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JORDAN BIMODULES OVER THE SUPERALGEBRAS
P(n) AND Q(n)

CONSUELO MARTINEZ, IVAN SHESTAKOV, AND EFIM ZELMANOV

ABSTRACT. We extend the Jacobson’s Coordinatization theorem to Jordan su-
peralgebras. Using it we classify Jordan bimodules over superalgebras of types
Q(n) and JP(n), n > 3. Then we use the Tits-Kantor-Koecher construction
and representation theory of Lie superalgebras to treat the remaining case

Q(2).

INTRODUCTION

Throughout the paper all algebras are considered over a ground field F' of char-
acteristic # 2.

Let G = (1,€;,i > 1leje; +e;e; = 0) denote the Grassmann (or exterior) algebra.
Then G = G+ G is a Z/2Z-graded algebra, where G, G7 are linear spans of all
tensors of even and odd length, respectively.

Let V be a variety of algebras defined by homogeneous identities (see [1], [20]). A
superalgebra A = A+ Aj is said to be a V- superalgebra if its Grassmann envelope
G(A) = A5 ® Gg+ A1 ® G1 lies in V.

C.T.C. Wall [19] proved that every associative simple finite-dimensional superal-
gebra over an algebraically closed field F' is isomorphic to one of the superalgebras:

1) A= My on(F), Ag = {(g 3) A= (2 g)} and

N A=Q(n) = {(Z Z) la,be Mn(F)}
are associative superalgebras.
Given a homogeneous element a € Ag U A1, let |a| denote its parity (0 or 1).
From the definition above it follows that a Jordan superalgebra is a Z/2Z-graded
algebra J = Jgj + Ji satisfying the graded identities

ay = (1)l
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and
((xy)2)t + (—1) W () 2)y 4 (—1)lllIF 2l 2210 (1) 2) 2
= (ay)(=t) + (=D @2) (1) + (=)D (@) (2.

If A is an associative (super)algebra, then the new operation a - b =
2(ab+ (—1)!911"ba) defines a structure of a Jordan (super)algebra on A. We will
denote this Jordan (super)algebra as A(),

Similarly, the operation [a,b] = ab— (—1)1?I*lba defines a Lie superalgebra A(~).

A graded linear map * : A — A of an associative superalgebra is called a super-
involution if (a*)* = a, (ab)* = (—1)!%!lPlp*a*. Then the set of symmetric elements
H(A, ) is a (Jordan) subsuperalgebra of A(*). Similarly the set of skewsymmetric
elements Skew(A, ) is a Lie subsuperalgebra of A(~).

Let I,,,I,, be the identity matrices, ¢ the transposition and U = —U? = —U~! =

( 0 _Im>. Then the mapping * : My 42 (F) = My s2m (F) defined as

I’"L 0
a b\° (I, 0\ (a* —c\ (I, 0
c d) —\0 U ot dt 0 U !

is a superinvolution.

The Jordan (resp. Lie) superalgebra of symmetric (resp. skewsymmetric) ele-
ments is called the Jordan (resp. Lie) orthosymplectic superalgebra and denoted
Josppam (F) = H(Mptom(F),x) (resp. OSP,, 2m(F) = Skew(My42m(F),*)).

The associative superalgebra M, ,(F) has another superinvolution:

a b\" _ (d —b
Y6

The Jordan (resp. Lie) superalgebra of symmetric (resp. skewsymmetric) ele-
ments is denoted by JP, (F') (resp. P,(F)).

V. Kac [3] (see also I. Kantor [4]) classified simple finite dimensional Jordan
superalgebras over an algebraically closed field F' of zero characteristic. Simple
finite dimensional Jordan superalgebras over fields of positive characteristics # 2
were classified in [I5] and [9].

If J is a Jordan (super)algebra, a Jordan bimodule V over J is a Z/2Z-graded
vector space with operations V x J — V, J x V — V such that the split null
extension V + J is a Jordan (super)algebra (see [1]). Recall that the split null
extension is the direct sum of vector spaces V 4 J with the operation that extends
the multiplication of J and the action of J on V while the product of two arbitrary
elements in V' is zero.

Given an arbitrary set X, there is a unique free J-bimodule V(X)) over the set of
free generators X. If V' is a J-bimodule, then an arbitrary map X — V'’ uniquely
extends to a homomorphism of bimodules V(X) — V.

Let X be a set consisting of one element. For an element a € J let Ry (x)(a)
denote the multiplication operator Ry (x)(a) : V(X) = V(X), v = va.

The subalgebra U(J) of the algebra of all linear transformations of V(X) gen-
erated by the operators Ry (x)(a),a € J, is called the multiplicative enveloping
algebra of J.

Every Jordan bimodule over J is a right module over U(J) and vice versa.
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JORDAN BIMODULES OVER THE SUPERALGEBRAS P(n) AND Q(n) 2039

In [I], N. Jacobson developed the representation theory of semisimple finite di-
mensional Jordan algebras. He proved that:

i) if J is a finite dimensional Jordan algebra, then dimp U(J) < oo,

ii) if J is a finite dimensional semisimple Jordan algebra, then U(.J) is semisimple
as well. In particular, all bimodules over J are completely reducible.

iii) Moreover, he determined all irreducible bimodules over simple finite dimen-
sional Jordan algebras.

