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ABSTRACT: We present general results on generating AdSs solutions to Type II supergravity
from AdSs solutions via U(1) and SL(2) T-dualities. We focus on a class of Type IIB
solutions with small A/ = 4 supersymmetry, that we show can be embedded into a more
general class of solutions obtained by double analytical continuation from AdSs geometries
with small N = (0,4) supersymmetry constructed in the literature. We then start the
analysis of the superconformal quantum mechanics dual to the N' = 4 backgrounds focusing
on a subclass of AdSs x S3 x T3 solutions foliated over a Riemann surface. We show that
the associated supersymmetric quantum mechanics describes monopole bubbling in 4d
N = 2 supersymmetric gauge theories living in D3-D7 branes, as previously discussed in
the literature. Therefore, we propose that our solutions provide a geometrical description
via holography of monopole bubbling in 4d N' = 2 SCFTs. We check our proposal with the
computation of the central charge.
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1 Introduction

The AdS2/CFT; correspondence plays a key role in the microscopical description of extremal
black holes, AdSs being part of the geometry that appears in their near horizon limit in
any dimension. It presents however important conceptual problems that have to do mainly
with the non-connected nature of the AdSs boundary and the fact that AdSs gravity is
non-dynamical.

In recent years new examples of AdSe geometries with different supersymmetries have
been constructed [1-8] (see also [9, 10]) that show that when extra fluxes are added AdSs
gravity ceases to be non-dynamical, and allows for a non-vanishing central extension from
which the black hole entropy can be computed. These examples extend the AdSs geometries
with constant electric fields proposed early on in [11-15]. In some of these constructions
the dual superconformal quantum mechanics (SCQM) was also identified, and it was
possible to check the conjecture in [13], namely, that a consistent quantum gravity on
AdSs should be dual to a chiral half 2d CFT, with explicit realisations. Indeed, in these
constructions the supersymmetric quantum mechanics from which the SCQMs arise in the
IR are compactifications of 2d (0,4) SCFTs, and have the same superconformal algebras
associated to them. This has been used to compute the central charge of the SCQMs, and
perfect agreement has been found with the corresponding holographic expressions. The
proposed SCQMs thus provide explicit scenarios where the entropy of extremal black holes
can be computed microscopically.

Another useful application of the AdSy/CFT; correspondence is to the holographic
description of superconformal line defects in higher dimensional CFTs [6-8, 16-19]. Geo-
metrically, a sign that an AdSs solution may be describing a superconformal line defect
is that it flows asymptotically locally to a higher dimensional AdS background, dual far
from the defects to the higher dimensional CFT in which they are embedded. In some
of these constructions it has been shown that the quiver quantum mechanics dual to the
AdSs solutions can be embedded within the quivers that describe the higher dimensional
SCFTs [6, 7]. In some instances the defects are described by quivers living in brane boxes [7],
with the latter finding in this way a powerful holographic realisation.

In this paper we present general results on the construction of AdSs solutions to Type
IT supergravity via U(1) and SL(2) T-dualities. We then exploit these to construct new
classes of small N' = 4 solutions in Type II supergravity and study the dual field theory
description of a subclass of these solutions, for which the SCQM arises once more upon
compactification of a 2d (0,4) SCFT. The intricacy of the brane set-up associated to these
solutions reveals an interesting defect interpretation in terms of baryon vertices and 't Hooft
loops within higher dimensional CFTs.

The paper is organised as follows. We start in section 2 presenting general results
on the generation of AdSs solutions in Type II supergravity from AdSs solutions via
U(1) and SL(2) T-dualities, paying special attention to the conditions for preservation
of supersymmetry. This section is supplemented by appendices A-D. In section 3 we
focus on the particular classes of solutions to Type IIB supergravity preserving N = 4
supersymmetry obtained from the AdSz x S x My solutions to massive ITA with A" = (0,4)



supersymmetry and SU(3) structure constructed in [20]. We show that the solutions with a
3-torus isometry can be embedded into a more general class of solutions, that we construct
via double analytical continuation from the AdSs solutions in Type IIB with N' = (0,4)
supersymmetry constructed in [21]. Then in section 4 we move to the field theory description
of a subclass of the previous solutions, consisting on AdS, x S* x T? foliations over a 2d
Riemann surface, parametrised by two non-compact directions (p,r). We show that the
associated quantum mechanics lives in D1-branes stretched between NS5-branes along the p
direction, with D3, D5 and D7 branes contributing with flavour groups to the resulting (0,4)
quantum mechanics, that, we propose, flows in the IR to the SCQMs dual to the solutions.
Making contact with similar 1d quivers proposed in the literature in the description of
bubbling dyonic monopoles in 4d N = 2 supersymmetric field theories living in D3-D7
systems [22-25], we identify our quiver constructions as describing the bubbling sector of
vanishing effective magnetic charge in these 4d theories. In turn, the disposition of the
branes along the r direction allows us to interpret the F1-strings present in the brane set-up
in relation to baryon vertices in the 5d theory living in the D5-NS5-D7 subset of branes. We
check our holographic proposal with the computation of the central charge on both sides
of the AdS/CFT correspondence. On the field theory side we compute the central charge
from the R-symmetry anomaly, using the same expression valid in two dimensions. We find
perfect agreement with the holographic result. Appendix E contains technical details of the
construction of the 1d quivers discussed in section 4.

2 Generating AdS; solutions from U(1) and SL(2) T-duality on AdSs3

In this section we present some general results on generating AdSs solutions of Type II
supergravity from AdSs solutions via U(1) and SL(2) T-dualities. In particular we present
the general form of such solutions and explain how they preserve supersymmetry. The
content of this section is extensively supplemented by the technical appendices A—D where
the results are derived.

An AdSj solution of Type II supergravity can in general be decomposed in the form

ds® = e?4ds*(AdS3) + ds*(My),
H9 = ¢ovol(AdSs) + H, F = fi+e*vol(AdSs) AxrAfe,  (21)

where (%4, f+, H) and the dilaton ® have support on My, ¢ is a constant and the
upper/lower signs are taken in ITA /IIB. We shall be interested in a subset of these for which

=0, HY =H, (2.2)

ie those with purely magnetic NS 3-form flux, otherwise the potential for H(19) will not be
SL(2) invariant and we will be unable to perform a non-Abelian T-duality transformation
on it.! The Bianchi identities the fluxes should obey (away form the loci of sources) reduce

!Note that an electric component of the NS flux does not pose a problem for U(1) T-duality on the Hopf
fiber of AdSs, however the dual solution would not have a round AdS2 factor — this would instead appear
with a U(1) fibred over it in the dual solution.



to the d = 7 conditions
dH =0, (d—HMN)fr=0, (d—HN)( %7 A(fx))=0. (2.3)

When an AdSj3 solution preserves at least N' = 1 supersymmetry it admits at least a pair of
Majorana spinors (x1,x2) on M7 such that one can define a pair of d = 10 Majorana-Weyl
spinors decomping as

a=(®0;@x1, e=(®0xz X, (2.4)
where ( is a Majorana Killing spinor on unit radius AdSs obeying the equation
s
ViS¢ = SWC m=0,1,2 s =1. (2.5)

For such spinors the necessary conditions for supersymmetry ultimately reduce to a set
of d = 7 conditions involving only (x1, x2) (see (D.8a)—(D.8f)). The specific sign s takes
is related to the type of chiral algebra one has on the boundary of AdSs, N'= (1,0) or
N = (0,1). Which corresponds to which sign is a matter of convention and the literature
has no set standard. The remaining terms 64+ are 2 dimensional vectors which account for
d = 10 chirality, again the upper/lower signs are taken in Type ITA/IIB — further details
can be found in appendix D.1. Of course a generic AdS3 solution can preserve N' = (p, q)
supersymmetry for p, ¢ integers such that p + ¢ < 8 [26]. In this case one will actually have
p independent versions of (2.4) coupled to Killing spinors on AdSs3 that obey (2.5) for one
sign and a further g versions with AdS3 Killing spinors obeying the opposite sign — each of
these comes equipped with an independent (x1, x2) pair.

It is possible to generate an AdSs solution from an AdSs background by performing a
U(1) T-duality on the Hopf fiber of AdSs. The result of doing this to (2.1) with ¢o = 0 is
the following

2A

dsz(l) = %dsz (AdSq) + P d82(M7), e~ Pu) — €_¢+A,

E\m
—

=
Il

1
—gdr Avol(AdSy) + H, Fyny =t <fi Ndr F 163AV01(Ad82) A *7)\fi> , (2.6)

where 2 = 1 and the upper/lower signs refer to whether the original solution was in IIA /IIB,
with the dual solution presented above in IIB/ITA. The vector 0, is Killing with respect to
the entire solution, and if M7 was bounded the generated AdSs solution will be likewise
bounded if r is periodically identified. It is a simple matter to show that the Bianchi
identities of the dual flux

(d— HyyN) Fyy =0, dHyq) =0, (2.7)

are implied by (2.3). Likewise the remaining equations of motion of the bosonic supergravity
fields (A.4) are implied by those following from (2.1).

If the original solution was supersymmetric the dual solution preserves all of the chiral
supercharges of a single chirality, determined by the choice s = 1 or s = —1 so if the original



solution was N = (p, ¢) supersymmetric the dual can preserve one of N'=p or N' = ¢
supersymmetry. The dual d = 10 Killing spinors share the same internal spinors as (2.4),
they take the form

elf(l) =(®0L X1, 6;(1) = —11C ® 0+ @ X2, (28)

where (3 are Killing spinors on unit radius AdSs obeying
s
VS0 = S p=0,1 2 =1, (2.9)

and there exists frames where ( = (s.

Generating AdSs solutions from AdSs with Hopf fiber T-duality is an old idea, a more
novel way to generate AdSy solutions is to instead utilise SL(2) non-Abelian T-duality, as
recently done in [3, 4]. For completeness we spell out the process of how this is done in
appendix C. The result of applying an SL(2) T-duality on (2.1) with ¢y = 0 is the following
solution in Type IIB/ITA

24
dsgf(Z) = LdS?(Adsz) +e A dr2 1 ds?(My), e P =~ PHALV/A,

C4A
S e4A
HS[(?) :—ﬁ’f’VOKAdSQ)—FH, A:l_p
setA A .
Fa@) =t | &/ (7"— A Vol(Adsz)> NrF —- (—s+ 2Avol(Ang)> /\*7/\fi] . (2.10)

where again t2 = 1. Unlike the case of U(1) T-duality, 9, is not an isometry of (2.10) and
cannot be periodically identified. In fact as with SU(2) T-duality the dual r coordinate is
now a semi-infinite interval: As r — oo the metric exhibits no regular zeros or singularites so
r is not bounded from above, conversely as r approaches loci for which A = 0 the behaviour
of OF1 planes (which are the S-dual of O1 planes) is recovered [4]. Again one can show
that the Bianchi identities of the fluxes

(d — Hg)\) Fyi2) = 0, dHg9y = 0, (2.11)

are implied by (2.3), and that the rest of the Type II equations of motion (A.4) are implied
by the reduced d = 7 conditions following from (2.1).
An interesting fact emerges while comparing (2.10) to (2.6), given that A — 1 as
r — oo. It quickly becomes clear that the NS sector of the U(1) T-dual is recovered from
that of the SL(2) T-dual as
lim (dsg[@), Hgya), re®si2) = (dsﬁ(l), Hyy, ePum), (2.12)

r—00

A similar map can be obtained for the RR sector, when weighted by the dilaton, ie

lim e®@ Fyp) = e™ W Fy (), (2.13)

r—00

holds in general. Similar observations have been made for SU(2) T-duality [27].



If the original AdSs solution is supersymmetric, like the U(1) case, the dual solution
can preserve all the spinors corresponding to a given chirality determined by the sign of s.
The dual Killing spinors take the form

&% = (Np + N @0y @x1, 6C) = —H(Ny = Noyp)ne ® 01 @ xa,
1 e?4g
Ny = AL+ /A AL =14+ 2.14
+ QA% < + ) ) + 20 5 ( )

where again (o are Killing spinors on AdSs obeying (2.9).
In the next section we shall utilise the technology presented in this section to generate a
new class of AdSs solutions in Type II supergravity preserving small ' = 4 supersymmetry.

3 New classes of small N = 4 AdS, solutions in Type IIB

In section 3.1 we derive a new class of small N' = 4 AdS, solutions of Type II supergravity via
SL(2) T-duality. In section 3.2 we present two solutions within this class whose geometries
are warped products of AdSs x S? x T3 x ¥5. We then derive a general class of solutions
with this topology in section 3.3 with a view towards “completing” the SL(2) T-duals within
global solutions with bounded internal space in the future. As a first step we confirm that
they do indeed lie within this broader class.

