cg(N)Cg(Q).

Write M = Cg(N) and L = MCg(Q). We have that Q € C5(P) C Cg(N) = M and
G/M is a ¢’-group. Also by the Frattini argument G = MNg(Q) and L <0 G. Notice that
G/L is a g'-group and a p’-group (because P C C;(Q) C L). Then we use Step 1.

Step 3. Let N be a minimal normal subgroup of G and suppose that N is abelian. Then
G = Cg(N).

By Step 0, we may assume that N is a p-group or a g-group. By symmetry, assume that
N is a p-group. Write M = Cg(N). We prove first that B, (G) is the only p-block of G
covering B, (M). Let B be a p-block of G covering B,(M) and let D be a defect group
of B. Then N € D by [23, Theorem 4.8] and Cg(D) € M = Cg(N). Then B is regular
with respect to M ([23, Lemma 9.20]) and hence by [23, Theorem 9.19] we have that B =
Bp(M)G = B, (G) by the third main theorem (see [23, Theorem 6.7]). Hence B, (G) is the
only p-block of G covering B,(M). In particular, we have that Irr(G/M) C Irr(B,(G)).
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Next, we prove that G = M. Recall that G/M is a g’-group, because [Q, N] = 1.
By Step 2, we have G = MCg(Q). Hence by Theorem 2.3, we have that the restriction
map

res : Irr(B,;(G)) — Irr(By(M))

is a bijection. We claim that Irr,, (G/M) = {lg}. Indeed, if x € Irr,(G/M), then x €
Irr, (Bp(G)) = Irryr (B4 (G)). Therefore, we have that xyy is irreducible and since x lies
over 13 we have xp = 1. Hence x = 1 by the injectivity of the restriction map. Thus
Irr (G/M) = {1g;u} and G = M by [25, Lemma 2.2].

Step 4. Let N be a minimal normal subgroup of G, then N is not abelian.

Suppose the contrary and assume without loss of generality that N is an elementary
abelian p-group, so by Step 3 we have G = Cg(N) and N C Z(G). By [23, Theorem 9.10]
we have that B,(G/N) is the unique p-block of G/N contained in B, (G). We claim that
Irry (Bp(G/N)) = Irry (B4 (G/N)). Indeed, we have that

Ity (By(G/N)) € Ity (B, (G)) = Iiry (By(G)) = Ity (By (G/N),

where we have used [23, Theorem 9.9] in the last equality. On the other hand, let x €
Irry (B4 (G/N)), so x € Irry(By(G)) = Irryy (Bp(G)) and N C Ker(x). Since By(G/N)
is the only p-block of G/N contained in B, (G), we have that x € Irr,,y (B,(G/N)) and the
claim is proven. By using the inductive hypothesis, we have that p does not divide |G/N|.
Therefore, {1} = Irr(B,(G/N)) = Ity (Bp(G/N)) = Irry (By(G/N)) and g 1 |G/N|
by [25, Lemma 2.1]). Hence ¢ 1 |G| and this is a contradiction.

Step 5. Let N be a minimal normal subgroup of G, then pq divides |N|.

Suppose that N is a p’-group. We claim first that N Q does not have a normal g-
complement. Indeed, suppose the contrary and let X << NQ be a normal g-complement.
Then N N X is a normal g-complement of N and by the minimality of N we have that either
NNX=1lorNNX=N.IfNNX = N, Nisq and p’, contradiction with Step 0. If
NNX =1then N = XN/X is a g-group, which is a contradiction with Step 4. Therefore
N Q does not have a normal g-complement. By [13, Corollary 3] there is T € Irr(B4(QN))
non-linear of ¢’-degree. Therefore 1 # Ty € Irry (B4 (N)). By [22, Lemma 4.3] we have
that there is some y € Irr, (B;(G)) lying over ty. By hypothesis, we have that y is in
the principal p-block of G, and therefore 7y is in the principal p-block of N, which is a
contradiction since N is a p’-group and 7y # 1.

Final Step. If N is a minimal normal subgroup of G, then N is semisimple by Step 4.
Suppose that N is a direct product of all the different G-conjugates of a simple group S of
order divisible by pg. Suppose that (a) of Theorem 2.1 holds and let o be the character in
Irrp (Bp(S)) (not in Irr(B,(S))) which is Aut(S) ,-invariant. Notice that any G-conjugate
or Aut(G)-conjugate of « is in the principal p-block and not in the principal g-block of S.
By Lemma 2.2, there exists T € Irr, (B, (N)) which is P-invariant, and such that each of
its factors does not belong to the principal g-block. In particular, T does not belong to the
principal g-block of N. Now 7 extends to PN by [14, Corollary 8.16]. By [22, Lemma 4.3]
there is x € Irry (B, (G)) lying over 7. Then x € Irry (B, (G)) and thus t € Irry (B4 (N)),
which is a contradiction. Assuming (b) in Theorem 2.1 and reasoning analogously we get
again a contradiction. O
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3 Conjecture C and p-Solvable Groups

As of the writing of this article, we can only prove Conjecture C for p-solvable groups by
assuming the so called Inductive Alperin—-McKay condition (for the prime ¢). We shall need
the following.