The representation theory for various types of simple Jordan superalgebras was
developed in [8], [17], [18], [10], [11], [12] and [13]. For the current status of the
project, see the survey [13].

In this paper we classify unital bimodules over Jordan superalgebras of the re-
maining type Q(n)(*), n > 2 and extend the results of [12] for JP(n),n > 3 to
arbitrary characteristics # 2.

First, we adapt the arguments from [I] to obtain a Coordinatization theorem
for Jordan superalgebras of capacity > 3. The latter condition is satisfied for the
superalgebras JP(n), Q(n)*), n > 3. Then we determine irreducible involutive
alternative bimodules over the coordinate superalgebras of JP(n), Q(n)™*), n > 3.
This yields the classification of unital irreducible bimodules over JP(n), Q(n)t),
n > 3. Recall that in [I2] it was shown that the multiplicative enveloping algebra
U=U(J), J=JP(n), Qn)*), n >3, is a finite dimensional semisimple algebra;
hence all Jordan bimodules over J are completely reducible. The classification of
irreducible finite dimensional Jordan bimodules over JP(n) (including the case n =
2) is obtained in [I2] by different methods, though only over fields of characteristic
zZero.

In order to tackle the case J = Q(2)(+) we had to change the point of view and to
resort, to the study of root-graded modules over Lie superalgebras (as in [12]). This
imposes stronger assumptions on the characteristic of the ground field: charF > 3
or = 0.

We prove that U(Q(n)™)) is finite dimensional for all n > 2. If charF > 3
or = 0, then the only unital irreducible Jordan bimodules over Q(2)(*) are the 4
nonisomorphic matrix bimodules over the same involutive alternative bimodules as
in the case n > 3. The algebra U(Q(2))) is semisimple; that is, all unital Jordan
bimodules over Q(2)(*) are completely reducible.

1. THE COORDINATIZATION THEOREM

Let J be a Jordan (super)algebra with an identity element 1. Let eq,...,e, € J;
be pairwise orthogonal idempotents such that Z?:l e; = 1. Then

J =Ty,
1<j
where J;; = {z € J|we; =z}, Jij = {x € J|ze; = ze; = Sa}.

It is easy to see [].J that Ji Q Jii, JljJ” Q Jij, ij Q J” + Jjj, Jijjjk Q Jika
JZ‘Z‘Jjj = Jiijk = (0) for distinct i,j,k.

The idempotents e;,e;, i # j are said to be strongly connected if there ex-
ists an element a;; € J;; such that afj = e; + e;. In this case denote Ug;) =
Ulaij + 2 gz €k)-

The following theorem is one of the cornerstones in the structure theory of Jordan
algebras.
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Theorem 1.1 ([I]). Let J be a Jordan algebra with 1, which is a sum of n > 3
strongly connected orthogonal idempotents, 1 = Z?zl €, aij € Jij, a?j = e; + e,
1<i#j<n.

(1) Consider the Peirce space D = Jio with the multiplication x x y =
22U (23)-yU(13)- Then D is an alternative algebra with the identity element aiz
and the involution v — T = xU(13). If n >4, then D is associative. The symmetric
elements {x € D|xz = Z} lie in the associative center of D.

(2) J is isomorphic to the Jordan matriz algebra H,(D).

Our aim is to extend this theorem to Jordan superalgebras. Let J = J5 + Jg
be a unital Jordan superalgebra, 1 = Z?:l ei, n > 3, the idempotents eq,...,e,
are pairwise orthogonal and strongly connected in Jg; ai; € (Jg)ij, afj = ¢e; + €5,
1 <i+# j <mn. As above, consider the automorphisms Uy = Ul(ai; + 32y ; €x)
of the superalgebra J. On the Peirce space Ji5 define the multiplication

TxY = 2$U(23)yU(13)

It is easy to see that the Grassmann envelope of the superalgebra D = (Ji,%)
is isomorphic to the Peirce subspace G(J)i2 with the operation %. Part (1) of
Jacobson’s theorem above implies that D is an alternative superalgebra, where
r — T = zUqn2),7 € D is a superinvolution. The symmetric elements lie in the
associative center of D; if n > 4, then D is associative.

In order to prove that J ~ H, (D), let’s recall the isomorphism from part (2)
of the Coordinatization theorem. Suppose that J is a Jordan algebra. Following
[1] we will define 1-1 linear maps ¢;; from the alternative algebra D to all Peirce
spaces Jij, 1 <i<j<n. Letl <i<j<n Ifi=1,j=2, then 19 =Idp. If
i=1,j > 2, then p1; = Ugj). If i = 2, then o = Ufy;). Let p11 = 2R(a12)R(e1),
wii = p11Ugyy for i > 1.

Define the linear mapping ¢ : H, (D) — J via (Tij)nxm — 2y Pii(ii) +
> i< ij(xij). In [I] it is proved that ¢ is an algebra isomorphism.