3.1 A small N = (0,4) AdS; class in ITA and its SL(2) T-duality

We are interested in studying the SL(2) T-duality of a class of small N' = (0,4) AdS3
solutions in massive ITA first derived in [20]. The general class has a NS sector of the form

2
57 = L (a5 (Adse) + d%(8Y) + gVhart + S v =

1
H = 0,(gh)dxy A dxg A dxs — §eijk8xigdxj Adxp A dp, (3.1)

%‘ >
<) ENY)

where ¢ = 1,2,3 with Einstein summation conventions assumed, g = g(z;), h = h(p, z;), q
is a constant and €;;;, is the flat space Levi-Civita symbol. All possible d = 10 RR fluxes
are non trivial and take the form

d,h 1
Fy= %, Fy = —Scijudy hduj N da,  Fi=2g (vol(AdSs) + vol($*)) Adp.  (3.2)

The Bianchi identities of the NS and RR fluxes, away from the loci of sources require that
we impose that
Iph 2 2 2
d v =0, 0,9+09,(gh)=0, 09;h+ Fydy(gh)=0. (3.3)
If these requirements are satisfied then (3.1) and (3.2) always yield a solution of the full
Type ITA equations of motion preserving at least N' = (0,4), however this is actually
enhanced to (4,4) when h = constant.



With the recipe presented in the previous section it is a simple matter to compute the
SL(2) T-dual of the above class of solutions, we need only put it in the form of (2.1) to
read off the answer. We have

2 3
A= YI a2(y) = Lds?(S%) + g (\/de? + dp) Lo

hi Vh Vh VI
8ph 1 3 3
fr= e §eijk8mihdxj A dxy, + 2qvol(S°) A dp + 2qghdzy A dxo A dxs A vol(S®), (3.4)

with H simply given as in (3.1). The sign appearing in the AdS3 Killing spinor equation (2.5)
that [20] takes is
s=1, (3.5)

so we should choose this sign for small N' = 4 to be preserved in the dual solution. Just to
make a concrete choice we additionally fix t = —1.
The SL(2) T-dual solution in Type IIB supergravity then has the following NS sector

ds? = % (;AdsQ(Ang) - d52(S3)) - \Zﬁdﬂ + gVhda? + g‘%, e =r qth,

H = —irvol(AdSz) + 0,(gh)dxy A dxo A das — %eijkﬁxigdazj Adxy N dp, (3.6)
where now A =1 — %. The RR sector on the other hand is given by
Py =qdp — ajjralr,
F5 =qd ((1 - 2A)r2) Avol(S*) A dp

+ %vol(Ang) A [rghda:l Adxo A dxg — %qjk(‘)xi log hdr A dx; A dzy |, (3.7)
= —iVOI(AdSQ) A (rdp — qaphdr) — qghdzi A dxg A dxs + Eeijkaxihdr Ndxj A dxy,.
2A 4gh 2

As with the original solution, the Bianchi identities and remaining Type II equations of
motion hold when (3.3) or its source corrected equivalent do.

We will now focus on the SL(2) T-duals of two solutions found and studied in [20] for
which concrete CFT duals have been proposed.

3.2 Two solutions on AdS; x S3 x T3 x 3o

Two interesting classes of AdSs solutions arise by imposing that x; span a 3-torus which
the warp factors respect the isometries of. Thus we restrict to h = h(p) and g = g(p). One
then has that the last of (3.3) reduces to simply

Fydy(gh) = 0, (3.8)

L or Fy = 0 which requires

representing a branching of possible solutions. Either h o g~
h = constant and that g is locally a linear function — we present these respective cases in

sections 3.2.1 and 3.2.2.



3.2.1 AdS3 case with hg < 1

For the first case we solve the whole of (3.3) as
h = /u, g= %, u = u(p), (3.9)

where v is a linear function (ie v’ = 0 locally) and ¢ is a constant. As a consequence we
have 0,(gh) = 0 and so the NS 3-form becomes purely electric. Globally in massive ITA
this tuning of (h, g) gives rise to AdSz x S* x T? foliated over an interval bounded between
D8/08 singularities and with D8 branes along the interior.

The SL(2) T-dual of the solution described above takes the following form

)

ds? = L (1d32(Ang) + ds*(S%) + cdsQ(TS)) +ud (

dfrz n cdp? o _ quiq

q U c

2

- ___" —1_- 7
H=dB, B=-gvol(AdS:), Ar=1 yrEot (3.10)

As there is a well defined NS 2-form for this solution we find it convenient to express the
RR sector in terms of their Page flux avatars defined as

F=eBAF, (3.11)

which are closed if (d — HA)F = 0. We find the following

ru - r2u’
Fy = qdp — Edr, F3=— 1

vol(AdSy) A dz — gevol(T?),  Fy = 2qrvol(S?) A dr A dp,
Fy = vol(S?) A (qr2vol(AdSQ) Adr A dp + cqvol(T?) A (2rdr - gd (u%)) >,

Fy = cqr®vol(AdS,) A vol(S?) A vol(T?) A dr, (3.12)

where of course I} = Fy. One has a solution away from the loci of sources so long as u” = 0,
making w linear. Globally however u needs only be piecewise linear with the discontinuities
in «’ giving rise to delta function sources in u”, which are D7 branes smeared over r. Such
objects behave like D8 branes, ie the metric and dilaton neither go to zero nor blow up at
their loci, as such they can be placed along the interior of the interval spanned by p.

3.2.2 AdS- case with h = constant

The second way to solve (3.8) is to fix Fy = 0 which, given that the solution must also
respect the isometries of T means we shall fix

h = hy, (3.13)
for hy a constant. We then have that (3.3) reduces to

g' =0, (3.14)



away from the loci of sources. In massless ITA this tuning of (h,g) gives rise to another
solution with AdSs x S x T3 foliated over an interval. This time instead of D8 branes there
are NSH branes, that are smeared over all but one of their co-dimensions, placed along the
interior of the interval and giving rise to delta function source corrections to (3.14).

The SL(2) T-dual solution has a NS sector of the following form

1 q \/h() 1
dQ—(dzAdS d283> 2 dr? (x/hdz’]l“?’ dQ),
S \/}704A28( 2)—|—qs()+q r°+g os()—i-\/%p

[hokqA 1 r 2
- 0Rga2 / 3 q
= H=——-d{— 1(AdSs) + h (T Ay =1 .
e P 5 < 2) A vol(AdSs) 0g'vol(T?), 2 Thor?

(3.15)

Note that H no longer has a well defined NS 2-form so using (3.11) to simplify the expressions
of the RR sector is no longer appropriate. The d = 10 RR fluxes are given by

Fy =qdp, F3=—q <2TA2VOI(Ad82) Adp + hogvol(T3)> ,

h
Fy =qr (22‘qV01(AdSQ) A vol(T?) 4 2vol(S*)dr A dp) . (3.16)
2
In section 4 we study the SCQM dual to this class of solutions, as the starting point
for a more general study of SCQMs dual to AdSs solutions with N' = 4 supersymmetries
that would include the solutions with hg o< 1 and the broader class that we construct in
the next subsection. We argue that the solutions in this subsection describe geometrically

the bubbling of monopoles in 4d N' = 2 D3-D7 theories.

3.3 Embedding into a general class of AdSy x 82 x T3 x X, solutions

An ever present issue with applying non-Abelian generalisations of U(1) T-duality to the
AdS/CFT correspondence is that they give rise to solutions with an unbounded internal
space. SL(2) T-duality is no different, the T-dual coordinate r is only bounded at one end.
This is often a sign that the putative dual CFT/CQM is ill defined, although it may also
indicate that the geometry is dual to a defect in a higher dimensional CFT. Significant
progress on both the geometry and CFT side has been made towards making sense of such
geometries in recent years. The CFT dual of a non-Abelian T-dual geometry can often
be viewed as an infinite linear quiver that one can make finite, by instead choosing to
terminate it at a flavour node [4, 7, 27-32]. To realise such a method geometrically one
needs to embed the non-Abelian T-dual geometry into a broader class of solutions and
essentially glue another solution onto it at finite r, such that the interval spanned by r
becomes bounded and the dual CFT well defined. This has been successfully achieved in
several contexts. With this in mind in this section we are interested in embedding the
solutions of sections 3.2.1 and 3.2.2 into a more general class of AdS, x S? x T3 x ¥ solutions
preserving small V' = 4 supersymmetry. To our knowledge such a class does not currently
exist, so here we shall derive one by double Wick rotating (a subclass of) a broad class of
solutions on AdS3 x S? found in [21].



The relevant class of AdS3 x S? x Mjs solutions is presented in section 3.3 of [21].
The internal manifold Mj is spanned by coordinates (y, x, 21, 22, z3), with the former 2
coordinates fibered over the latter. Generically the class is quite complicated but undergoes
a pronounced simplification if one assumes that 0, are isometries of the solutions spanning
a 3-torus. It is then possible to perform a coordinate transformation in the (z,y) directions
to diagonalise the metric. Let us describe the process briefly, note that (A, go, ho, ug) refer
to functions defined in [21] (the latter 2 not containing the subscript zero in that work).
After imposing that 0., are isometries one first performs the coordinate transformation

T —I=u, y — 4y = 49(y, x) (3.17)
in such a way that
o] o]
P -2 3.18
ox’ g0 ayv ( )
which leads to a diagonal metric. One then redefines
4
9o = E? hO = 457 Ug = v, m = 11 (319)

where K = K(x,y), S = S(z,y) and v = v(z). Finally we send § — y to uncluttered
notation.

The resulting class of small N = (0,4) AdSs3 solutions has a NS sector of the following
form

1 SK 1 S
ds? = — (dQAdS d282> da® dy? + || Zds*(T?
= i (2(dsy) o 2% )+ LI o+ || (D),
SE 1 v’ 0y S v'?
P o= _ = . 2 Y 3 = — .
e =K o H 2d<4KSE :c>/\vol(S)+ KVOI(T), 1+4KS
(3.20)
It supports the following non trivial d = 10 RR fluxes
1
P =0, Kdy— ;8y<KS>d.%', Fs = (1 —|—*10)f5
V'O, (KS) w'dylog Kdy 1
Fy=(-——L—do + ———>—2 — ~Kdy ) Avol(S?) — 0, Svol(T?
5 ( SRS T+ <92 5 y) vol(S%) — 9, Svol(T?),
s = ! (4KS’2 — %0, (S>> vol(T?) A vol(AdSy). (3.21)
8K SE v

One has a solution whenever the Bianchi identities of the fluxes hold, in the absence of
sources these reduce to the following PDEs

95 2 Lo 2 b "

= = constant = b, 0K + ;(‘%(SK) =0, 0;5+ ;(%(SK) =0, v =0. (3.22)
Notice that this is a very similar system of PDEs to that of the massive ITA class in (3.3) —

here it is now b, which is related to the NS flux through T2, that plays the role that F
previously did.



We now need to double Wick rotate the above class to get to a class of solutions on
AdSs x S? x T3 x 35 — this is achieved as follows: First we wick rotate the coordinates of
AdS, and S? so that they become AdS3 and S? respectively. The rules are

ds*(AdS3) — —ds*(S%),  ds*(S?) — —ds*(AdSs),
vol(AdS3) — —vol(S?), vol(S?) — —ivol(AdS,). (3.23)

In addition to this one needs to analytically continue the various functions appearing in the
class as

v = v, K — —iK, S — —iS, T — iz, (3.24)

so that the metric has the correct signature and is real. Finally we supplement the procedure
by sending

e o —e?®, F — —F, (3.25)

which ensures that the dilaton is real. When the dust settles we arrive at a class of AdSs
solutions with the following NS sector

1 vK
ds® = —2 (4&dsg(AdSQ)+d32(s3)>ﬂ/f(d (T3) + VES 2 + de2,

KVSV= 1 ! N 02
—-d _ = _ 3 ==1=
e " = — H 2al <4KSH +x> A vol(AdSsa) + 8 ,Svol(T?), 1 1KS
(3.26)
and the following d = 10 RR fluxes
1
=0, Kdy — ;ay(KS)dSC, Fy = (1 + *10)f5
/ /
- (” Oy(KS) ,  vv'dslog Kdy 1Kdy> A vol(AdS,) — 9, Svol(T?),
8K S= 8S= 2
fs = N <4K52 + 0200, (i)) vol(AdSy) A vol(T?). (3.27)

One has a solution to the Type IIB equations of motion whenever the Bianchi identities of
the fluxes hold, these still reduce to the PDEs in (3.22) away from the loci of sources. This
class of AdSs solutions should preserve small N' = 4 supersymmetry like the AdS3 class we
generated it from.