Theorem 3.1 Suppose that N is normal in G, and let P € Syl,(N). Assume that all the
non-abelian simple groups involved in N satisfy the inductive Alperin-McKay condition.
Then there is a bijection

¥ Ty (Byp(N)) — Irrp (B, (Ny(P)))

such that for each O€lr, (B,(N)), there is a bijection fo : Ir(By(G)|0) —
Irr(B, (NG (P))|0%) such that x (1)/0(1) = fo(x)/6*(1) for all x € Irr(B,(G)|6).

Proof This is Theorem B and Theorem 7.1 of [26]. O

Let us remark that we shall only need Theorem 3.1 in the case where G/N is a p’-group.

In our proof, we shall also need a McKay divisibility theorem, which was made possible
after M. Geck proved a remarkable conjecture on Glauberman correspondents [9].

In the following, we follow the proof of [29, Theorem A], and then use Geck’s result.

Theorem 3.2 Let G be a p-solvable group and let P € Syl,(G). Then there is a bijection
1 Iy (G) — Ity (NG(P))
such that x*(1) divides x (1) and x (1)/x*(1) divides |G : Ng(P)|.

Proof We argue by induction on |G|. As in the proof of [29, Theorem A] we may assume
that O,(G) = 1, and hence K = 0,/(G) > 1.

Let S/K = 0,(G/K), and notice that Py = P N S is a Sylow p-subgroup of S. By the
Frattini argument we have that G = KNg (Pp) and NG (Py) < G since O,(G) = 1. Let
01, ..., 05 be a complete set of representatives of the orbits of the action of NG (P) on the
P-invariant irreducible characters of K. By [24, Lemma 9.3], we have that

It (G) = Ity (G [ 61) U - - - U Trr (G | 65)

is a disjoint union. Fix ;elrr(K) and observe that 6; is also Pp-invariant. Let 6 €
Irr(Ck (Pp)) be the Glauberman correspondent of 6; (see [24, Theorem 2.9], for instance)
and let 7; be the stabilizer of ; in G. Since the Glauberman correspondence and the action
of NG (Pp) commute (see [24, Lemma 2.10]), it follows that N7, (Py) = T; N Ng (Pp) is the
stabilizer of 6 in Ng (Po).

Again as in the proof of [29, Theorem A] we obtain a bijection

* Iy (Ti | 6;) — Trey (N7 (Po) | 6)

satisfying ¥ (1)/¢*(1) = 6;(1)/6;(1). Hence we have that ¥*(1) divides v (1) by the main
result of [9]. Moreover, since G = Ng(Py) K we have that |K : Cx (Py)| = |T; : N7, (Po)|
and since 91'(1)/91'*(1) divides |K : Cg (Pp)| we conclude that v (1)/v*(1) divides |T; :
N7, (Po)l.
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The remaining part of the proof proceeds exactly as in the proof of [29, Theorem A]. [

Theorem 3.3 Let G be a finite p-solvable group. Assume that the inductive Alperin—McKay
condition (for q) holds for every non-abelian simple group involved in G. Then Conjecture C
is true for G. In particular, Conjecture C holds for {p, q}-solvable groups.

Proof By [19], we only need to prove that if all Irr,y(B,(G)) have ¢’-degree and all
Irry (B4 (G)) have p’-degree, then [P, Q] = 1 for some P € Sylp(G) and Q € Squ(G).
Let N be a normal subgroup of G. Since the hypothesis is satisfied by G/N, by induction,
we know that [P, Q] € N for some P € Sylp(G) and Q € Squ(G).

Suppose that O,/ (G) = 1. Then we know that Irr(B,(G)) = Irr(G), by Theorem 10.20
of [23]. Hence, all the irreducible characters in Irr, (G) have q’-degree. Let L = 0,(G)
and let P € Sylp(G) and Q € Squ (G) such that [P, Q] € L. Therefore Q normalizes
P and |G : Ng(P)] is not divisible by g. By Theorem 3.2, we have that all characters in
Irr(Ng (P)/ P’) have q'-degree. By the Ito—Michler theorem we have that Q P’ is normal in
Ng(P), and hence [QP’, P] € P’. Then Q acts trivially on P/P’, and therefore Q acts
trivially on P by coprime action (see [15, Corollary 3.29]). Thus [Q, P] = 1 and we are
done in this case.