Now let’s come back to the Jordan superalgebra J and define the linear map-
ping ¢ : H,(D) — J as above. Applying Jacobson’s theorem to the Grassmann
envelopes we see that ¢ ® Id : H,(G(D)) — G(J) is an algebra isomorphism. This
implies that ¢ is an isomorphism as well.

A superinvolution ¢ : A — A in an alternative superalgebra is said to be nuclear
if all symmetric elements lie in the associative center of A.

Let V' be a bimodule over A. A linear mapping 7 : V — V is a superinvolution
of the bimodule V' if ¢ 4+ 7 is a superinvolution of the split extension A + V.

Let A be an alternative superalgebra with a nuclear superinvolution (if n =
3) or an associative superalgebra with a superinvolution (if n > 4). Then the
superalgebra of Hermitian matrices H,,(A) is a Jordan superalgebra with n strongly
connected orthogonal idempotents.

Just as was done in [I], the Coordinatization theorem implies that the category
of unital Jordan bimodules over H,(A) is equivalent to the category of alternative
A-bimodules with a nuclear involution (if n = 3) or to the category of involutive
associative bimodules (if n > 4).

2. ALTERNATIVE BIMODULES

Let A= (Fe+ Fu)® (Ff+ Fv); €2 =e, eu=ue =u,u? =¢; f2=f, fv =
vf =wv, v2 = —f. The algebra A is Z/2Z-graded: Ay = Fe+ Ff, A = Fu+ Fv,
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and thus is an associative superalgebra. The graded mapping o(e) = f, o(f) = e,
o(u) = v,0(v) = u is a superinvolution. It is easy to see that H, (A) ~ Q(n)™*).
Let B = M;11(F) with the superinvolution

G- )
Then H,(B) ~ JP(n).

If V is a supermodule over a superalgebra A with a superinvolution *, a bijective
linear map (that we will denote also ), x : V' — V is a superinvolution of V if the
natural extension x to A+ V is a superinvolution of the split null extension A+ V.

Notice that if x is a superinvolution of the supermodule V', then —* is a super-
involution as well.

Let V be an alternative bimodule over an alternative superalgebra C' with a
superinvolution * : C' — C. Consider another copy of the vector space V, the 1-1
linear map ex : V — V¢ and define the multiplication av®® = (—1)l%ll*l(va*)e®,
v°¥a = (=1D)l(g*v)* a e Cv eV,

Then V* is an alternative bimodule over C, and V@V = VeV v+ w™ —
w 4 v is a superinvolution in the bimodule V & V¢,

Lemma 2.1. (1) An irreducible involutive bimodule over an alternative super-
algebra with a superinvolution is either an irreducible bimodule or isomorphic to
V @& Ve, where V is an irreducible bimodule.

(2) VeV is an irreducible involutive bimodule if and only if V' is an irreducible
bimodule, which does not have a superinvolution that is, V % V%,

Proof. Part (1) is standard. Let us prove (2).

Suppose that ¢ : V — V is a superinvolution in the bimodule V. Then 7: V —
Ver v — (v7)°* is an isomorphism of bimodules. In this case, {v +v7,v € V}isa
proper involutive subbimodule of V' & V¢,

On the other hand, let V' be an irreducible bimodule and let W be a proper
involutive subbimodule of V @ V. Then W NV =W NV = (0).

Let 0 # vy +v§* € W; vy,va € V. For an arbitrary multiplication operator
P (by elements from the superalgebra), v1P = 0 implies v§*P = 0; otherwise
0 # (vy +v§*)P € WNVe*. Hence v1 P — v2 P is an isomorphism of the bimodules
V — Ve*. The lemma is proved. O

Let V = V5 + V5 be a bimodule over a superalgebra A. Consider the bimodule
Vor = VPP + V3P, where the parity of the subspace V" is different from ¢ and the
action of A is defined via

a® = (=D (av)?, v°Pa = (va)°?
for arbitrary a € A, v € V. The bimodule VP is called the opposite of the bimodule
V.

Let us proceed with the classification of alternative involutive unital bimodules
with nuclear superinvolution over M;1(F') with

Gd-C2)
S v«
N. A. Pisarenko [I4] proved that every alternative unital bimodule over My ;(F)

is associative and completely reducible and the only irreducible M; 41 (F')-bimodules
are the regular bimodule Reg(M;i41(F')) and its opposite.
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It is not difficult to check that the regular bimodule Reg(M;41(F)) has two
(up to isomorphism) superinvolutions, x and —x. By Lemma 2.1 the only irre-
ducible involutive bimodules over M;41(F') are Reg(Mi41(F')) with the involution
*, Reg(My41(F)) with the involution —x and their opposites. This implies the
following.

Theorem 2.2. (1) Unital Jordan bimodules over JP(n), n > 3 are completely
reducible.

(2) The only unital irreducible Jordan bimodules over JP(n), n > 3 are:

(i) the regular bimodule,

(i) the matriz bimodule over Reg(My41(F)) with the superinvolution —k, which
is isomorphic to the bimodule of skewsymmetric matrices in My, (F) with respect
to the superinvolution o (see page 2),

(iii) the opposites of (i) and (ii).

In [I2] this theorem was proved over fields of zero characteristic.
Now let us consider alternative bimodules over the involutive algebra A =
(Fe+ Fu)® (Ff + Fv).