In the next sections we show how to recover the solutions of section 3.2.1 and 3.2.2
from this more general class of AdSy solutions. This actually also serves as evidence to
our claim that the general class preserves small N' = 4 supersymmetry, because these two
specific solutions certainly do.
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3.3.1 Recovering the hg < 1 case
The solution of section 3.2.1 is recovered from (3.26)—(3.27) by fixing

S =cquo(z), K = %p(y)vo(:c)7 v = ¢*vo, (3.28)
where the functions vy, p obey
Pvg=0, Ip=0, (3.29)

which solves all of (3.22) for b = 0. To precisely reproduce the form of the solution in 3.2.1
one needs to do an implicit coordinate transformation such that

p(y) = \/ulp)- (3.30)

The resulting solution is actually a mild generalisation of the solution in section 3.2.1 which
depends on the linear function vg. Specifically if one fixes v9 = x one recovers the solution
of section 3.2.1, but if one fixes vy = constant one instead recovers its U(1) T-dual analogue.
Such hybrid T-dual/non-Abelian T-dual solutions were previously found in [33].

3.3.2 Recovering the h = constant case

Likewise the solution of section 3.2.2 is recovered from (3.26)—(3.27) by fixing

S =q/Qy)v(x), K= }mqg)(g), v = ¢*vo(x), (3.31)
where
2o =0, 9,Q = 2bhy, (3.32)

which solves (3.22). To get to the precise form of the solution in section 3.2.2 one needs to
change coordinates from y to p in such a way that

Q(y) = hog(p)® (3.33)

which requires that one identifies
b= ho0,g. (3.34)

Again the result of doing this is actually a T-dual/non-Abelian T-dual hybrid of the solution
we seek: Fixing vy = = recovers the solution of section 3.2.2 while vy = constant gives rise
to its U(1) T-dual analogue.

4 Field theory analysis

In this section we study the 1d SCFTs dual to the AdSsy x S3 x T3 x ¥y solutions with
Fy = 0 constructed in section 3.2.2, as a first step towards a more general analysis of the
field theories dual to our broader class of ' = 4 solutions, in particular the ones constructed
in section 3.2.1. We construct explicit quivers that we conjecture flow in the IR to the
SCQMs dual to the solutions, and check our proposal with the computation of the field
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t | 21| 22| 23| x T T T T T
D1 X X
D3 |x| x| x| x
D5 X X
D7 | x| x| x| x X | X | x| X
NS5 | x X | x| x| x| X
F1 X

Table 1. %-BPS brane intersection underlying the A" = 4 AdS, solutions constructed in section 3.2.2.

t is the time direction where the 1d dual CFT lives; (21, 22, 23) parametrise the T?; 2% is the field

theory direction; #° is the direction where the Fl-strings lie, and (2%, 27,28, 2°) are the directions

associated to the isometries of the S3.

theory and holographic central charges. We propose an interpretation of the solutions as
holographic duals of monopole bubbling in 4d A/ = 2 theories living in D3-D7 branes, and of
baryon vertices in 5d N' = 1 theories living in D5-NS5-D7 branes. These two interpretations
are based on the disposition of the branes that make the brane set-up associated to the
solutions along the two non-compact directions of the 2d Riemann surface.

4.1 Hanany-Witten brane set-up and quantised charges

Even if we have not constructed the brane solution whose near horizon geometry is described
by the geometry specified by equations (3.15) and (3.16),% one can see that the brane
intersection shown in table 1 is consistent with the fluxes, preserved supersymmetries and
the bosonic symmetries of the solutions. As it typically happens the 2* coordinates will mix
upon taking the near horizon limit to give rise to the radius of AdS, the two non-compact
directions 7 and p and the coordinates along the S3. In this configuration the D1-branes
play the role of colour branes, and z* of field theory direction, and the Fl-strings stretch
along 2°. As we will show below once the near horizon limit is taken the D1-branes will
effectively stretch along the p direction and the Fl-strings along r. We will also see that
the D1-branes carry as well electric charge, which allows one to interpret them as baryon
vertices for the D7-branes. The same interpretation is found for the D3-branes with respect
to the D5-branes. We can indeed check in table 1 that these branes have the right relative
orientations that allow to infer this. Alternatively, as we will discuss, the brane set-up
can be interpreted as describing the super conformal quantum mechanics associated to the
bubbling of dyonic monopoles in the 4d theory living in the intersection of the D3 and D7
branes, in a brane scenario in which the D3-D7 branes and the D1-F1 strings are put inside
a 5-brane web.

Let us start our discussion with the computation of the quantised charges. To this end
we find it helpful to decompose the NS 3-form into its electric and magnetic parts as

1
H=H+H", H'=—d|—"— | Avol(AdSy), H™ = hog'vol(T?).  (4.1)

2 _ 9
1 4h%r2

2This is a difficult task when a non-Abelian T-duality transformation is involved (see [34, 35]).
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We start analysing the D7-D5-NS5 brane subsystem. The quantised charge associated to
the D7-branes is obtained integrating the magnetic component of F}, as

QDFﬁ/ﬁZQ/ﬁﬂ (4.2)

To proceed we need to define the domain of integration of the p-direction, which is in turn
related to the way we define the Page fluxes in our backgrounds. Indeed, the standard
definition of Page fluxes given by (3.11) cannot be used for our solutions, since there is no
globally defined magnetic B-field. Instead, we note that the definition®

ﬁ:ﬁ+HmAqg, (4.3)

is equivalent to (3.11) for the magnetic part of the Page fluxes. This definition of the Page
fluxes has the non-trivial implication that instead of having Dp-branes being created as
NS5-branes are crossed, which is the usual way the Hanany-Witten brane creation effect is
understood at the level of the fluxes, it describes Dp-branes being created as D(p+2)-branes
are crossed. In particular, for the D5-branes we have

fa=fz+H™Cy. (4.4)

From this expression we see that fg is sensitive to gauge transformations of Cjy. In order
to carefully account for these we demand that Cy lies in the range Cp € [0, g]. In order to
accomplish this we need to take

Co=qlp—k) for  pelkk+1]. (4.5)

Then, given that the D7-brane charge is obtained computing

k+1
m= [ d, (4.6)

this imposes that ¢ D7-branes are created in this interval. This clarifies the role played
by the large gauge transformations of Cy, as generating a strong coupling realisation of
the Hanany-Witten brane creation effect by which D7-branes, instead of NS5-branes, are
positioned along the field theory direction. In turn, the large gauge transformation in (4.5)
modifies fg as fg — fg — gkH™ such that

fs = qho (g/(p —k)— g)vol(’]I‘B) in p € [k, k+1]. (4.7)

Recall that away from the loci of sources the Bianchi identities require that ¢” = 0, which
makes ¢ a linear function. However globally we need only impose that g is continuous, while
g’ is allowed to have discontinuities that give rise to delta function sources in ¢”, signaling
the presence of smeared NS5-branes at pp = k. Therefore, we take g piecewise linear such

that
1

e = 2mhg

(o +Belp—k))  for  pelkk+1] (4.8)

3We use fp to denote p-form RR magnetic fluxes, and an m superscript to denote magnetic components.
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Here «aj and (i are integer numbers, since they are related to the numbers of D5 and
NS5-branes in the kth interval, according to

1 R
o=~ [ = 4s)
k) _ 1 m_

QNSS - (27’()2 Ag H™ = p. (410)

As well defined global solutions should have a continuous metric and dilaton this amounts
to requiring that oy, 8 must satisfy

k
1 =k + B = Y B (4.11)
j=0
The value of 5 is not fixed however, indeed we allow it to change between intervals, this
means that in the vicinity of p = k£ we have

Z 1

= m(ﬂk — Br—1)d(p — k) (4.12)

and so we have source NS5 branes with charge B — Bx—1 at p = k that are extended in
AdS3 x S? and smeared over T3. Note that this does not induce any source terms in the RR
sector as should be clear from examining (3.16), which is independent of ¢’. Next we need
to care about how the space ends on the p-direction. We choose to take p € [0, P + 1] and
impose that at both ends g vanishes. This implies that in the [0, 1] and [P, P + 1] intervals
we must have

Bo 1

= = — P 4.13
oo 9P = 5o (OéP + Be(p )>, (4.13)
with 8p = —ap. The behaviour close to both ends of the space is then that of an ONS5

orientifold fixed plane (S-dual of an O5) that is smeared on the T3.
Summarising our results so far, we have seen that there are gay D5-branes stretched

90

between g D7-branes located at pr = k, pr+1 = k + 1 with 8y perpendicular NS5-branes in
each [pg, pr+1] interval.

Let us analyse now the D1-D3-F1 subsector of the brane set-up. As we have mentioned,
the D1 and D3-branes carry electric charges, which allows us to interpret them as baryon
vertices. These charges are obtained integrating the Page fluxes associated to the electric
components of F3 and Fj in (3.16), defining these is a little subtle in this case. The electric
part of H in (4.1) allows for a globally defined NS 2-form, given by

1
—51% vol(AdSs). (4.14)
" 4hor?

B =

We need to define some combinations of the fluxes whose integrals maybe be interpreted as
charges, as such they should be closed (away from sources). It is not hard to see that if one

decomposes the magnetic fluxes as?

FS=dCs y — H™ ACo g+ B A fpos (4.15)

4We use an e superscript to denote electric components.
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for CF some electric RR potentials, we get the correct Bianchi identity for the electric part
of the flux, ie dFy = H™ A Fy_o+ H° A fp—2. This suggests defining the electric Page fluxes
as

E¢=F+ H™NCE_g— B°A fpoo, (4.16)
which are closed (away from sources) by construction. In turn, the F1-strings are electrically
charged with respect to B, with charge

€ _L e
QFl - (271')2 /AdSQB ) (417)

with B¢ given by (4.14). One can easily see that regularising the volume of AdSy as
Vol(AdS3) = 47 and dividing the r direction in intervals of length 27 a Fl-string lies at
each such interval. This can be linked to the condition that the integral of B¢ lies in the
fundamental region. In this case a large gauge transformation of gauge parameter n must
be performed for r € [2n7,2(n + 1)7], such that

21 _ &
1 4hor2

B = ( L r m) vol(AdSy), (4.18)

and an Fl-string is created. We identify the beginning of the space at ro = ﬁ with 27,

consistently with the fact that, as we showed in section 2, the behaviour of the metric and

dilaton at this point is that associated to an OF1-plane. This fixes hg = %.

Substituting in (4.16) we then find in the interval r € [2nm, 2(n 4 1)7| that
F$ = —nmqdp Avol(AdSy), = C§5=—2mng(p—1)
. 1
F = Sna(g + (p — 1)g')vol(AdSy) A vol(T%) (4.19)

where [ is an integration constant. Given this we find
1 ~ k
%711) == (27‘(‘)2 /F3l€ =ng = nQ(D’;a (420)

meaning that there are ng units of electric D1 charge within the cell r € [2n7,2(n + 1)7],
thus for consistency we should constrain

0<-C5<ng = Il=k. (4.21)

We then have that the electric D3 brane charge is given by
em) _ 1 e _ — 0%
Qps = W/Fg = ngag = nQ ps. (4.22)

The brane set-up associated to these quantised charges is depicted in figure 1. Clearly,
as 1 is a non-compact direction we need to care about its global definition. This will be
important later on when we compute the central charge associated to the solutions. We
choose to complete the solutions in this direction by glueing them to themselves, at a certain
point rpr 1 = 2(P' + 1)7. The completed brane set-up is depicted in figure 2. Specifically,
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D7 D7 D7
® ® ®
® ® ®
ay, D5 ay D5 ay D5
a, D3 2ay D3 nay D3

Figure 1. Brane set-up in the r direction for p constant, in units of ¢. The numbers of D7 and D5
branes at each interval are given by their respective magnetic charges. Instead, for the numbers of
D1 and D3 branes we give their electric charges (computed in (4.20) and (4.22)) as these are the
ones that play a role in their interpretation as baryon vertices.

. DSI ay D5 I a D5 | a Di I a, DS | . DS I a D5 | a, D5

a, D3 2a; D3 Pay D3 (P'+1)a;, D3 Pa, D3 2 D3 a; D3

B
r

Figure 2. Completed brane set-up in the r direction for p constant, in units of g. The branes in
blue are used to glue the brane set-up with itself.

the solutions are extended beyond the [27,2(P’ + 1)n] interval by gluing a second solution
onto it which takes the form of (3.15)—(3.16), but with » — 4(P’ + 1)m — r and for which
€ [2(P'+ 1)7,2(2P" + 1)7]. One can easily check that the metric and fluxes of this global
completion are continuous across r = 2(P’ + 1)7r. The r € [2(P' 4+ 1)7,2(2P" + 1)7| part of
the interval is likewise divided in P’ intervals of length 27 where F1-strings are created,
associated to the large gauge transformations of the B¢ field, that we complete as

(—L e +nm) vOl(AdSs), 7€ 2, 2(P'+1)r]

(L i e+ (4P +1) —n)m ) vol(AdSs), 7 € [2(P'+1)m,2(2P'+1)7]
(4.23)

Note that with this completion of the solutions a new singularity associated to an OF1-plane

B =

arises at r = 2(2P’' + 1)w, where the space now ends.