Suppose that L = O,/ (G) > landlet P € Sylp(G) and Q € Squ (G)with[Q, P] C L.
By Hall-Higman 1.2.3 Lemma (see [15, Theorem 3.21]) we have that Cg,. (0,(G/L)) <
0,(G/L). Since QL/L < Cg;(PL/L) we conclude that QL/L € O,(G/L) and hence
Q C L.Thus G/L is ¢ and G = LNg(Q), in particular |G : Ng(Q)| is not divisible by
p. We claim that all the irreducible characters in Irr, (B; (NG (Q))) have p’-degree. Indeed,
let x* € Irry (B4 (NG (Q))) and let 0* € Irr, (B, (NL(Q))) under x*. Let 0 € Irr, (B, (L))
be the pre-image of 6* given by the bijection in Theorem 3.1. Again using Theorem 3.1, let
x € Irr(B,(G)|9) be such that fp(x) = x*, so we know that

x() _ x*)

o) 6x(1)’
Then x (1)/6(1) is not divisible by ¢ and thus x € Irr,/(B;(G)). By hypothesis, x (1) is
not divisible by p. Hence x*(1)/6*(1) is not divisible by p, and therefore, since 6* is of
p’-degree we have that x*(1) is not divisible by p, and the claim follows.

Let X = O,/ (NG (Q)). Then all the elements in Irr(Ng(Q)/0'X) = Irry (B4 (NG (Q)))
have degree not divisible by p. By the Ito—Michler theorem, we have that this group has a
normal Sylow p-subgroup (which is a Sylow p-subgroup of G, since |G : Ng(Q)| is p’),
and therefore P centralizes Q/Q’. By coprime action, [P, Q] = 1. O

We thank the referee for pointing out the “in particular” in Theorem 3.3 above. In fact,
this observation by the referee gives a different proof of Theorem E in [25], something
which we have not noticed before.

4 Conjecture C and Simple Groups

As we have mentioned in the Introduction, we note that the “if”” direction of Conjecture C
follows from the work of Malle—Navarro in [19], namely [19, Theorem 4.1].
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Hence we focus on the “only if” direction. First, we consider the cases easily dealt with
in GAP:

Proposition 4.1 Conjecture C holds for sporadic simple groups, alternating and symmetric
groups A, and &, with n < 8, the Tits group F4(2)', G2(2), and groups of Lie type with
exceptional Schur multipliers.

Proof This can be seen using [8] and its Character Table Library. O
4.1 Conjecture C for Alternating and Symmetric Groups

Here we prove Conjecture C in the case of alternating groups 2(,, and symmetric groups &,,.
Note that it follows from [19, Proposition 3.3] that [ P, Q] # 1 for every Sylow p-subgroup
P and Sylow g-subgroup Q of &, or 2.

Proposition 4.2 Let G be an alternating or symmetric group 2, or &, withn > 9 and let
P, q be primes dividing |G|. Then either there exists x € It (Bp(S)) with degree divisible
by q or there exists x € Ity (B, (S)) with degree divisible by p.

The Strategy We first recall some facts and give the basic idea of the proof. The set Irr(S,,)
is indexed by partitions of n, and two characters x;, x, corresponding to partitions A, u lie
in the same p-block if A, ; have the same p-core (and similar for ¢). In particular, writing
n = pm+bwith0 < b < p, the set Irr(B,,(5,)) consists of the characters yx; such that
X has p-core (b). Furthermore, recall that the degree of the character x, is given by the
hooklength formula x; (1) = HL;M’ where the denominator is the product of all hooklengths
in the tableau corresponding to the partition A. Furthermore, if A is not self-conjugate, then
the corresponding character restricts irreducibly to 2(,,.

So, our strategy will be (up to switching p and ¢) to illustrate a non-self-conjugate parti-
tion A of n with p-core (b) such that the numerator in the hooklength formula has the same
p-part as the denominator and larger g-part than the denominator. Our proof will require
several technical cases and analysis of the degrees given by the hooklength formula.

Setting Notation Throughout our proof, we will assume without loss that ¢ < p. We will
write mp = wg +r with0 < r < g, and letn = mp + b with 0 < b < p. Note that
we may assume that m > 1, since otherwise a Sylow p-subgroup is abelian, and the result
follows from [10, Theorem 3.5], together with the principal block version of Brauer’s height
zero conjecture [20]. In studying the degrees of the characters that we construct, several
expressions will appear repeatedly. Hence we define once and for all:

(mp +Db)---(mp+1) Y,,_(mp+b—1)-~-(mp+1)
b! ’ o b-1!
(mp+r)---(mp+1) , (mp—1)---(mp—r)
0 , and Z := 0

Y =

’

Z =

which we see are each relatively prime to p.
It will also be useful to set the p-adic and g-adic expansions of mp: Let

mp = alqtl + ... —}—akq”‘ — blpsl + .- +bk/psk/
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witht; < tiy1,5; <sj+1,0 <a; < g,and 0 < b; < p for each appropriate value of i, j.
With these established, we further define

aq'l . by p'l .
Hilzl (mp —1i) ;L l_[i1:1 (mp —1i)
T e, A X=—e e
[T5 i [T:L
Note that mp # a;1q't, since p { a;. In the situation that the expression X’ becomes relevant,

we will see that also mp # by p°'. Finally, for an integer x, we will write (x), (or just x, if
it is clear) for the p-part of x.