Lemma 2.3. If V is an alternative unital A-bimodule with a nuclear involution,
then V' is an associative bimodule.

Proof. Let V' # (0) be an alternative unital A-bimodule. Let us show that the
identity map cannot be a superinvolution in V.

Suppose that Idy is a superinvolution; that is, ax = (,1)\allw\xa0 for arbitrary
elements x € V, a € A. Then eVe = (0). Indeed, for z € eVe we have x = ex =
xf = 0. Similarly, fV f = (0).

Consider the operator P : eV f — eV f, ©+ — uzxzv. Recall that, since the
symmetric element u + v lies in the associative center of A + V it follows that
(ur)v = u(zv). We have xP? = u(urv)v = —exf = —x. On the other hand
(ux)v = (=1)*l(zv)v = —(=1)"*lz and therefore 2P? = z. Hence eV f = (0) and
similarly fVe = (0).

Now let x : V' — V be a nuclear superinvolution in V. Consider the subbimodule
V' of V generated by all symmetric elements = 4 2*, € V. Then -Idy,y/ is a
superinvolution; hence V/V’' = (0).

Hence the bimodule V is generated by symmetric elements x +2*, x € V, which
lie in the associative center of A4+V. This implies that V' is an associative bimodule.
The lemma is proved. d

It is well known that associative bimodules over a separable finite dimensional
associative superalgebra are completely reducible.

Let us first determine irreducible unital associative bimodules V over the super-
algebra Fee + Fu. Consider the operator P : V — V, z — uzu; P? = Idy. Hence
V=V(Q0)eV(-1), V(i) = {z € V|P(x) = iz}. Since the decomposition above is
again a direct sum of subbimodules it follows that V =V (i), : = 1. If 0 # = € Vj,
then z, uz is a base of V' with a clearly defined action of A. We will denote these
two nonisomorphic 2-dimensional bimodules as V (i), i = +1. Clearly V(-1) is
isomorphic to V'(1)°P.

Now we will proceed with the classification of irreducible involutive unital asso-
ciative A-bimodules.
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Let V = V5 + Vi be such a bimodule. Since V =eVe+eVf+ fVe+ fVfisa
direct sum of A-subbimodules and (eVe)* = fV f, (fVf)* =eVe, (eVf)* =€V f,
(fVe)* = fVe it follows that V=eVe+ fVfor V=eVforV = fVe.

Case 1. V. =eVe+ fVf.

It is easy to see that in this case eVe is an irreducible unital bimodule over
Fe + Fu. Hence eVe ~ V(1) or eVe ~ V(—1) and V ~ V(1) @ V(1) or V ~
V(-1) ® V(—1)¢*. These two bimodules are the opposites.

Case 2. V =€V f.

Let us show that V5 has a nonzero symmetric element. Indeed, otherwise 2* =

—x for an arbitrary x € V5. Then (uzv)* = —v*z*u* = uarv = 0. Since u? = e,
v? = —f, this implies that = 0, a contradiction. So, choose 0 # x € Vj, © = z*.
As we have seen above, (uzv)* = —uaxv in this case; hence the elements x, uxv

are linearly independent. Multiplying both elements by the invertible element u on
the left, we conclude that the odd elements uz,zv are also linearly independent.
We have (uz)* = zv. Hence z, uzv,ux,zv span an involutive A-bimodule. Hence
V = Fz + Fuxv + Fux + Fzov.

Case 3. V = fVe.

As in the previous case we can choose 0 # x € V5, x = z*. Hence V =
Fx + Fvzu + Fau + Fox.

Theorem 2.4. (1) Unital Jordan bimodules over Q(n)Y), n > 3 are completely
reductble.

(2) The only unital irreducible Jordan bimodules over Q(n)™), n > 3 are the bi-
modules of Hermitian nxn matrices over the four irreducible involutive A-bimodules
above. The bimodules of the cases 2, 3 are isomorphic to their opposite bimodules.

Remark. The four irreducible unital Jordan Q(n)*)-bimodules above have a differ-
ent presentation. The first two of them come from the associative Q(n)-bimodules
M, (V(£1)). If /=1 € F, then the second two Jordan bimodules are the same
matrix modules M, (V(£1)) but with a “twisted” action. The mapping x: A — A,
(ae + Bu)* = ae + v/—1Bu is a pseudoinvolution (see [12]). It extends to a pseu-
doinvolution x : Q(n) — Q(n), (ai;) — (a};). Define the action of Q(n)™*) on
M, (V(£1)) via a2 = L(az + (—1)l9*lza*), a € Q(n), z € M, (V(£1)).

3. MULTIPLICATIVE ENVELOPING ALGEBRA OF Q(2)(*)

In [I2] it was shown that the multiplicative enveloping algebra U(J) of a finite
dimensional simple Jordan superalgebra, containing 3 orthogonal idempotents in
its even part, is finite dimensional. The latter assumption is essential as U(Dy)
and U(JP(2)), for example, are infinite dimensional (see [10]). In this chapter we
prove, however, that U(Q(2)(*)) is finite dimensional.

Theorem 3.1. dim U(Q(2)H)) < co.