4.2 Baryon vertex interpretation

Our previous analysis shows that there is one Fl-string extended in r for r € [2n7, 2(n+1)7]
forn =1,2,...2P". At each of these intervals there are ng units of D1-brane electric charge
and ngay, units of D3-brane electric charge for n = 1,2,..., P'+1, as well as (4(P'+1) —n)q

~16 —



Qp1 D1 Qp3 D3
XS

Figure 3. Wilson loops in the @ p7-th and @ ps-th antisymmetric representations of U(Qp1) and
U(Qps), respectively.

units of D1-brane electric charge and (4(P’ + 1) — n)gay, units of D3-brane electric charge
forn=P +1,P' +2,...,2P" + 1. Recalling the existence of the following couplings in the
WZ actions of the D1 and D3 branes,

Sp1 =T /f1 N Ay, Sp3 = T3/f3 N Ay, (4.24)

where A; is the electric component of the Born-Infeld vector field, we find that a D1-brane
extended in p between [pg, pr+1] and located at a fixed position in the r € [2nm,2(n + 1)7]
interval behaves as a baryon vertex for the D7-branes, since it carries Q%; = ng = nQp7
units of Fl-string charge if n = 1,2,...,P'+ 1, and Q% = (4(P'+1) —n)Qpr if n =
P'4+1,...,2P"+1. Similarly, a D3-brane wrapped on the T? and located at a fixed position
in the r € [2nm, 2(n + 1)7] interval carries Q%5 = ngay = nQ ps units of Fl-string charge if
n=12...,P+1and Q%3 = (4P +1)—n)Qps if n =P +1,...,2P'+1, and therefore
behaves as a baryon vertex for the D5-branes. Indeed, the relative orientation between the
D1 and the D7 branes and between the D3 and the D5 branes in the brane set-up is the one
that allows to create F1-strings stretched between the D1 and the D7 branes and between
the D3 and the D5 branes, as depicted in figure 3.

As we have mentioned, the location of the branes along the r direction is the one
depicted in figure 2. As explained in detail in [2] this brane configuration can be related by
a combination of a T-duality, an S-duality, successive Hanany-Witten moves and a further
T-duality to the brane set-up depicted in figure 4. After these transformations the analogy
with the description of half-BPS Wilson loops in antisymmetric representations labelled by
the Young tableau depicted in figure 5, proposed in [36, 37|, is evident. In these references if
was shown that a Wilson loop in the (I1,1s,...,l5s) antisymmetric representation is realised
by a configuration of stacks of branes separated a distance L from the colour branes with
(I1,1a,...,lp) Fl-strings stretched between the stacks. This is completely analogous to our
configuration in figure 4. In our case we encounter the particular situation in which the
sum of the Fl-strings stretched between each D1 (D3) and the flavour D7 (D5) branes
coincides with the rank of the gauge group of the D1 (D3) branes, which implies that the
Wilson lines are in the fundamental representation of the gauge groups. Therefore, the
D1-D3 branes behave as baryon vertices for the D7-D5 branes.
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D1 201 |, .. P' D1 (P'+1) D1 2D1 D1

a D3 2a, D3 P'a, D3 P'a;, D3 2a, D3 a, D3

& ay D5
® ay D5

® a, D5
® ai D5

Figure 4. Hanany-Witten brane set-up equivalent to the brane configuration in figure 2, in units
of q.

ny

no

Lo RN Ly
Figure 5. Young tableau labelling the irreducible representations of U(N).

Our analysis in this subsection suggests that the AdSsy solutions constructed in sec-
tion 3.2.2 could find an interpretation as backreacted D1-D3-F1 baryon vertices in the
5d N =1 theory living in a D5-D7-NS5 brane intersection. Indeed, our discussion so far
mimics the interpretation of the AdSs solutions found in [2-4, 6, 7], as dual to baryon
vertices in 5d Sp(N), 4d ' = 4 and 4d N = 2 superconformal field theories. However, a key
difference with our construction in this paper is that the AdSs solutions discussed in these
references asymptote locally to the AdSg or AdSs solutions dual to the higher dimensional
SCFTs where the baryon vertices are embedded, while this is not the case for our AdS»
solutions. Based on this it is likely that in our construction in this paper the branes could
play a different role, a possibility that we will further discuss in section 4.4, where we will
see that they allow for an alternative interpretation in terms of dyonic monopoles in the 4d
theory living in D3-D7 branes.
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4.3 Quiver quantum mechanics

In the previous subsection we computed the electric charges of the D1 and D3 branes,
which are the relevant ones for the construction of Wilson lines or baryon vertices. In this
subsection we are interested instead in the construction of the quiver quantum mechanics
dual to our solutions, for which the relevant charges are the magnetic ones.

Analogously to our discussion for the D7-D5-NS5 brane subsystem, the D1 and D3-
branes are magnetically charged with respect to the Page fluxes defined by

A A

f7:f7+Hm/\CT, f5:f5+Hm/\C§1. (4.25)

These expressions show that the numbers of D1 and D3 branes are sensible to gauge
transformations of Cy and Cq, respectively. In particular, we have for our background

f5 = dCT = 2qrvol(S*) A dr A dp (4.26)

and, upon integration
C" = 2qrpvol(S?) A dr. (4.27)

Taking p € [k, (k + 1)] a large gauge transformation of parameter k, such that
C" = 2qr(p — k) Avol(S?) A dr, (4.28)

creates a number of D3-branes in this interval given by

1 /

(k) _ n+s, for n=12,...P 499
@p3 q{4(P’+1)—n—%, for n=P +1,...,2P". (4.29)

Similarly, substituting in f7 above we find,
fz = 2ghor (g — g'(p — k) ) dr A vol(T?) A vol(S?), (4.30)

from which we compute
1 /

(k) _ 1 /A: n+g, for n=1,2,...,P 131
@1 (2m)6 Jr qak‘{4(P'+1)—n—;, for n=P 4+1,...,2P. (431)

Combining with our results for the magnetic charges for the D7 and D5 branes, reported in
subsection 4.1, the picture that arises is a non-perturbative setting in which gay D5-branes
are stretched between stacks of ¢ D7-branes located at py = k and pg+1 = (K + 1), and
q(n + %)ak = gpay D1-branes are stretched between stacks of gp D3-branes located at
the same positions. This is so for r € [2nm,2(n + 1)7] intervals with n = 1,2... P/,
with the obvious changes implied by equations (4.29) and (4.31) in the intervals with
n=P +1,...,2P.

In this non-perturbative brane scenario D1-branes are created when D3-branes are
crossed, while D5-branes are created when D7-branes are crossed. These are non-perturbative

realisations of Hanany-Witten brane set-ups, in which Dp-branes are stretched between
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Figure 6. Brane set-up along the p direction, for r constant, in units of q.

D(p+2)-branes located at fixed positions in the field theory direction with orthogonal NS5-
branes lying between the stacks of D(p+2)-branes. In our case the D5-branes will finally
contribute with flavour groups, leaving just the D1-branes stretched between D3-branes as
the ones giving rise to colour groups. Note that the configuration consisting on D1-branes
stretched between D3-branes is precisely the Type IIB description of smooth monopoles in
the 4d theory living in D3 or D3-D7 brane systems, according to the Nahm construction [38].
Our solutions describe naturally this type of configurations, because of the definition of
Page fluxes that needs to be taken in the absence of a globally well-defined B field. We will
come back to this discussion in subsection 4.4 when we relate our SCQM to the bubbling of
singular loops in the 4d theory living in D3-D7 branes.

From the previous quantised (magnetic) charges we can now proceed with the con-
struction of the quiver that describes the supersymmetric quantum mechanics that, we
propose, flows in the IR to the SCQM dual to our solutions. In order to extract it we
need to account for the ordering of the NS5-branes along the p-direction, together with the
net number of D1-branes ending on them and the number of orthogonal D3-branes lying
between NS5-branes. Similarly, in order to account for the number of D5-branes in each
interval we need to compute the net number of them ending on NS5-branes together with
the number of orthogonal D7-branes between NS5-branes. The massless modes that give
rise to the quiver quantum mechanics arise then from the open strings that connect the
D-branes in the same interval between NS5-branes or adjacent ones.

Given that in our brane set-up, depicted in figure 6, the D1 and D5 branes stretch,
respectively, between D3 and D7 branes with NS5-branes orthogonal to them, we need to
perform a series of Hanany-Witten moves that create D1 and D5 branes stretching between
NS5-branes, with orthogonal D3 and D7 branes lying between them. This is explained in
detail in appendix E, following closely [20], where the same analysis was carried out for the
D2-D4-NS5 brane system underlying the AdS3 solutions studied therein. We will find the
same field content as in the 2d D2-D4-NS5 brane system discussed in [20] with the D2-branes
replaced by D1 (or wrapped D5) branes and the D4-branes by D3 (or wrapped D7) branes,
with 1d /' = 4 multiplets described in terms of 2d (0,4) multiplets in the standard way.
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Figure 7. Quiver associated to the D5-D7-NS5 brane subsystem for r constant. Circles denote (4,4)
vector multiplets and black lines (4,4) bifundamental hypermultiplets. The gauge groups with ranks
ag, with k =1,..., P —1 to the left of the gauge group with rank ap have U(1) flavour symmetries.
The gauge group with rank ap has U(2) flavour symmetry. The rest of gauge groups do not have
attached any flavours. We have used units of q.

Figure 8. Quiver associated to the D1-D3-NS5 brane subsystem for r constant. Circles denote
(4,4) vector multiplets and black lines (4,4) bifundamental hypermultiplets. The gauge groups with
ranks payg, with k= 1,..., P — 1 to the left of the gauge group with rank pap have U(1) flavour
symmetries. The gauge group with rank pap has U(2) flavour symmetry. The rest of gauge groups
do not have attached any flavours. We have used units of gq.

The results in appendix E show that the D5-D7-NS5 and D1-D3-NS5 subsystems of
the brane set-up are described by the (4,4) quivers depicted in figures 7 and 8. Our next
step is to couple these two quivers to each other. This will reduce the supersymmetries
to (0,4). The new massless modes that arise are the ones associated to the open strings
stretched between the D1 and the D5 and D7 branes, given by:

e D1-D5 strings: Strings with one end on D1-branes and the other end on orthogonal
D5-branes in the same interval between NS5-branes contribute with fundamental (0,4)
twisted hypermultiplets, associated to the motion of the string along the (2%, 27, 28, 29)
directions, which are charged under the R-symmetry. Strings with one end on D1-
branes and the other end on D5-branes in adjacent intervals between NS5-branes

contribute with fundamental (0,2) Fermi multiplets, since all the scalars are fixed.

e D1-D7 strings: Strings with one end on D1-branes and the other end on D7-branes in
the same interval contribute with fundamental (0,2) Fermi multiplets. This can be
seeing more concretely by noting that the set-up is T-dual to the D0-D8 system.

These new massless modes thus render the quiver (0,4) (or N'=4 in 1d) supersymmetric.
The resulting quiver is depicted in figure 9. Our proposal is that this quiver describes
a supersymmetric quantum mechanics that flows in the IR to the SCQM dual to our
solutions. Similar quivers to the ones constructed in this subsection have been proposed in
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Figure 9. Quiver associated to the D1-D3-D5-D7-NS5 brane system for 7 constant. Circles denote
(4,4) vector multiplets, black lines (4,4) bifundamental hypermultiplets, red lines (0,4) bifundamental
twisted hypermultiplets and dashed lines bifundamental (0,2) Fermi multiplets. The gauge groups
associated to the D5-branes have become flavour groups since these branes are much heavier than
the D1-branes. One can check that all gauge nodes are balanced (ie 2N, = Ny, with N, the number
of colours and Ny the number of flavours) but the ones with ranks pay, with k =1,2,...,P —1 to
the left of the gauge group with rank pap. We have used units of gq.

the literature in order to describe the bubbling sector of singular *t Hooft monopoles in 4d
N = 2 theories living in D3-D7 branes, in particular in the presence of D5-branes (see [25]).
We will come back to this discussion in subsection 4.4. Previous to that we will check our
proposal with the computation of the central charge.