X =

Proof of Proposition 4.2 Keep the notation above.

(I) First, suppose that » > 0. If b = 0, so that n = mp, then consider A = (1'”1’_’_1, 1+
r). Then x; € Irr(B,(6,)) and x;,(1) = Z’, which is p’ but divisible by ¢ since mp —
r=wgandr < q.If b # 0and 0 < r < b, consider A = (==L 1 4 r b). If
0 < b < r,consider A = (1"™?~"=1 1 4+ b, r). In these cases, x € Irr(B,(S,)) and
nH) =Y. -7 %. Note that the g-part of the numerator of ¥ must be at least as
large as the g-part of the denominator. (Each remainder modulo b appears once as a factor
in the numerator.) Hence, this character still has degree that is p’ and divisible by ¢, with the
possible exception of if g | b and b!(wq + b) has larger g-part than (mp + 1) - - - (mp + b).
In the latter case, (1”7, b), giving degree Y’, works instead.

If b =r > 0, note that » + 1 < wgq, as otherwise we would have r = ¢ — 1 and w =
1 = m, contradicting our assumption that m > 1. Thenlet A = (1", r + 1, wg — 1), so that
x.(1)=2Z-Z'-(wg—r—1)/2r+1), which is p’ and divisible by ¢ unless 2r +1 = p and
p | (m—1)orif2r+1 = g and g { w. In the latter cases, the partition (1¥972, 1 +r, 1 4+7)
works, unless we were in the case 2r +1 = pwith p | (n— 1) andr +1 = g withg { w. In
this case, if ¢ # 2 (and hence r # 1), take A = (1”7, r), which corresponds to a character
. that lies in B,(S,) and has degree Y’ = (mp + 1)--- (mp +r — 1)/(qg — 2)!. This is
relatively prime to p, and is divisible by ¢ since there must be a number between mp and
mp 4+ q — 1 = mp + r divisible by g, but neither mp = (w + 1)g — lnorn =mp +r =
wq +2g —2 can be divisible by g. If ¢ = 2, we have r = 1, g = 2, p = 3, and the character
corresponding to (1"=2,2) lies in B»(S,) and has degree n — 1 = 3m = 2w + 1, which is
odd and divisible by 3.

From now on, we may therefore assume that r = 0, so that mp = wgq.

(W) First, assume that ajq”t < bip*'. If b = 0,so0n = mp = wgq, consider 1 =
(1mp=argt =11 4 a1q"). Then the corresponding degree is X, which we see is equal to

1 1 . .
5y 19" G+ asg™ + - - + axg™) IR i pt =i+ bap® A+ by )

kY '
Note that the g-part of this is g /¢!, which is divisible by ¢. Furthermore, the p-part is 1,
since a1q"' < by p’! implies that the p-part of —i + by p! + - - - + by p*¥ is the same as that
ofi forl <i <ajq".
Now suppose that b > 0, son = mp +b = wq + b. If ajq" # b, consider either
(1mp—a1q" =1 1 +aiq", b) or Amp=ag" =1 1 4 p aiq"), depending on whether b is larger
or smaller than ajg". Then the corresponding character lies in B,(S,) and has degree

— t . .
X-Y-'Z_Z%Z,:'.Notethat since ajg" < by p*, the p-partof [b—aiq" |, < p*', and from this

we see |[b—ajq"| and n—a1q" = mp+b—a;q" have the same p-part. Hence this character
is a member of Irr, (B, (6,)). Furthermore, its degree is still divisible by ¢, except possibly
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if |b — aiq"|y < (n — ajg™)q. This can only happen if (b), > ¢™. In the latter case,
consider again the partition (1"”, b). The degree is ¥’ and hence we have removed %er
from the expression Y, which is p’ and, from before, has g-part of the numerator at least as
large as that of the denominator. Since in our situation (mp + b), = ¢"' < g™ < (b), this
degree Y’ is also divisible by g.