Proof. As in the introduction, we consider the one-generator free unital module
V over J = Q(2)Y) and denote R(a) = Ry (a), the right multiplication operator.
The multiplicative enveloping algebra U is generated by the subspace R(J). The
algebra U acts on any bimodule over J, including J itself.
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Denote D(z,y) = R(z)R(y) — (=1)*"I R(y) R(x).

We will need the following well-known identities (see [I], [20]).

(1) R(@)R(y)R(z) + (~1)WlHlvitel= R(2) R(y) R(x) + (-

YR(z) + (=)W R(z2) R(y) + (—1) WA R(y2) R(2),

(2) D(z,y) acts on J as a superderivation,

(3)D(xy, ) = D(x,yz) + (~1)IVD(y, z2),

(4) R(2)R(y)R(z) = %(—(—1)‘y"Z‘R((wZ)yI)‘JrR(wy)R(Z)
(
R(

1 IyHZIR((xZ)y) =
R(x

+(=1FIWR(22)R(y) + (-1)1 WD R(yz) R(w) + R(2) D(y, 2)
+(=1)FWD(z, 2) R(y) + (-1 D R(2) D(a, y)).
We say that an operator R(ay)--- R(ay), a; € Jy U Jy is irreducible if it does not
lie in Y02 R(J) -+ R(J).
—_—— ——
Step 1 (N. Jacobson, [1]). If a; € J5, 1 <i < k and R(aq)--- R(ay) is irreducible,
then k < 8. Indeed, by the identity (1), the element

k—1 E k-1
R(a1)---R(ar) + ) R(J)---R(J) € Y R(J)---R(J)/ Y R(J)---R(J)
i=1 , i=1 ‘ i=1 ,
is skew-symmetric in ay, as, as, . ... This implies the claim.

Step 2. Suppose that a; € Jy U Ji, and the operator R(ay)--- R(ay) is irreducible.
Then [{i |1 <i <k, a; € J5}| < 12.

If a;,a;41 € Jy, then “push” them to the left via the Jordan identity (4). If
a;,a;+1 € Jy then “push” them to the right via the Jordan identity.
We will get

R(a1) - -- R(ax)

t k—1
€ > R(br)---R(b)([ [ Rxi)R(ei))R(z1) - R(zs) + Y R(J) - R(J)
i=1 i=1 y
and for each summand r + 2t +s = k; by,...,bq,¢1,...,¢ € Jg; 1y, T, 21, - -,
zs € Jyand by, ..., b.,T1,. .., T4, C1, ..., Cty 215 - - -, 25 1S @ permutation of aq, ..., ag.
The expression H§=1 R(z;)R(c;) is skew-symmetric in c¢j,...,¢; modulo

Y2 R(J)---R(J). Hence t < 4. By Step 1, r < 8. This implies the asser-

—_———

J

tion.

‘We will denote an even element (a

0 2) € Jj as a and an odd element (O b) €
Ji as b, where a,b € Mo (F).

b 0

Step 3. D(€12,€12) = 2D(€11 - €12, €12) = 2D(€11, €12 - €12) +2D(e12,€11 - €12) = 0.

Similarly, D(égl, 621) =0.

Furthermore, D(é11,e12) = 2D(€11, €12 - €22) = D(e12,e22) € D(Jg, Jg).

Similarly, D(€;i,€;r) € D(Jg,J5), where 1 < j # k <2,1<i<2.

Finally, D(€12,€21) = 2D(€11 - €12,€21) = 2D(€11, €12 - €21) +2D(e12, €11 - €21) =
D(é11,€11 + €22) — D(e12,e21) = D(€11,€11) — D(eia, ea1).

Similarly, D(élg, 621) = D(égg, 522) + D(elg, 621).
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We have proved that
D(Ji,J1) € FD(en, en1) + D(Jg, Jg)
= FD(éQQ, égg) =+ D(J(), J()) = FD(élg, 521) + D(J(), J())

Step 4. In view of the identities (1), (2) and (3) it is sufficient to bound the length
of irreducible operators of the type

U = R(a1)--- R(a,)([] R RO R(w1) - Ry ) ([ [ D (=i, i),
=1 =1

where ay,...,a,,b1,...,b € Jg; T1, o T YL Yoy Bl e 2 UL, -, Uy €U,
r<8 t<4andv <2

Step 5. For even elements a,b of J; we denote U(a) = 2R(a)? — R(a?), U(a,b) =
R(a)R(b) + R(b)R(a) — R(ab). Since V is a unital module it follows that Idy =
Uleir + e22) = Ulenr) + Uleza) + Ulenr, €22).

We claim that U(ey1)U(J) C Ulerr) Y12 R(J) -~ R(J).
N————

Indeed, in the multiplication operator above D(zll7 u1) can be moved to the left
modulo shorter operators. By step 3, U(e11)D(z1,u1) € Ulerr)(FD(€a2,€22) +
D(Jy, Jo)) € Ulerr)D(Jg, Jp).

In this way we can get rid of all the derivations D(z;,u;), 1 <1i < p.

Similarly, U(eas)U(J) C Ulean) 32120 R(J) -~ R(J).