4.3.1 Computation of the central charge

As a check of our proposal we proceed now to the computation of the field theory and
holographic central charges. We start with the field theory calculation.

It is well-known that an N’ = 4 quantum mechanics can be described in terms of 2d
(0,4) multiplets, and that both theories share the same superconformal algebra. Therefore,
we can use that the superconformal algebra relates the (right-moving) central charge to the
R-symmetry anomaly (the level of the superconformal R-symmetry) to compute the central
charge also in one dimension. The relation is that

CR = 6(nhyp - nvec), (432)

where npyp, stands for the number of (0,4) untwisted hypermultiplets and nye. for the
number of (0,4) vector multiplets. Indeed, this expression has been successfully® used in
previous computations of the central charge of N'=4 SCQMs (see [1-4, 6, 7]). For the
quiver depicted in figure 9 this gives,

ap—1 P-1
i = ¢*p? (2 kz k(k+1) + kz ag + 2ap> (4.33)
1 1

5In the sense that it agrees with the corresponding holographic results.

- 29 —



and
ap— 1
n{n) = <2 Z K+ of ) (4.34)
with p = (n + 1), and finally
P
cgg) = 6¢°p? Z Q. (4.35)
k=1

This gives the contribution to the central charge of the r € [2n7,2(n + 1)7] interval with
n=1,2,...,P". Adding these contributions plus the ones with n = P' +1,P' +2,...,2PF’
for which p — 2(P" + 1) — p, we find

)

= ¢*(4P® + 12P7 + 11P') Z ay ~ 4¢° P Z v (4.36)
k=1
to leading order in P’

Let us proceed now with the computation of the holographic central charge. We use
that [1]

3
Chol = ——— /d8§ e 2% /detys, (4.37)
4rG N
which gives for our solutions
P P
Chol = ¢ (4P’3 T 12P’2> 3k ~4¢°PP Yy, (4.38)
k=1 k=1

to leading order in P’. In fact, the quantity that needs to be compared to the holographic
central charge is

Chot —> - J; °R (4.39)
with
cr, = cg + Try3, (4.40)

where the trace is over the Weyl fermions in the theory and ~?2 is the chirality matrix in
2d. The (4,4) multiplets in the quiver quantum mechanics depicted in figure 9 contain the
same number of left-handed and right-handed multiplets. Therefore, the only ones that
contribute to the previous expression are the ones in (0,4) multiplets, right-handed, and the
ones in (0,2) Fermi multiplets, left-handed. We obtain

1N P= P—
Try?® = —2¢° Z (n+ ) Z a = —¢*P'(P'+2) Z (4.41)
n=1 k=1

Putting this result together with the field theory computation (4.36) we get

CL+CR 23

2

1
<4P’3 + P 10Pl> Z o+ 5 P'(P' + 2)ap ~ 4g°P" Z o, (442)

k=1 k=1

to leading order in P’. Therefore, we find perfect agreement between the field theory and
holographic results, to leading order in P’.
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Figure 10. Brane realisation of singular 't Hooft monopoles in 4d D3-brane systems.

tlat |2 | a® |2t | 2| a8 | 27 | a8 | a?
D3 X | X | x
D7 | x
NS5 | x b'e
D1 X X

Table 2. Brane set-up for the bubbling sector of 4d N’ = 2 D3-D7 theories.

4.4 ’t Hooft defect interpretation

Quiver quantum mechanics like the ones discussed in the previous subsection have been
used in the literature in localization computations of monopole bubbling contributions [39]
to supersymmetric 't Hooft loops, in 4d N/ = 2 supersymmetric gauge theories [22-25]. In
these calculations the contribution of the monopole bubbling sector is computed as the
index of a supersymmetric quantum mechanics, defined from the string theory realisation
of the 't Hooft loop bubbling sector.

In 4d D3-D7 systems smooth monopoles are realised by D1-branes stretched between the
D3-branes, according to the Nahm construction [38]. In turn, singular t Hooft monopoles
are realised by introducing spatially transverse NS5-branes [23, 40], which source :I:% units of
magnetic charge in the worldvolume of the D3-branes (see figure 10). Since these D1-branes
have Dirichlet and Neumann boundary conditions at opposite ends they do not carry any
degrees of freedom, as expected from 't Hooft operators. Monopole bubbling occurs when
the smooth monopoles are absorbed by the 't Hooft defect, decreasing its effective magnetic
charge [23, 40]. In the brane setting this occurs when D1-branes stretched between adjacent
D3-branes coincide with NS5-branes [22, 23]. The SQM from which the bubbling sector
is computed arises then as the low energy theory on the D1-branes of the brane set-up,
depicted in table 2. This has been supported by localization computations that show that
the monopole bubbling contribution to the partition function of the 4d theory is obtained
as the Witten index of the SQM living in the D1-branes [22, 24, 25].

Interestingly, it was shown in [25] that in order to correctly account for the bending of
the NS5-branes caused by the branch cut of the D7-branes, extra D5-branes need to be
introduced in the previous brane set-up, along with F1-strings. The D5-branes introduce
new fields in the SQM, coming from the D1-D5 open strings, that also contribute to
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20 |t | 22 | 2B |t |2 | 2| 27| 2B | 2
D3 X
D7 X
NS5 | x X | x| x| x| x
D1 X X
D5 X X X | X | x| X
F1 X X

Table 3. Brane set-up for the bubbling sector of 4d N' = 2 D3-D7 theories including D5 and F1
branes [25].

the Witten index. The introduction of the D5 and F1 branes renders the whole brane
intersection realising the SQM S-duality symmetric, such that it can describe at the same
time the bubbling of 't Hooft loops, associated to the NS5-D1 subsector, of Wilson loops,
coming from the D5-F1 branes, or of dyonic loops. It was in fact argued in [25] that the
bubbling sector computed from the SQM is associated to dyonic loops, given the presence
of both D1 and F1-strings in the brane configuration. The brane set-up that arises when
the D5-branes and the F1-strings are added is the one depicted in table 3, which is no other
than the brane intersection proposed in table 1 as underlying our AdSs solutions. It is thus
natural to expect that our solutions may provide a geometrical description of the bubbling
of dyonic loops in 4d N' = 2 D3-D7 systems.

Further to this, it was shown in [22] that the bubbling sector of 't Hooft loops in the
4d N' = 2 SU(N) theory living in D3-branes in an Omega background is described by
quiver quantum mechanics consisting on N-1 balanced quivers® of length the number of
NS5-branes in each interval between two D3-branes, connected by N-2 unbalanced gauge
nodes. The N D3-branes of the 4d theory contribute to these quivers with flavour groups,
that couple to the unbalanced gauge nodes. The detailed structure of the unbalanced
quivers contains the information about the particular bubbling sector described by the
quiver QM, as carefully explained in [22]. These constructions were then extended in [24]
to include Ny D7-branes in the 4d SU(N) gauge theory. Interestingly, in reference [25]
these quivers were improved to account for the bending of the NS5-branes caused by the
D7-branes. In this completed brane set-up the D3 and D7 branes are interpreted as sitting
inside a 5-brane web. The resulting QM living in the completed brane set-up is a (0,4)
supersymmetric quiver theory built out of (4,4) vector multiplets coming from each gauge
node, (4,4) bifundamentals coming from D1-D1 branes across NS5-branes, twisted (0,4)
bifundamentals coming from D1-D5 strings ((0,2) bifundamentals if across an NS5-brane)
and (0,2) bifundamental Fermi multiplets coming from D1-D7 strings. This is exactly the
field content of the quiver quantum mechanics depicted in figure 9, which can thus be
interpreted as describing dyonic loops in 4d N = 2 theories living in D3-D7 branes.

Let us analyse in a bit more detail this interpretation. In the bubbling description the
number of NS5-branes between stacks of D3-branes has to be an even integer number, for

5That satisfy that Ny = 2N, with Ny the number of flavours that couple to the gauge node and N,
its rank.
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them to induce an integer magnetic charge in the worldvolume of the D3-branes (see for
instance [25]). This fixes Sy € 27, pay. € Z, and therefore the number of D1-branes in each
interval to an integer number. Second, we can identify the precise bubbling sector that
our quiver quantum mechanics is describing. For this we can follow the analysis in [22]
for the D1-D3-NS5 brane subsystem, where the information about the bubbling sector is
encoded. Comparison with the quivers proposed in [22] shows that our quiver in figure 9
would describe the bubbling sector in which all the magnetic charge of the defect has been
screened,” of the 4d SU(gp(P +1)) gauge theory living in the D3-branes, with Ny = ¢(P+1)
flavour groups coming from the D7-branes, in a given r € [2nm,2(n + 1)7] interval. One
can check that our quiver consists indeed of P balanced sub-quivers of length (5, with
k =0,1,...,8p_1, separated by P — 1 unbalanced ones,® to which the flavour groups
introduced by the D3-D7 strings couple. Note that in our quantum mechanics the condition
for a gauge node to be balanced is inherited from the 2d theory, where the cancellation of
the gauge anomaly imposes that the number of (0,2) Fermi multiplets connected to a given
gauge node must be twice the number of (0,4) hypermultiplets that couple to this node.

A related question to address is whether the 4d theory living in the D3-D7 branes is
conformal. Our construction gives N. = gp(P + 1) = (n+ 3)Ny, and therefore differs from
the condition N, = %N ¢ required by conformal invariance. However, one can note that it is
possible to cancel the term proportional to n by adding a worlvolume flux with instanton
number [ps F' A F = 87n, that would render the 4d theory conformally invariant.

The interpretation of the D1-D3-NS5 subsystem of the brane set-up as associated to
't Hooft loops becomes clearer when one notices that this part of the brane set-up is just
the S-dual of the F1-D3-D5 subsector used to describe Wilson loops (or baryon vertices).
Indeed, dualising the Born-Infeld vector field in the worldvolume of the D3-branes to its
electric-magnetic dual A, one finds a coupling

Sps :Tg/BAdA: —T3/HAA, (4.43)

that shows that a D1-string with electric charge nq induces ngf; D3-brane electric charge.
Adding the contributions of all p-intervals one finds a total Q%5 = ngay, electric charge, as
found in (4.22). This is illustrated in figure 11, which can be obtained from the D1-D3-NS5
sector of the brane set-up depicted in figure 6 after a sequence of Hanany-Witten moves,
where in this case we use electric instead of magnetic charges to count the numbers of D3
and D1 branes. The D3-branes thus find a dual interpretation: as baryon vertices together
with the F'1 and the D5 branes, in the r-space, and as 't Hooft lines together with the D1 and
the NS5-branes in the p-space. The ’t Hooft line is again in the completely antisymmetric
representation of U(gnay)x U(gnag) X ... U(gnap), and could thus be interpreted as a
sort of magnetic baryon vertex. The reader can check the similarity between figure 11 and
the D3-F1-NS5 sector of figure 4, up to the different global completions used for the p and
r directions.

Our analysis in this subsection suggests an interpretation of the AdSy solutions con-
structed in section 3.2.2 as geometric duals of SCQMs describing the bubbling sector of

"The sector with v = diag(0, ..., 0) in the notation of [22].
8Note that our quivers are scaled by a factor gp compared to the ones in [22].
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Figure 11. D1-D3-NS5 sector of the brane set-up depicted in figure 6 after a sequence of Hanany-
Witten moves, where in this case we use electric instead of magnetic charges for the D3 and D1 branes.

vanishing effective magnetic charge in 4d N’ = 2 SCFTs living in D3-D7 systems. It would
be interesting to investigate whether the broader solutions constructed in section 3.3 could
geometrically describe more general bubbling sectors. Note that based on this interpretation
one would expect that the solutions (3.15)—(3.16) asymptoted locally to the AdSs spacetime
dual to the 4d SCFT living in the D3-D7 branes. This is however not the case for our
class of solutions. Indeed, in the two different interpretations that we have discussed the
D3-branes either play the role of background branes, in their interpretation in this section,
or defect branes, in the baryon vertex interpretation discussed in section 4.2. Therefore,
compared to the simpler configurations studied in [2, 3, 6, 7], in this case there is no clear
distinction between defect and background branes, and one should not expect that a higher
dimensional AdS space, that is typically identified as the near horizon geometry of the
background branes, arises asymptotically locally from the solutions, in agreement with our
findings. It would be interesting to construct the explicit brane intersection that underlies
the solutions to shed further light on their possible defect interpretation.