Now assume b = a;qt. If b+1 # por p{ (m—1), we take . = amP=b=2 b4 1, b+1),
with x;.(1) = Y - % Then x5 € Irr(B,(S,)) and p t xu(1) due to the
assumption b + 1 # p or m — 1 is not divisible by p. Furthermore, x; (1) is divisible
by ¢ since the g-part of the numerators of each of the two fractions is at least that of the
denominators, as before, and in this case, the factor (mp —b) is divisible by ¢’2, but no factor
in the denominator is. Now, if p = b+1 = 14+aq" and p | (m—1), this forces also b p*' =
p.asmp—p = Y_ b; p* — p must be divisible by p2. Here consider the partition (1”77, b+
p), which gives a character with degree (mp +b —1)---(mp—p+1)/(p+b— 1! in
B, (6,). Note that the only factor in the numerator divisible by p is mp, which is divisible
by p exactly once. Then since the denominator is divisible by p, we see this character
lies in Irr, (B, (S,)). Furthermore, since mp — p +1 = )., a;q" in this case, we see
(mp—p+1+7)g = (g for 1 < j < p+b—2, and that "25241 = Zizad”
by g except possibly if ¢ = 2 and #, = #; 4 1. In the latter case, the character corresponding
mp [T np+i)

21

is divisible

to (1"P~1 p + 1), which has degree
divisible by p.

(1I1) Finally, suppose that a;¢" > by p*!. Note here that mp # by p’!, as mp > a;q". If
b = 0, then reversing the roles of p and ¢ in the corresponding case in (II) above yields a
character in B, (&,) with degree X’, which is relatively prime to g but divisible by p.

Hence we assume b > 0, s0n = mp + b = wq + b. Note here that b = w'q + b’
for some integers w’, b’ with 0 < b’ < g, and B, (6,) consists of those characters whose
corresponding partitions have g-core (b').

Now, the partition (1mP=b1p" =1 4y p°!) gives a character in B, (&) with degree
Y X' z‘_p;l';s}l’ Note that the third factor is not divisible by p nor ¢, since p { b and
b1p*' —b < ajg" sobyp’' —band n — by p*' = mp — (b1 p*' — b) have the same g-part.
Furthermore, p 1Y, and also g 1 Y aslongas b < (¢ — a1)g™. Soif b < (¢ — ay)q", this
character lies in Irr,/ (B, (&,)) with degree divisible by p.

So, we now assume that g | ¥, so b > (¢ — aj)q"'. Then the partition (b + 1, mp — 1)
corresponds to a character in B,(&,) with degree Y - %, which is divisible by g
and is relatively prime to p if b+ 1 # p or p { (im — 1). Hence we may now assume that
further p = b+ 1 and p | (m — 1). Then setting A = (1", b) yields x; € Irr(B,(6,))
and x; (1) = Y’, which is prime to p. Since ¢ | Y, we have ¢ | Y’ unless ¢ | b and
(mp + b)4 > (b)y, which forces b = (g — ay))g".

So we are reduced to the case ¢ t Y/, b = (¢ —a1)q" = p—1,and p | (m — 1). Then
the partition (1”?~!, 1 4+ b) gives a character in B,(6,) with degree Y - mp /b, which is
divisible by p but is not divisible by g since the g-part of both b and mp are g"!.

Finally, note that in all cases, the A described is not self-conjugate, and hence the
characters restrict irreducibly to 2,,, completing the proof. O

lies in Irry (B2(S,,)) and has degree

4.2 Conjecture C for Simple Groups of Lie Type

Let ro be a prime and r := r be some power of ro. For p another prime, we denote by d, (r)
the order of r modulo p, respectively modulo 4, if p is odd, respectively p = 2. Here we
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will prove the remaining direction of Conjecture C for simple groups of Lie type S defined
in characteristic rg. (For the case of Suzuki and Ree groups, we let r be 22+l op 3201 g
appropriate.)

Several cases here also follow quickly from [19]:

Proposition 4.3 Let S be a simple group of Lie type defined over F,, and let p, q be primes
such that [P, Q] # 1 for every Sylow p-subgroup P and Sylow q-subgroup Q of S but that
at least one of the following conditions holds:

1. roefp,q};
2. a Sylow p-subgroup or a Sylow q-subgroup of S is abelian; or

3. dy(r) # dg(r);

Then either there exists x € Irr,y (B, (S)) with degree divisible by q or there exists x €
Irryr (By (S)) with degree divisible by p.

Proof First suppose that ro € {p, g} and without loss, say ro = p. Then Irr(B,(S)) =
Irr(S) \ {Sts} contains all characters of degree divisible by g. Let G be a quasisimple group
of Lie type of simply connected type such that G/Z(G) = S. Suppose first that there is a
semisimple element s of the dual group G* that does not centralize a Sylow g-subgroup of
G* and which lies in O (G*). (See e.g. [5, Chapter 4] for a discussion of the dual group
G*.) Considering a semisimple character x; corresponding to s (in particular, we may fix
Xs to correspond to the trivial character of Cg+(s) under Jordan decomposition), we see
that x;(1) = [G* : Cg+(s)], (see e.g. [17, (2.1)]) and yx; is trivial on Z(G) (see e.g.
[31, Proposition 2.7]), so xs has degree divisible by g but lies in Irr, (B, (S)) as a character
of S.