— —

Finally, U(ey1, ea2)D(21,u1) € U(e11, €22)(FD(€12,€21)+D(J5, J5)), Ule11, e22),
D(€12,€21) = Ul(eir, e22)D(€12,€21)(U(e11) + Ulea2)).
Hence
Uler, e22)U(J) C U(ern, en) Xi2g R(J) -~ R(J)
——_— ——
+U(e11, e22)D(E12, e21)U(e11) Zio R(J)---R(J)
N— ———

+U (€11, €22) D(€12, €21)U (e22) 1% R(J) - - R(J).
N ———

We have that dimzlﬁo R(J)-+R(J) < 148+ 4818 < 819 Hence dimU(J) <
———

B

5.8, The theorem is proved. ([

4. GENERAL FACTS

Let us recall some constructions relating Lie and Jordan algebras.

Definition 4.1 ([7]). A Jordan (super)pair P = (P~,P%) is a pair of vector
(super)spaces with a pair of trilinear operations
{,,}: P xPtxP =P {,,}:P"xP xP" = pP*

that satisfies the following identities:

(P1) {a,y 7, {27,277, 2°}} = {27, {y 7, 27,277}, },

(P.2) {{=7, 977,27}, y~ 7% w7} = {27, {y ™7, 2%,y 7 },u7},

(®.3) {a7,y77 27}, 277 {27,y 7,27} = {27 {y77 {27,277, 27}y 7}, 2},
for every z%,u” € P?, y= 7,277 € P77, 0 = +.
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Let L =L_; + Lo+ Ly be a Z-graded Lie (super)algebra. Then (L_1,L;) is a
Jordan (super)pair.

For an arbitrary Jordan (super)pair P = (P~,PT), there exists a unique Z-
graded Lie (super)algebra K = K_; + Ky + K such that (K_y,K;) ~ P, Kg =
[K_1, K1] and for every 3-graded Lie (super)algebra L = L_y + Lo + L1, an ar-
bitrary homomorphism of the Jordan pairs P — (L_1, L) uniquely extends to a
homomorphism of Lie (super)algebras K — L.

We will refer to K = K (P) as the Tits-Kantor-Koecher (in short TKK) con-
struction of the pair P.

If J is a Jordan superalgebra, then (J~,J") is a Jordan superpair. The Lie
superalgebra K = K(J~, J*1) is called the TKK-construction of .J.

Let J = Jg + Jg be a simple finite dimensional Jordan superalgebra. Let us
consider L = K (J) its TKK-construction.

If V is a Jordan bimodule over J, then the null extension V + J is a Jordan
superalgebra, so we can consider its TKK Lie superalgebra K(V + J) = (V~ +
J)+ Vo + I, VE+ T+ (V4 J).

Denote K(V) =V~ + [V, JT|+[J,VT]|+ VT < K(V+J). Then K(V) is a
Lie module over the subalgebra J~ + [J~, J*] + J* which is isomorphic to K (.J).

Let W be the maximal K (J)-submodule, which is contained in K (V)o=[V ", J*]
+[J7,VT]. Let K(V) = K(V)/W.

The following two lemmas were proved in [12].

Lemma 4.2 ([12]). Let J be a unital Jordan (super)algebra and let V1,V be two
unital Jordan J-bimodules. The following assertions are equivalent:

(1) Vi = V3,

(2) K(W1) ~ K(V2),

(3) K(V1) = K(V2).

Lemma 4.3 ([12]). For a unital Jordan bimodule V' over a unital Jordan (su-
per)algebra J, the following assertions are equivalent:

(1) V is an irreducible J-bimodule,

(2) K(V) is an irreducible K(J)-module.

The Tits-Kantor-Koecher Lie superalgebra of J = Q(2)(*) is the Lie superalgebra
a b _ _
L= 2 lab e M) 00) = 0) = [Q(0) Q)]

a 0 0 b
0 a) as a and the element (b 0) as b.

Let H = {diag(a1, ag, ag, ay)| 2?21 a; = 0} be a Cartan subalgebra of [Lg, L)

Let A = @;1:1 Zw;/Z(w1 + - - - + wy) be the free abelian group of rank 3. The
associative algebra My(F') is A-graded with deg(e;;) = w; — w;+ Z (w1 + - - +wa),
1 <i,j < 4. This gradation induces a A-gradation of the Lie superalgebra L.

Clearly, Lo = {a + b, where both a and b are diagonal and tr(b) = 0}.

An arbitrary element \ = 2?21 Aw; + Z(wy + -+ + wy) induces a functional
on H. If h = diag(ay,...,aq), 2?21 a; = 0, we let (\,h) = 2?21 Aia;. Thus,
[a, h] = (\, h)a for elements a € Ly, h € H.

Let {V;} be the family of the four finite dimensional irreducible unital bimodules
over J; = Mo(F)T. Consider the modules {K (V;)}; over K(Jg) = sl(3). From the
description of the modules K (V;) (see [1], [12]) it follows that the A-gradation can

We will denote the element (
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be extended to those modules, K (V;) = > ., K(Vi)x and for arbitrary elements
a € K(V;)x, h € H we have ah = (a, h)a.