Related to our previous observation, it is worth mentioning that the brane intersection
given in table 1 can more generally be regarded as a coupled 5d-4d-1d system, from which
one can compute the bubbling sectors of 't Hooft loops in the 4d theory living in the D3-D7
branes but also the instanton sectors of the 5d theory living in the 5-brane web. The latter
approach was the one taken in [41], where the same brane set-up depicted in table 1 was
proposed for the study of loop operators in the 5d theory living on D5-NS5 branes. In
this setting the D3-branes introduce Wilson lines, together with the F1-strings, and S-dual
Wilson lines, together with the D1-branes, that in this case connect the D3-branes with
the NS5-branes of the 5-brane web. Note that the condition for the 5d theory to flow to a
conformal point in the UV, given by 2N, > Ny + ¢ is satisfied by the D5-D7-NS5 subsector
of our quiver mechanics. Connecting to our discussion in the previous paragraph, it is worth
stressing that in this interpretation the D3-branes would play the role of defect branes in
both the instanton and baryon vertex interpretations, with the D5-D7-NS5 branes playing
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the role of background branes also in both interpretations. Thus, one could expect that the
AdSg geometry arising in the near horizon of the 5-brane web may emerge asymptotically
locally from the solutions. As we discussed in section 4.2 this is however not the case. As
mentioned above the explicit construction of the brane intersection underlying the solutions
would be very enlightening in clarifying this issue.

5 Conclusions

In this paper we have presented general results on the generation of AdSs solutions to Type
IT supergravities from AdSs backgrounds using U(1) and SL(2) T-dualities, paying special
attention to the conditions for preservation of supersymmetry. We have discussed in detail
the solutions that arise from the AdSz x S3 solutions with A" = (0,4) supersymmetries and
SU(3) structure studied in [20], in particular to the ones constructed via SL(2) T-duality
with h constant. We have shown that these solutions belong to the more general class
obtained from the AdS3 x S? solutions to Type IIB supergravity constructed in [21] through
a double analytical continuation.

We have initiated the study of the field theory duals to the new AdSs solutions focusing
on the previously alluded to SL(2) T-dual, consisting on AdS; x S* x T foliations over a
2d Riemann surface, parametrised by two non-compact directions (p,r). We have proposed
that these solutions are dual to SCQMs arising in the IR from supersymmetric quantum
mechanics living in D1-branes extended in the p direction between NS5-branes, with flavour
groups arising from D3, D5 and D7 branes. We have seen that the F1-strings also present
in the brane set-up play the role, together with the D3-branes, of baryon vertices for
the D5-branes, and, together with the D1-branes, of baryon vertices for the D7-branes.
This structure is revealed by looking at the position of the branes along the r direction.
The D3-D5-F1 and D1-D7-F1 brane subsystems are indeed displayed exactly as in the
D3-D5-F1 brane configurations studied in [36, 37], describing Wilson lines in antisymmetric
representations in 4d N' =4 SYM. As encountered in previous examples of AdS, solutions
associated to baryon vertex configurations [2—4, 6, 7], one can associate the solutions to
D5-D7-NS5 brane intersections, where a 5d AN = 1 theory lives, in which one dimensional
defects are introduced. In the IR the gauge symmetry on the D5-D7-NS5 system becomes
global, turning them from colour to flavour branes, with the defect branes becoming the new
colour branes of the backreacted geometry. In our construction in this paper, however, the
presence of the second non-compact direction in the geometry (not present in the examples in
the previous references), playing the role of field theory direction along which the D1-branes
extend, renders the D1-branes the only remaining colour branes of the configuration.

The intricate brane set-up associated to the solutions unveils, moreover, a similar
structure along the p-direction, to the one arising along the r-direction, with the D1-branes
playing the same role as the F1-strings now in conjunction with the D3-branes and the
NS5-branes, to describe, in this case, 't Hooft monopoles in the 4d theory living on D3-D7
branes. Quiver quantum mechanics like the ones we have explicitly constructed have
been proposed in the literature in the description of monopole bubbling in 4d N/ = 2
supersymmetric theories living in these 4d intersections [22-25]. These constructions involve
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the D1-D3-NS5-D7 subsystem of the brane set-up associated to the solutions. Interestingly,
in order to account for the bending of the NS5-branes due to the branch cuts introduced by
the D7-branes it was shown in [25] that D5-branes (and F1-strings) need also be introduced
in the description, such that the final brane set-up must be precisely the one underlying our
solutions. Our AdS, solutions thus find a natural interpretation as geometrical descriptions
of monopole bubbling in 4d N' = 2 D3-D7 systems. As discussed in the paper, the bubbling
sector described by our quantum mechanics would be the one of vanishing effective magnetic
charge. It is likely that the more general solutions presented in section 3 would provide
the geometrical description of more general bubbling sectors. It would be interesting to
investigate this further.
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A Conventions

We follow democratic like conventions of [42] for Type II.

The bosonic sector of Type II supergravity consists of the NS-NS and RR sectors. The
former containing the metric, dilaton ® and NS 3-form H. The later can be expressed in
term of a polyform F' such that

Fo+ Fy + Fy+ Fg+ Fg + P 1TA
F = (A.1)
F1+F3+F5+F7+F9 I1IB
The polyform is subject to a self duality constraint which halfs its degrees of freedom,
namely
F = x\(F), (A.2)
where A\(Cy) = (—1)%}01?. The Hodge dual is defined in terms of the d = 10 vielbein e} as
* e My, — ! Ml"'M’%M’“““'M‘i—k, (A.3)

(@ R MMy

where the d = 10 indices M are curved and M are flat.
A solution to type II supergravity is one that solves the following equations of motion

1
dgF =0, dH=0, d(e_2q) *10 H) — §(F,F)8 =0,
1 ®
2R10) _ 2 _ 82 (v(10)2e=% — Rgg) + QV(AN)VSBM)‘I’ - §H3xB - %(F)ZB =0,

(A4)

where (F, F')g is the 8-form part of F' A A(F') and we refer the reader to [42] for further
details. In the presence of sources these equations get modified.
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A solution of Type II supergravity preserves supersymmetry if the following spinorial
conditions can be solved for non trivial d = 10 Majorana-Weyl spinors €1 o

v(lo) _ lH £FF 2

M M| €1+ me" =0, (A.5a)

4 16

1 b
(vg}” + 4HM> 2+ SNyt =0, (A.5b)

(o) _ 1 _
v~ CH —d® ) e =0, (A.5¢)
(v“‘” + iH - d(I)) €2 =0, (A.5d)

where the Clifford map is assumed and we define the spin covariant derivative as
1
Vv =0um+ Z‘*’MBQFE@ deM + wMﬂ A =0. (A.6)

The upper/lower signs are taken in IIA/IIB and for the chirality matrix defined as [ =192
we have that
fel = €1, f€2 = F€2. (A?)

We also have the useful identities
[Cp = +A(Cr), TCr = =A(Ch). (A.8)

Throughout the next sections we shall make use of a 3+7 split of the d = 10 gamma matrices
such that

FE:’YE®J3®I}-87 M:071727
I'n=1,® 01 ® Ya, a=1,...,7, iy1..7 = 1g (Ag)

where v, = (io2,01,03), and are thus real. The d = 10 intertwiner defining Majorana

conjugation as € = B9 and chirality matrix are then
B —1,0030B, B 'y,B=-, ['=-1,00®Ig (A.10)
B AdSj, its isometries and Killing spinors

In this appendix we explore some details of the isometries of AdS3, the Killing vectors it
supports and what they are charged under. This will be used in the following appendices.

One can express the Hopf fibration of unit radius AdSs as
1 1
ds®(AdS3) = Zds?(AdSQ) + 7 (dr + V)2, dV = svol(AdSy), %=1, (B.1)
where 0, is an isometry. A useful parameterisation for what follows is to take

ds*(AdSy) = — cosh? zdt? + dz?, 'V = —ssinhxdt. (B.2)
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AdSs has a global SO(2,2) symmetry with 2 distinct SL(2) subgroups we shall label as
SL(2)1,/r with L/R standing for left and right. We define the generators of sl(2) to be

1,
T = 5(202,0’1,0’3)1', (B.3)
for 01,23 the Pauli matrices. These obey the Lie bracket relation
[Ti')Tj] = fi'kau <B4)

where the structure constants can be easily computed and indices are raised and lowered
with the standard mostly positive Minkowkis metric n = Diag(—1,1,1). We define an
element of SL(2) to be

G = efsh-l6751'1—26737“7—37 (B5)

with left /right invariant 1-forms on AdSs3 defined in terms of this as
L' = —2sTr [TiG—ldG], R' = —25Tr {TidGG_l}, (B.6)

which both span AdS3 as

1 ) 1 )
ds*(AdS3) = Tl = Rl (B.7)

and obey the following differential relation
i_ Spiogj i S i pj
dL' = 'L ALF,  dR' = — 5 A RF. (B.8)
The vectors dual to the left/right invariant forms define the SL(2) g/, Killing vectors as

, 1 ,
Kgyr = ;(L/R)(9aass)" Oy (B.9)
with the factor of 1 taken such that (KE/R)“((R/L)J')H = 1", we also have the relations

Lii (L/RY =0, Ly (R/LY = (+/=)f"u(R/D)". (B.10)

L/R L/R
With respect to our specific parameterisation the Killing vectors are
K} + K% = e**"(stanh 20, + sechz0; — 9,), K3 = 0,

K3} +iK? = e"!(sech 20, — stanh z0t + i0,), K} = —0;, (B.11)

so in particular it SL(2) g that includes the U(1) isometry corresponding to O,.

AdS3 supports two physically distinct types of spinors that transform as doublets with
respect to one of SL(2),/r whilst also being singlets with respect to SL(2) /. To see this
let us define the following frame maintaining the Hopf fibration structure,

1
eg = §(cosh xdt, dx, (dr +V))E, (B.12)
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where an underscore indicates that an index is flat. We shall define the independent spinors
on (unit radius) AdSs to solve the Killing spinor equations

s
VuCr/L = (+/—)§WCR/L- (B.13)

One can show with respect to the above frame that these constraints are solved by
Cr=e2"1e2l 2R, (L =e 3], (B.14)

where C% /1, are arbitrary constant spinors, they need only be real for (/7 to be Majorana
in our conventions. In terms of these we can define our spinor doublets: Defining unit norm
constant spinors (% such that 03¢} = £¢{ we have that

S S 4 A s A
65960'165“02(0 675“734‘0
Cﬁ = Sxoy ,Stioo Br ’ Cf = —3ro g (B15)
e2 e2 Ci e 2 3<—7
are such that
Li, =0 Lig, Eyn=(=/+)s() WEn (B.16)

We thus find that it is (g that is a singlet with respect to the isometry 9., and likewise the
rest of SL(2)g, spanned by K%. An important thing to also appreciate is that the Killing
spinor (g additionally solves the Killing spinor equation on round AdSs, namely

S
Vs> Cr = S, (B.17)

when the frame is egz’ = (coshxdt, dx)F> and p = (p,, 7).

In the main text we are interested in performing T-duality transformations on the
isometries of AdSs3. Previous results, [43, 44] on the preservation of supersymmetry under
U(1) and SU(2) T-dualities suggest that T-dualising on AdS3 will only lead to a solution
that preserves supersymmety when its spinors are singlets with respect to the dualisation
isometry. Thus any AdS3 solution of Type II supergravity that preserves supersymmetry
better be compatible with the spinors (g for supersymmetry to be preserved after T-dualising
on 0,. For SL(2) T-duality we have two options for dualisation isometry, we shall choose
to dualise on SL(2)g as this contains the U(1) of the Hopf fiber. Thus far our discussion
on spinors has been with respect to the frame (B.12), note however that this is not the
appropriate frame for SL(2) T-duality, for that the vielbein should also respect an S1.(2)
isometry. We shall take .

o

€35L(2) — 5(317 R?, RO)X. (B.18)

We could also use L’ to span the frame, however we choose the right SL(2) to relate
to the case of U(1) T-duality. The difference between the 2 frames is simply a Lorentz
transformation, specifically

1 0 0 coshz 0 ssinhzx
earm =Rue, R=|0 cost ssint 0 1 0 . (B.19)
0 —ssint cost ssinhx 0 coshzx
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Under such a transformation the spinors also transform as ¢ — S¢ where S solves the

equation
SIS = RE A, (B.20)
we find
S = e 3tz 50 (B.21)
and so in the frame (B.18) we have
Crsn) = SCr=Ch  Crsue = S = e 21927 3%0173795¢) = G(J. (B.22)

C Deriving the SL(2) T-duality dual fields

In this appendix we shall derive the dual NS and RR fields that one gets after performing
an SL(2) non-Abelian T-duality transformation on an AdS3 solution of the form (2.1). The
procedure for doing this in the presence of non trivial RR fields was first worked out in [45]
with a more detailed, and easier to follow, account given by [46]. Both of these works focus
on SU(2) T-duality, but the SL(2) case is rather analogous so we shall be brief here and refer
the reader to [46] for more details. The reader can also check [4] where SL(2) T-duality was
applied to AdSz x S? x T3 and a briefer account on the content of this section, especially
on the part regarding the transformation of the spinors, was also given.