Now suppose that every semisimple element of G* that lies in OP'(G*) centralizes a
Sylow g-subgroup of G*. In particular, this means that 0" (G*) has abelian Sylow g-
subgroups, so S also has abelian Sylow g-subgroups. (Indeed, in many cases, S = O (G,
and otherwise the claim can be seen from the observations in [18, Section 2.1].) In this
case, Irry/ (B4 (S)) = Irr(B4(S)) by Brauer’s height zero conjecture for principal blocks
[20]. Then let x be any nontrivial unipotent character in Irr(B,(S)). This character will
have degree divisible by p by [17, Theorem 6.8], unless p = re{2, 3} and S is one of the
exceptions given in loc. cit. Using Proposition 4.1, this leaves only the case S = B, (2) =
C,(2) = Sp,,,(2) for n > 4. Let e be the order of r? = 4 modulo ¢ and write n = me + b
with b < e. Now, following the proof in [17, Theorem 6.8], we see the nontrivial unipotent
characters with degree not divisible by 2 are those whose corresponding symbols contain
only the numbers 0, 1, n. Using the theory of e-core and e-cocore partitions (the relevant
details of which we have summarized in the section on B,, and C,, in the proof of [25, Propo-
sition 3.7]), we have one of the characters indexed by symbols (0:;1) (%:’f ), or (h“o’"w)
lies in B, (). These characters are not the odd-degree characters, unless b = 0, i.e. e | n. In
the latter case, the Steinberg character has degree a power of 2 and lies in B, (S).

Next, suppose that ro € {p, q} and that a Sylow p-subgroup of S is abelian. Then
Irr, (Bp(S)) = Irr(B,(S)) by Brauer’s height zero conjecture for principal blocks [20], and
hence the proof of [19, Theorem 5.1] yields the desired character.

Finally, assume that ro & {p, g}, that no Sylow p- or g- subgroup of § is abelian, and
that d, (r) # d,(r). Note that the assumption [P, Q] # 1 for every choice of Sylow p-
and Sylow g-subgroups of S (and hence analogously for G) implies that also [P*, Q*] #
1 for any Sylow p- and g- subgroups of the dual group G*. (Again, this is pointed out
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already in [19, Theorem 5.1].) Now, let dj,(r) < d,(r) and suppose that there exists 1 #
s € Z(Q*) for some Q* € Syl, (G*) such that s centralizes a Sylow p-subgroup of G*.
Then the same argument as in the first two paragraphs of [19, Proposition 3.5], but now
applied to G*, yields that d,(r) = d,(r), a contradiction. Hence, given 1 # s € Z(Q%),
we havestop Cg+(s) contains Q* but does not contain a Sylow p-subgroup P* of G*.
Then the corresponding semisimple character x; of G has degree divisible by p but lies in
Irry (B4 (G)), since xs(1) = [G* : CG*(s)],(/) and using [12, Corollary 3.4]. Furthermore,
arguing as in [11, Theorem 3.5] shows that such s can be chosen so that x; is trivial on
Z(G), completing the proof. O

Our task is now to prove Conjecture C in the case that neither p nor ¢ is the defining
characteristic, d,(r) = dy(r), and no Sylow p- or g-subgroup of S is abelian. We begin
with the case of exceptional groups of Lie type, by which we mean the groups S = G (r),
Fa(r), E§(r), E7(r), Es(r), *Da(r), *Ga(r), *Fa(r), and *Ba(r).

Proposition 4.4 Let S be an exceptional simple group of Lie type defined over I, and let
D, q be primes such that [P, Q] # 1 for every Sylow p-subgroup P and Sylow q-subgroup
Q of S. Then either there exists x € Irr (B (S)) with degree divisible by q or there exists
X € Irry (By(S)) with degree divisible by p.

Proof By Proposition 4.3, we may assume that r is not a power of p nor ¢, that no Sylow
p- or g- subgroup of § is abelian, and that d),(r) = d,;(r). Letd := d,,(r) = d,(r). With
these constraints, we see that S is not of Suzuki or Ree type, that p and g are at most 7, and
that d is a regular number in the sense of Springer [33] (see also [32, Definition 2.5]). Hence
we see that the principal blocks B, (S) and By (S) are the unique blocks of S containing p’-,
respectively, g’-degree unipotent characters (see, e.g., [30, Lemma 3.6]). Under these condi-
tions, we see by observing the explicit list of unipotent character degrees in [5, Section 13.9]
that there exists a unipotent character x satisfying either x € Irr, (B,(S)) and g | x (1) or
x € Irry (B4 (S)) and p | x (D). O

We next consider the case of linear and unitary groups.