Let A = {0 # tw; T w; + Z(w1 + - +wa),1 < 4,5 <4}

In [12] it was shown that K (Vi) = > a0y K (Vi)a-

Lemma 4.4. Let o, € {0 # tw; + w;}.

(1) If {a,h) = (B, h) for allh € H, then o — € Z(wy + -+ - + wy).

(2) If (w; —wj +a+ B,h) = 0 for all h € H, then w; — w; + a + 5 +
Z(wy + - +wq) =0 in A.

Proof. The assertion (1) is obvious. Let’s prove (2). We have w; —w; + o+ =
Zi:l kpwp, Zi:l ky is even, Ei:l |kl < 6.

Suppose at first that at least one k, is equal to zero. Let k4 = 0. Then
Yoy ko, = 0 for all a1, an, a3 € F. Hence ky, ky, ks are divisible by p = charF.

If p > 7, then ky = ky = k3 = 0 since Zi:l |kl < 6.

If p = 5, then at most one k,,1 < u < 3 is not equal to zero and equal to £5.
This contradicts the fact that Zi:l Kk, is even.

From now on we will assume that all k,, are different from zero. Suppose that
at least one of them is equal to £1. Without loss of generality we can assume that
k4 = —1. Then <ZZ:1(1€M +1)wy, h) = (0). Hence k1 +1, ko +1, k3 + 1 are divisible
by p. If p > 7, then at most one of k, + 1 is not equal to zero. In this case p = 7,
k,=6,k,=—1forv#pu 1<v<3.

Then, Zi=1 k, =3, an odd number.
Hence k1 =ky=k3=k4 = —1, which means that Zi:l kyw,+Z(wi + -+ -+ wa)
=0in A.

Let p=5. If ky +1 =45,ky + 1 = 45, then |k1‘ + |k2‘ > 6.
. 4
If by +1 = 45,ky = ks = kg = —1, then again Zp:l |k > 7.
Hence kll = kg = 1{53 = k‘4 = —1 and again Z;‘:ZI kuwu +Z(w1 + .. _|_w4) =01in
A.
Finally if |k,| > 2 for all x, then Zi:l |k, > 8, a contradiction. The lemma is
proved. O

Remark. If p = 3, then o = 8 = w; — w; and o = w; — wy, B = 2wy, where 4,7, k,1
are distinct, are counterexamples to the assertion (2).

Let V be a unital Jordan bimodule over J = Q(2)*. Then V is a direct sum of
irreducible bimodules over J5 = My(F)*. This defines the decomposition K (V) =
2orefopua K(V)a. By Lemma 4.4(1), each nonzero K (V) is an eigenspace with
respect to the action of H.

From Lemma 4.4(2) it follows that K(V) Lo C K(V)xtq for any a € {w; —
w;,1 < 4,57 < 4}. Indeed, each nonzero vector from K (V) L, is an eigenvector
with respect to the action of h, which belongs to the eigenfunctional h — (A+a, k).
Hence there exists 8 € {0} U A such that K(V)g # (0) and (A + «, h) = (8, h) for
all h € H. By Lemma 4.3(1), A + a = /.

We have proved 4.4.

Lemma 4.5. The decomposition K(V) = 3, co3ua K(V)x makes K(V) a A-
graded L-module.

Consider a functional f : @;1:1 Zw; — Z such that f(wy +---+w4) =0 and all
+f(w;) are distinct. For example, f(wy) =4, f(wa) = =3, f(ws) =1, f(wy) = —2.
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Let Ay = {y € A[f(7) > 0}, A = {y € Alf(v) <0} Ly = Xyen, Ly
Lo=3%cn Ly, L=L_+Lo+Ly.

Let M be an irreducible module over Lg. From [(Lg)1, (Lo)1] = (Lo)g it follows
that Mg # (0).

Lemma 4.6. For an arbitrary A € A there exists at most one irreducible A-graded
module V' over the Lie superalgebra L, such that V. = Vo + > ca Va, Vi # (0),
VALy = (0) and the Lo-module V) is isomorphic to M.

Proof. Choose a nonzero element x € Mg and consider the right ideal I = {a €
U(Log)|xa =0} of U(Lg), M ~U(Lg)/I.

The A-gradation on L extends to the A-gradation on U(L).

Consider the free one-generated U(L)-module W = wU(L). Assigning the degree
A to w we make W a A-graded module. Let W’ be the submodule of W generated
by wl, wLi and 3,4 c0yun Wa- Let W = W/W'. Since the Lo-module Wy is a
homomorphic image of M it follows that either Wy = (0), in which case the module
of the lemma does not exist, or Wy ~ M. In the latter case, W has a unique proper
submodule, which implies the lemma. O

We say that a A-graded L-module V is A-graded if V = ZQE{O}UA Vo and V is
generated by V =3\ Va.

If Ae A, V\ #(0), VaLy = (0) and V) generates V, then we say that A is the
highest weight of the A-graded module V.

Lemma 4.7. Only 2w;,w; — wo, —2wy can be highest weights of a A-graded L-
module.