The dual NS sector is computed via a non Abelian Buscher procedure: One first defines
a sigma model with worldvolume coordinates o in terms of the NS fields with components
along the SL(2) isometry directions. For a solution of the form (2.1), with trivial electric
NS flux we have

o (24
ds® = ginZRJ +..., B=..., dB =H, Gij = T?ﬁj (Cl)

where ...have no components along the SL(2) directions and are thus spectators to the
Buscher procedure. The Lagrangian of our sigma model is then simply

[,0 = gini_Rj,7 (02)

where R, = —2sTr

TiﬁiGG_l} for G € SL(2) and 7; the generators of s[(2), consistent

with the previous section.
The next step of the Buscher procedure is to rewrite £y in a locally equivalent form.
For that one gauges the SL(2) isometry by introducing SL(2) gauge fields Ay = (AL)'n;
such that
0+G — D1+G = 0+G — ALG, (C.3)

but one additionally adds a Lagrange multiplier term to the action of the form Tr(vFL),
where F. is the non-Abelian field strength of Ay — this term setting F+ = 0 on shell.
A dual sigma model is then generated if one integrates out the gauge fields. This theory
generically depends on the 3 coordinates packaged within G and the Lagrange multipliers
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v;, and one needs to gauge fix such that only 3 of these remain. The simplest way to do
this is to set
G=1. (C.4)

The Lagrangian of the resulting dual sigma model is then given by
ﬁ = 8_Ui(M_1)ija_vj, Mi]’ =9 + Sfij kvk, (05)

where f;; ¥ are the structure constants of SL(2). From this the dual metric and NS flux can

be read off as
1

ds? = do,( MY Dy, +..., B= i(M_l)[ij]dvi Advj+ ..., (C.6)

where ... are the spectator parts of the original metric and NS 2-form. To compute the
dual dilaton one needs to also consider quantum effects. These lead to

e = cem®V/det M, (C.7)
where c is an arbitrary constant which can be set to any value by rescaling g;.
The dual RR sector can be computed as in [45]. One first observes that the dual sigma
model defines a pair of canonical frames. In the seed geometry, we had that the d = 10
vielbein along the AdSs could be expressed in an SL(2) invariant way as

e = —R, (C.8)
2
while the Buscher procedure defines 2 frames in the dual solutions

e et

e, = ?(M_T)ijdvj, el = 7(M_1)ijdvj. (C.9)
These are related by a Lorentz transformation
ey =Ae., A=MTM. (C.10)

As usual one can generate an action on spinors from the above ¢ — Qe by solving the
equation
QIrMo — AM TN (C.11)

where T' are a basis of d = 10 flat index gamma matrices. The main contribution of [45]
was to realise (through analogy with [43]) that it is through the action of  that the dual
RR sector is generated. It is possible to show that € is given by

3A

_ € 012 4 i—1
v G ] (12

where we have fixed an arbitrary sign. The dual RR fluxes can then be extracted from the
following polyform identities

PF=teFQ7Y, 2=1, (C.13)

where Q7! acts on F through the Clifford map.
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Let us now examine the symmetries of the dual solution. To this end we find it
convenient to fix

1 1 1
U3 = =587 sinhz, vy = T coshzxsint, w3= 3 costcoshx, c¢=4. (C.14)
The dual NS sector then becomes
e A > sr b D4+A
d§? = ——ds®(AdSy) +e 2Adr? ..., B=——"—vol(AdSy)+..., e *=e" VA,
4A 2A
ds®(AdSy) = — cosh? xdt? +da?,  vol(AdSs) = coshzdt Adz. (C.15)

So we see that the NS sector respects the SL(2) isometry of AdS,. To compute the dual
RR fluxes we use that

P-d—1 setd 34 e r
te” 0T 1t (T— A v01(AdSz)> Adr, e’*vol(AdS3) —>t7 <—S+2AV01(AdSQ)>.
(C.16)
We thus find the dual d = 10 flux is
A setd e34 r
F=t|fs A (r ~ A VOI(AdSQ)) Ndr F - (—s + 2AVOI(Ang)) Ax7Afe|, (C.17)

which also respects the isometries of AdSs.
Finally before moving on to address the issue of supersymmetry let us give a frame
that also respects the isometries of AdSs, as €’y do not. Defining é = Re.. for

coshY —sinhY 0 A 24
R=| —sinhY coshY 0 |R™!, Y =log <_> , Apr=1=+ , (C.18)
0 0 1 B 2r

where R is defined in (B.19), we arrive at

e = iCoshacclt idw e Adr i (C.19)
2VA ToVA T ' '

The corresponding action on d = 10 spinors (where S is defined in (B.21)) is

§=c2¥YTug g1, (C.20)

which will be useful in the next section.

D Proving SL(2) T-duality preserves supersymmetry

In this appendix we shall prove that SL(2) T-duality preserves supersymmetry. We begin by
deriving the reduced d = 7 constraints for AdSs vacua, which will be necessary for proving
that supersymmetry of the dual solutions is implied by that of the original solutions.
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D.1 Supersymmetry constraints for AdSg solutions

In this appendix we derive reduced d = 7 spinorial conditions that AdSs vacua of the
form (2.1) must obey to be supersymmetric. As in the main text we focus on those with
purely magnetic NS 3-form, ie those for which ¢y = 0.

Given our choice of gamma matrices in (A.9) the d = 10 spinors should decompose as

e =(®0;®x1, €=(®0;1 X, (D.1)
where ¢ are real Killing spinors on AdS3 obeying the relation
A S
VMdSSC = 57}1(7 52 = 17 (DZ)

and x1,2 are independent Majorana spinors on My7. The objects .+ are auxiliary 2d vectors
which are needed to make the dimensionality of the d = 10 spinors correct when decomposed
in terms of 3 and 7 dimensional ones. They are defined as

0, — \}i (_11> 0= \}i (1) , (D.3)

such that €2 are indeed Majorana-Weyl. The £ signs indicate d = 10 chirality and so
as before the upper/lower signs are taken in Type ITA /IIB. We also have the following
identities which we will make much use of in the coming computations

Ulei = :FZ'QI, Ug@i = 91, O’lo‘gei = :|:Z'9i. (D.4)

Our task now is to insert our ansatz for the spinor into the necessary conditions for
supersymmetry (A.5a)—(A.5d). To achieve this we must first decompose the d = 10 spin
covariant derivative in terms of the factors that appear in the warped product. The curved
space analogue of I', in (A.9) is

r,= GA'YM ® o3 ® 1s, (D.5)
as such we find that

1
10) _ —AdS —
V,, )—VH 3+§FudA, w=0,1,2,

v — v, . a=3,...,9, (D.6)

a

where V, is the spin covariant derivative on M7. Making use of (D.2) and (D.4) and the
identities

F=I+T)fs, AMF)= 2 FDAf), (D.7)
which follow from (A.8), we find that (A.5a)—(A.5d) reduce to the following d = 7 conditions

. 1
(se’A —idA)x1 + zeq’ﬁifixz =0, (D.8a)

_ . 1 &
(se™ A +idA)xa + Eeq)ﬂi)\(fi)m =0, (D.8b)
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1
<Va 4Ha> x1 + fe zﬁifi%xg =0, (D.8c)
1
(Vo $Ha) o = G B2 ) =0, (D.8d)
3 3 1
(se —1 (dA +V+-H— d@)) x1 =0, (D.8e)
2 2 4
1
(336A +i (BdA +V+-H - d@)) =0. (D.8f)
2 2 4
where S+ is a constant, specifically
By =1, [B_=i. (D.9)

D.2 U(1) T-duality on the Hopf fiber of AdS;

In this appendix we show that U(1) T-duality on the Hopf fiber of AdS3 preserves super-
symmetry.

As first established in [43], U(1) T-duality preserves the portion of the supercharges in
the orginal solution that are not charged under the U(1). When one performs a Hopf fiber
T-duality on AdSs then, we should identify ¢ in (D.1) with the SL(2)g invariant Killing
spinor (g in (B.14). Given an AdS3 solution of the form (2.1), in the conventions of B the
result of T-dualising on the Hopf fiber isometry 0, is the following

2A N
g2 = %dSZ(AdSQ) +e24dr? 4 dsP(My), e ® = e 04,

A A 1
H= —§TV01(Ad52) +H, F=t (fi Adr F 1ef")Avol(zmsQ) A %7\ fi> . (D.10)

where again s2 = t> = 1. Here the dual RR flux is generated via P =R I'; where we
have split the p index as p = (u2,r) where ps = 0,1 and runs over the AdSs directions.

A main result of [43] is the derivation of the precise form of the dual Killing spinors in
terms of the original one, when U(1) T-duality is performed. The map is

6> é =€, € —ég=1e, =1, (D.11)

where we shall fix £ momentarily. For this to hold we must be in a canonical frame in which
the vielbein decomposes as a U(1) fibration over a 9-d base, ie we take the d = 10 vielbein
in the original solution to be

elﬁo = eAeg, efp = €% (D.12)

where eg is defined in (B.12) and e® is a vielbein on M7. The dual frame on the other

hand is N
ebe _ € Ky Lo —A N
G =5, fp=c¢ dr, é5=e" (D.13)

where eg is a vielbein on unit radius AdSy (ie one can take 652 = (cosh zdt, dz)#z).
Our task is once more to derive the reduced d = 7 conditions that follow from
considering (A.5a)-(A.5d) on the dual solution — note that T-duality maps a solution
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in ITA to one in IIB so one needs to be careful with the signs. We find that the d = 10
covariant derivative now decomposes as

V) = vads: 4 %erA, vi0 =9, - %FrdA, v —v,. (D.14)
The dual d = 10 spinors decompose as
G=(®0,®x1, é=Ire=7%(®0+c X, (D.15)
if we then consider (A.5c) we find it decomposes as

1
24912 VA @ 00y — (R0 ® [;eA +i (v n gdA - H- d<1>> ]Xl =0, (D.16)

which reproduces (D.8e) if
s
5"}/“24, (Dl?)

but this is precisely what the SL(2)g singlet spinor on AdS3 does obey. If we now con-

AdSo ~
vm C_

sider (A.5a) along the internal directions we find it reduces to

(v 1H> 1 FTey = 0 (D.18)
a 4 ta €1 16 a€2 = .

which reproduces (D.8c) if we fix
tt = —1. (D.19)

Given this one finds that inserting the dual solution into the rest of (A.5a)—(A.5d) reproduces
all of (D.8a)—(D.8f). The key point however is that only one of the 2 types of Killing spinors
that AdS3 supports is preserved by the duality, what we referred to as (g in appendix B —
the other is always projected out, ie what we earlier called {7 does not obey (D.17).

D.3 SL(2) T-duality on AdSs
In this appendix we show that SL(2) T-duality performed on the SL(2)g isometry of AdSs

preserves supersymmetry.
By analogy with the previous appendix and the results of [44] for SU(2) T-duality, we
make the following ansatz for how SL(2) T-duality acts on the spinors of an AdSs solution

é1=¢€1, & =1Qe, (D.20)

where € is defined in (C.12). Like with U(1) T-duality, SL(2)r T-duality has a canonical
frame, namely the vielbein of the original solution should take the form

reo_ AR a _ _a
€ =€ e3grp €0 = €5 (D.21)

where 6§SL(2) is defined in (B.18). Importantly this differs from the frame of U(1) T-duality
in the previous appendix by a Lorentz transformation as described in appendix B. This
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means that if we take our original Killing spinors to be (D.1) and identify ¢ = (g in the
U(1) T-duality frame, they are now given by

=500, ®x1, €2=25(®0:® X (D.22)

in the frame (D.21). Likewise, as explained towards the end of appendix C, in the canonical
frame of SL(2) T-duality the isometries of AdSs are not manifest, to reach such a frame
one needs to do another Lorentz tranformation that will also act on (D.20). A dual frame
that respects the isometries of AdSy has the d = 10 vielbein

A

Mg Hy AT —A AQ a
= ——€5%, é,=¢€ “dr, &,=¢e" D.23
€10 = 2 \/Z 2 10 10 ( )

where we remind the reader of the following functions
4A 2A
e e“s

A=1-— AL =1+ D.24
4r2’ * 2r ( )

The combined actions of the Lorentz transformations required to reach this frame mean
that our dual spinors now take the form

&1 =Ny + N_y)( @04 @ x1, € =10 (Ny — N_){ ® 0+ @ x2,

1
Ny = A, + A_>, D.25
; 2Ai( Lxy (D.25)

where the action of (C.20) is what maps the spinor between the frame of (D.21) and (D.23),
the respective S and S~! terms canceling in the process. The terms appearing in the d = 10

supersymmetry conditions can also be written in terms of A, AL, after applying the Clifford
map these become