Proposition 4.5 Let S = PSL{,(r) withn > 2, and let p # q be primes such that [P, Q] #
1 for every Sylow p- subgmup P and Sylow q-subgroup Q of S. Then either there exists
x € Ity (Bp(S)) with degree divisible by q or there exists x € Irry (B, (S)) with degree
divisible by p.

Proof By Proposition 4.1, we may assume S is not isomorphic to a sporadic or alternating
group. Furthermore, by Proposition 4.3, we may assume that  is not a power of p nor ¢,
that no Sylow p- or g- subgroup of S is abelian, and that d,(r) = d = d(r).

Write G := SL;(r), G := GL;(r), and e := d,(er) = dy(er). Note that G* = G,
so we will make this identification. Let P € Syl (G) and Q € Syl (G) It suffices to
show that (up to sw1tch1ng p and q) there is some s € Z(P) nG such that |Cx(s)| is
not divisible by |Q| and sz is not G- -conjugate to s for any 1 # z € Z(G) (Indeed, that
seG =00 (G) implies that the corresponding semisimple character x; is trivial on Z(G)
and that sz is not conjugate to s for nontrivial z € Z(G) implies that x; is irreducible
on restriction to G using e.g. [31, Proposition 2.7] and [30, Lemma 1.4]; the remaining
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conditions imply x, € Irr(B), (5)) using [12, Corollary 3.4] and yx4(1) is p’ but divisible by
g since x;(1) = [G : Cz(s)],;.)

Now, if 2 € {p, q}, we see using the results of Weir [34] that P and é are naturally
isomorphic to the corresponding Sylow subgroups of GL¢ ,(r), embedded naturally into
GL;,.(r) x GL;(r) < GL;,(r) where n = we + b with 0 < b < e. The results of Carter—
Fong [6] yield the same when p or g is 2, except that if (e, b) = (2, 1), then |GL§7(r)|
is divisible by 2 exactly once, and the Sylow 2-subgroup of GL{,(r) in this case is that of
GLS,,(r) x GLy(r).

Letw =a;p" +ayp?+---+agp = big™ + -+ bpq™" be the p-adic and g-adic
expansions of w, witht] < -+ < fg;m; < --- <mp; 1 <a; < pforeachl <i < k;
and 1 < b; < g foreach 1 < j < k'. By [6, 34], we have P = P{"' x --- x P{* x X,
where P; is a Sylow p-subgroup of Gsz,l. (r) (which, if p is odd, is a Sylow p-subgroup of
GL;,I. (r¢) embedded naturally) for each 1 <i < k and X € Syl p(GLZ(r)) is isomorphic
to Cy if (p,e,b) = (2,2,1) and is trivial otherwise. Here we view ]_[GLZP,,. (r) as the

natural diagonally-embedded subgroup. Similarly, Q = Q?‘ XX QZ,“ x Y where Q; €
Syl, (GLquJ. (r)forl <j<k'andY € Syl (GL(r)).

Without loss of generality, assume aj p't < bjg™'. (Note that we cannot have a; p'' =
b1q™!, as this would contradict that eithera; < p < gorb; < g < p.) Letx € Z(P;) have
no eigenvalues equal to 1 (indeed, this can be done by taking x as an element of a Sylow
p-subgroup of Z(GL;” (r¢)) embedded naturally into GLEP,] (r)) and consider the element

s = diag(x, ..., x, Ly_eaypn) € Z(F), with a; copies of x. In fact, taking x (and hence

its eigenvalues) to have order p, we obtain det(x) = 1 and hence s € G. Here C3(s) =

Cgre NG (diag(x, ..., x)) X GLZ_MIP,1 (r). Now, by considering the structure, and hence
ayep’

size, of Q (namely, each Q ; is a wreath product Q"2 C, where Q' is a Sylow g-subgroup of
GL¢ i1 (r)), we see [GLS . (r) x GL¢ ., ()] is not divisible by |Q|. Furthermore,
eq

apep n—eapp
by considering the block sizes, we see that sz and z cannot have the same eigenvalues (and
hence they cannot be G-conjugate) for any nontrivial scalar matrix z € Z(GLf,(r)). This
completes the proof. O

We next consider the remaining classical types, for which the proof is very similar to the
linear and unitary case.

Proposition 4.6 Let S = PSp,, (r) with n > 2, PQy,y1(r) with n > 3, or PQ5, (r) with
n > 4. Let p # q be primes such that [P, Q] # 1 for every Sylow p-subgroup P and Sylow
q-subgroup Q of S. Then either there exists x € Irr, B, (S) with degree divisible by q or
there exists x € Irry B, (S) with degree divisible by p.

Proof As before, we may assume S is not isomorphic to a sporadic or alternating group, r
is not a power of p nor g, no Sylow p- or g- subgroup of S is abelian, and that d,,(r) = d =
dg(r).