N 2
H=H— 286_‘411M + Hdlog(A)Fm,

4% = dd — dA — %dlog(A) Cs(Ay — A )e AT,

PP = i(1+r) (fiF’”—l(A AL ro“)
VA 2 T )
& [0)]
PNF) =t ;E(lir)( (A+—A_)F01’") Mfs). (D.26)

In this case the spin covariant derivative decomposes as

Vi = vAdSur 5L dA — Fmd(log(A)) vQO):aT—%erA, vio — v, (D.27)

We also have the following useful identities

1
d(Ny £ N_v,) = F———dlog(A)v, (N4 &= N_~,),
(N4 Vr) oA, A 0g(A)yr (N Vr)
1 Al — A
ON2=-—_—_4+1, N,N_=—"H_—— D.28
+ \/Z + 4\/E ( )
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We can now proceed with reducing the d = 10 Killing spinor equations as before. We
first consider (A.5c¢) and find that the terms involving log(A) and 0, mutually cancel leaving

(rwvfgg‘SZ - gdA + VX %H + ge—Aroﬁ —d® +s(Ay — A_)e_AFT) e =0, (D.29)

where VX! indicates that V only acts on y; in this expression, not Ni. Through (D.28) it
is possible to establish that

((N+ - N_7£)2\/Z5@*A +5(A4 = A )y (Ny + N—’Vﬁ)) = QSeiA(N—i- + Nor), (D.30)
so that (D.29) decomposes as

2VAe (N, — N_v,) (72 VadS — 5)¢ @ 0_ @ x1

1
+(Ny + N_y)(®0-® <§se‘4 —1 (2dA +V - ZH — d@)) x1 =0, (D.31)

where the first line vanishes if ( = (g and the second reproduces (D.8¢). Assuming from
now that indeed ¢ = (g, so that (D.17) holds, with an analogous computation we find
that (A.5d) reduces to

3 3 1
o (Ns — 1 N_)C ® 0 @ (256_A i <2dA +V 4+ H - dcp)) =0,  (D.32)

which likewise reproduces (D.8f).
Turning our attention now to the part of (A.5a) along the internal directions we find,
after extensive use of the identities in (D.28), that it reduces to

1 e®
(N+ + Nf’}/ﬁ) C & 9+ ((Va — 4Ha) X1 — tt8lﬁ:|:fi’an2> = O, (D33)
which like the U(1) case reproduces (D.8¢) if we fix

t= 1. (D.34)

Given this the remaining components of (A.5a), along respectively r and p9 can be massaged
to

®
Ly (Ny + Noyp) (@04 ® <(€AS - idA) X1+ Zﬁﬁ:fﬁ:XQ) =0, (D.35)

1
Ly, <N+ (2 — \/Z) — v N_ (2 + \/Z>) (®0_® ((G_AS - idA) X1 + eq)ﬁifi)@) =0,
4
which both reproduce (D.8a). Note that simplifying the second of these is more challenging
and the following identity is useful

dlog(A) = % (4dA — 25 4(A 1 — AYTY). (D.36)
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Finally we consider (A.5b). Through similar means to before it is possible to reduce this
along each of a,r, s to the form

1 e® .
(Ny =7 N_) (@01 ® ((Va + 4Ha) X2 — 8Zﬁi)\(fi)%X1> =0,

T (Ny — %N ) ®0:® ((Se_A + idA) x> + ieq’ﬁix(fi)Xl) =0,
(Vs = N)C0 05 0 (s 2 idANE + 18N ) =0, (DAD)

which reproduce (D.8b) and (D.8d).

We have thus established that performing an SL(2)r T-duality on a supersymmetric
AdS3 solution that supports spinors invariant under SL(2) g preserves supersymmetry. Just
as with the U(1) case any spinors charged under SL(2)r will be projected out.

E Details of the quiver construction

In this appendix we present some details of the construction of the 1d quivers discussed in
section 4.

As discussed in the main text, our Hanany-Witten brane set-up consists on D-branes
stretched between D(p+2)-branes, with orthogonal NS5-branes lying between them, instead
of the more conventional scenario in which the Dp-branes are stretched between NS5-branes,
with orthogonal D(p+2)-branes between them, which allows to directly read the quiver
field theory. In this situation in order to obtain the quiver field theory we need to perform
Hanany-Witten moves that produce D-branes stretched between NS5-branes with D(p+2)-
branes orthogonal to them. We do this using that the D5-D7-NS5 and D1-D3-NS5 brane
subsystems in our brane set-up are related by T-duality to the D3-D5-NS5 brane intersection
studied in [47], and also to the D2-D4-NS5 two dimensional brane intersection underlying
the AdS3 x S® x T3 x Z solutions to Type ITA constructed in [20], from which our solutions
are derived through SL(2) T-duality. We will then follow closely [20] where the results
in [47] were used to describe the 2d quiver field theory living in this brane intersection. In
this appendix we basically rewrite the analysis therein particularised to the D5-D7-NS5
and D1-D3-NS5 subsystems of the brane set-up depicted in table 1.

We start discussing the D5-D7-NS5 brane subsystem. Following [20] we use the following
definitions for the linking numbers

l; =n; + Lﬁv‘%, for the D7-branes
l} = —N; + RJD7, for the NS5-branes,

where n; is the number of D5-branes ending on the ith D7-brane from the right minus
the number of D5-branes ending on it from the left, n; is the same quantity for the jth
NS5-brane, LlN 95 is the number of NS5-branes lying on the left of the ith D7-brane, and
Rf) 7 is the number of D7-branes lying on the right of the jth NS5-brane.
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Figure 12. Brane set-up for the D5-D7-NS5 branes along the p direction, for r constant, in units
of q.

We proceed by computing the number of D5-branes that end on the left of a collection
of D7-branes and on the right of a collection of NS5-branes, given by N = Y0 | [; = Z§:1 l},
with p and p the numbers of D7 and NS5 branes. Here the partition N = Z§:1 Zj has to be
such that l; > I3 > ...l;. To read the quiver we consider this partition plus the partition
N = Y% Mygs, constructed from a list of positive integers satisfying ¢1 > ¢2 > ... ¢y,

chosen such that the number of terms in the decomposition that are equal or bigger than a
given integer j, that we denote as mj, satisfy that

7 [
S>omy >N 0, fori=1,....p (E.1)
j=1 j=1

My is then the number of times each integer ¢, appears in the partition. From these two
partitions the ranks of the gauge groups of the quiver are computed as

Ny =Y "(m; —1)). (E.2)
j=1

In turn, My give the ranks of the fundamental matter groups that couple to each of the
gauge groups. A very detailed account of this construction can be found in [48].

We now apply this procedure to the brane set-up associated to our solutions, that
we terminate with Sp anti NS5-branes at the end of the space, at p = P 4+ 1. For the
D5-D7-NS5 subsystem the resulting brane set-up is the one depicted in figure 12. From
this configuration the linking numbers are read exactly as in [20], substituting the D2 for
D5-branes and the D4 for D7-branes. Doing this, we find for the D7-branes

i—2
li=>» Br+28i1, i=1,....,P (E-3)
r=0
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and for the NS5-branes

lgor1 =lgyr2 =+ =lgyp, = P — 1,

LgotBrt-+Bp_3+1 = Lot prttBp 542 = = Lot frttfpn = 25
Lpot+B1++8p_atl = " = lgotpr+tfpy = 1,

Lo+Br4-+Bp_1+1 =+ = lgo+B1++Bp_1+8p = 1. (E.4)

From the linking numbers we construct the total number of D5-branes ending on D7-branes
on the left and NS5-branes on the right. This is given by

Bo+-+Bp  P-1
N:Zli: Z lj: Z(P—k+1)5k. (E5)
i=1 j=1 k=0

Now, from N we define the two partitions that will allow us to read the quiver CF'T. The
~ . These
Bo++Bp

In turn, for the

A~

NS5-branes in our brane set-up are ordered such that lAl > Zg > ... >]

Bo++fp Zj.

linking numbers define then one of the two partitions, N = > ;7

D7-branes we take

N= By +Bo+prL+Po+Br+Po+ - +Bo+pr+-+Bp2+2(Bo+B1+ -+ Bp_1)
~N =\ Y——

(E.6)
from which we find
mip = mo = —mﬂO:P—I-l,
Mpe+1 = = MBy+p1 = P,
MBo+B1++8p_s+1 = " = Mpotfi++fp g = 3
MBo+Br+-+Bp_o+l = = Mot B+t Bp_; = 2- (E.7)

These numbers satisfy the condition (E.1) Vi =1,...,(8o+---+ Bp). We then find for the
ranks of the gauge groups

A~

leml_Z1:P+1_P:1; N2:N1+m2—l2:2, NIB():/B07
Ngot1=0B0+1, ... Ngypi+tpp1 =00+ b1+ +Bp-1, (E.8)

to then start decreasing
Nogtprt.ppat1=Bo+Bi+-+Bp-1—1, ... Ngip+. pp+pp-1=1 (E9I)

That is, the ranks of the gauge groups increase in units of 1 till the value So+ 81+ -+ Bp_1
is reached, to then start decreasing, again in units of one, till the gauge group of rank 1 is
reached, corresponding to the D5-branes stretched between the last pair of NS5-branes.
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Figure 13. Quiver associated to the D5-D7-NS5 brane subsystem for r constant, written in terms
of 2d (4,4) multiplets. Circles denote (4,4) vector multiplets and black lines (4,4) bifundamental
hypermultiplets. The gauge groups with ranks ay, with £ =1,..., P — 1 to the left of the gauge
group with rank ap have U(1) flavour symmetries. The gauge group with rank ap has U(2) flavour
symmetry. The rest of gauge groups do not have attached any flavours. We have taken units of g.

Finally, from the partition (E.6) we have that

Mgy = Mpyipy =+ = Mporpitpp o =1, Mpoipisospp, = 2 (E.10)

This implies that the gauge groups with ranks Sy = a1, S + 1 = ae, till S+ -+ Bp_s =
ap—_1 have U(1) flavour groups, while the gauge group with rank Sy+ 31 - - -+ 8p—1 = ap has
flavour group U(2). The rest of gauge groups have no flavour groups attached. The resulting
quiver is depicted in figure 13. In this quiver we have decomposed the 5d N’ = 1 vector
multiplets and hypermultiplets in terms of 1d (4,4) multiplets, which are the appropriate
ones to describe the D1-D3-NS5 subsystem and therefore the final quantum mechanics
that arises in our brane intersection. Indeed, it is clear that the quiver associated to the
D1-D3-NS5 brane subsystem of the brane set-up is obtained from the one describing the
D5-D7-NS5 subsystem scaling it by p = n+ %, given the D1 and D3 brane quantised charges
found in (4.31) and (4.29). This quiver is depicted in figure 8 in subsection 4.3. Therefore,
our notation for both quivers is that circles denote (4,4) vector multiplets (coming from the
reduction of 5d A/ = 1 vector multiplets for the D5-D7-NS5 subsystem) and black lines (4,4)
bifundamental hypermultiplets (coming from the reduction of 5d N' = 1 bifundamentals for
the D5-D7-NS5 subsystem). These massless modes arise from the quantisation of the open
strings stretched between the D1-branes (or wrapped D5-branes) and between the D1 and
the D3 branes (or wrapped D5 and D7 branes), as follows:

e DI1-D1 strings: There are two cases to consider. Open strings with both ends on the
same stack of D1-branes between NS5-branes give rise to a (4,4) vector multiplet,
composed of a (0,4) vector multiplet plus a (0,4) adjoint twisted hypermultiplet coming
from the motion of the D1-branes along the (2%, 27, 28 2?) directions. Since these
scalars are charged under the R-symmetry they combine into a twisted hypermultiplet.
In turn, the strings with end points on adjacent stacks of D1-branes separated by an
NS5-brane contribute with a (4,4) bifundamental hypermultiplet, since the intersection
with the NS5-branes fixes the degrees of freedom along the (2,27, 28, 2°) directions,
leaving behind the scalars associated to the directions along the torus plus the scalar
arising from the KK reduction of the 2d gauge field along the field theory direction,

all of them uncharged under the R-symmetry.
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e D1-D3 strings: Strings with one end on D1-branes and the other on D3-branes in the
same interval between NS5-branes contribute with fundamental (4,4) hypermultiplets,
associated to the motion of the string along the torus plus the component of the 2d
gauge field along the field theory direction. This is related to the set-up in [47] by
T-duality, with the (4,4) hypermultiplet arising as the reduction to 1d of the 3d ' =4
hypermultiplet.
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