! First we set some notation. We define H, := Sp,,(r), SO2,41(r), and SO, (r) in
the cases S = PSp,,(r), PQ,11(r), and PQS5, (r), respectively. Let H := H, and let
Q = 00 (H) so that Q is perfect and § = Q/Z(2). Note that the dual groups are
H; = SO2,41(r), Spy,(r), and SOS, (r), respectively, and we will write H* := H,*. Note
that Z(2) < Z(H) and that H/ 2 and Z(H) are 2-groups. Let P and é be Sylow p- and
g-subgroups of H*.
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In this situation, it suffices to show that (up to switching p and g) there is some s € Z(F)
such that C(s) is not divisible by |Q|, using similar reasoning to the above case. Indeed,

if p is odd, then P may be considered as a Sylow p-subgroup of O’ 0 (H™) and sz cannot be
H*-conjugate to s for any 1 # z € Z(H™) since Z(H™) is a 2-group, so a corresponding
semisimple character x; of H is trivial on Z(H) and restricts irreducibly to 2. If instead
p = 2, then such a character x; would have odd degree, and therefore restrict irreducibly
to 2 since H/ 2 is a 2-group. Then since 2 is perfect, Z(£2) is a 2-group, and x; has odd
degree, this forces x, to be trivial on Z(£2). Furthermore, as before, x; € Irr(B,(H)) in
either case.

Assume first that p and g are odd. In these cases, the work of Weir [34] again describes
the structure of P and Q building off of the case of linear groups. If H* = SOy,41(r) or
Sp,, (r), we have Sylow p- and g-subgroups are already Sylow subgroups of GLy,1(r)
(and hence of GL,, (r)) when d is even, and are Sylow subgroups of the naturally-embedded
GL, (r) if d is odd. For these cases, let ¢ := d,,(rz) = dq(rz), write n = ew + b with
0<b<eandletw =a;p" +ayp? + -+ arp™* = b1g"™ + --- + bpq™ be the p-
adic and g-adic expansions of w as before. Again without loss, we assume a; pl < big™.
In particular, P and Q are again isomorphic to Sylow subgroups of H},, and of the form
P = P/ x .-+ x P, where each P; is a Sylow p-subgroup of GL,,i (r) and can be
identified with a Sylow p-subgroup of H:pfi’ and similar for é . As before, let x € Z(Py)

with no eigenvalues equal to 1 and lets = (x,...,x,1,...1) € Z(F) with a; copies of
x. Then we can see from the centralizer structure of semisimple elements that Cg=(s) =
Cy+  (x,...,x) x H* . Since the Sylow g-subgroups of H;lep,l and H*

ajep'l n eay p'l n—eaj p'l
can be identified with Sylow subgroups of linear groups in an analogous way as for H*,
depending on whether d was even or odd, we have |Q| t |Cg~(s)| for the same reason as in
the case of linear groups above. -

If H* = SOS,(r), then we have embeddings SOz, 1(r) < H* < SO, 1(r), and P
and é are both Sylow s@gg)ups of either SOy, _1(r) or SOy,41(r). In this case, letting
m € {n,n — 1} so that P, Q are Sylow subgroups of SOzp+1(r) and now writing m =
ew + b with w written with p- and g-adic expansions as before, P can again be written
P = P x .- x P with each P; a Sylow subgroup of GL,,,;; (r), which in this case can
also be identified with a Sylow p-subgroup of either SO;‘EP,,, (r) or SOz_e i (r). From here,

arguing similar to before, we obtain an element s € Z(P) with Cg=(s) isomorphic to a

subgroup of CGO; " () (diag(x, ..., x)) x GOz(n ear ' )(r). Since ¢ is odd, we again see
ayep

in the same way as above that |§| does not divide |Cg+(s)].

We are finally left with the case that 2 € {p, q}. Let H* denote the group GOy 41(r),
Sp,, (r), or GOS, (r) respectively, so that [H* : H*] divides 2. Note that if p = 2 and
H* # H*, then P isindex-2 in a Sylow 2-subgroup P of H*, which are again described by
Carter-Fong [6]. Here in the case of GO2,,41(r) or Spy, (r), writing n = 2" + - - - + 2% for
the 2-adic expansion with #; < --- < #, we have = Py x---x P, where P; is a Sylow 2-
subgroup of GO, »;; 4| (), respectively, Sp,.,; (). In the case A* = GO5,, (), we have Pis
either a Sylow 2-subgroup of GO»,, 4+ (r), embedded as before, or of the form Py x C; x C3,
where Py is a Sylow 2-subgroup of GO,,_1(r). From here, we may argue analogously to
before, keeping in mind that when p = 2, choosing x € Z(P;) to have 21+1 eigenvalues
—1 yields an element of determinant 1, and hence an element of P = PN H* O

Conjecture C for simple groups (and Theorem E) now follows from Propositions 4.1-4.6.
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