Proof. Let V be a A-graded L-module. Suppose that Vau, = Vi, —w, = Voow, =
(0). Since VLfUij =(0), 1 <i# j <4 and charF > 5, it follows that the Weyl
group acts on V permuting weight spaces. This implies that Vay, = Vi, —w, =
V 9w, =0 for all 1 <i#j<4. '

We have Vw1+w2é12 c ‘/ng = (0)7 Vw1+w2é21 c ‘/2w1 = (0)

Hence Vw1+w2 [512, égl] = Vw1+w2 (611 + 622) = (O)

On the other hand Vi, 14, (€11 — €22) = (w1 +wa, e11 — €22) Vay, 4, = (0). Hence
Vw1+w2€11 = Vw1+w2€22 = (O)

We also have Vw1+w2634 c Vw1+w2+w47w3 = Vf2w3 = (0)7 Vw1+wgé43 c Vf2w4 =
(0); hence Vi, 4w, (€33 + €44) = (0).

On the other hand, Vi, 4w,(e33 — eqq) = (0), which implies Vi, yu,eii = 0,
1 <4 < 4. However, for an arbitrary element v € V,,, 14, we have v(e1; — ez3) = v.
Hence Vi, yw, = Vippw; = (0), 1 <i#j < 4.

Similarly, V_,, —w, = (0), 1 <4 # j < 4. This contradicts the assumption that

V' is generated by > A Voo The lemma is proved. (I
Denote
10 00
01 00
*=lo o1 o]k
00 01

a central element. Clearly, Lo = H + Fz + H.
Let V' be a A-graded L-module of the highest weight 2w;. Let 2 < i # j < 4.
Then Vou, (eii — €55) = (0), Vaw, €5 = Vaw, €5: = (0); hence Vau, (eii + €55) = (0).
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This implies Vay,, €;; = (0). On the other hand, for an arbitrary element v € Va,,
we have v(ej; — ean) = 2v. Hence ve;; = 26,10, 1 < i < 4.

The element z acts on V as the multiplication by 2. Again, if 2 < i # j < 4,
then vy, €;; = Vaw, €j; = (0); hence Vo, (€, — €5;) = (0).

Denote x = e1; — e35. Then 22 = %(611 + e92), vw? = v for v € Ly, . Thus, the
even and the odd parts of Va,, can be identified, Vaw, = (Vaw, )5 + (Vaw, ).

If diag(ay, o, a3, a4) € (Lo)i, 2?21 a; = 0, then diag(ay, ae, a3, aq) = ayz +
Qzess — €2 + qeqq — €22.

If v1,...,v, is a base of (Vay, )5, then the Lo-module V3, is a direct sum of r
isomorphic irreducible 2-dimensional Lo-modules, Va,,, = @;_, (Fv; + Fv;x).

Now suppose that V' is a A-graded L-module such that Va,, = (0), 1 < i < 4,
but Vi, —w, # (0).

Then for an arbitrary element v € V,,, _,,, we have v(ej; — eas) = 2v. Arguing
as above we get vels = vez; = 0, which implies v(ej; + e22) = 0. Hence vey; = v,
vVego = —.

For 3 <i# j <4 we have v(e;; — ej;) = v(e;; +€;;) = 0; hence ve;; = 0.

In this case Vz = (0).

From Vi, —w,[€34, €43] = (0) we deduce that Vi, —q,€33 — €44 = (0).

Denote z = €11 — es3, Yy = €22 — e4q. Then, for an arbitrary element v € Vi, _q,,
we have va? = v, vy? = —3v, v(zy + yz) = 0.

Consider the operator ¢ : Vi, —w, — Vi, —w,, ©(v) = (vz)y. Then ¢*(v) = fv.
The decomposition Vi, —w, = Vies—w, (3) © Viey—ws (—3), where Vi, (i) = {v €
Viwy —ws | (v) = v} is a direct sum of Lg-modules.

Each summand V,, _, (7) is a direct sum of isomorphic copies of the irreducible
2-dimensional Lo-modules F'v + Fvz, the element v is even, vy = vz, (vz)y = iv,
i=+3.

If Vaw, = Vi,—w, = (0), 1 < i # j <4, then arguing as above we can show that
z acts on V as multiplication by —2 and V_y,, is a direct sum of isomorphic copies
of a uniquely determined irreducible 2-dimensional module over L.

Recall that for all highest weights v the irreducible components of the bimodule
V., are isomorphic to their opposites.

Now we are ready to classify irreducible unital Jordan bimodules over J = Q(2)*.

Let V be such a bimodule. Then K (V) is an irreducible A-graded module over

the Lie superalgebra L. Let A € A be the highest weight of K (V).

The Lo-module K(V'), is irreducible. If A\ = 2w, or —2ws,, then the Lo-module
K(V), is uniquely determined. If A\ = w; — wsq, then there are two possibilities

for the Lo-module K(V),. By Lemma 4.7 there are at most 4 possibilities for
the module K(V); hence, by Lemma 4.2, there are at most four nonisomorphic
bimodules over J, all of them isomorphic to their opposites. The 4 Hermitian 2 x 2
matrices over the 4 nonisomorphic irreducible involutive associative bimodules over
the algebra A = (Fe + Fu) @ (Ff + Fv) provide these bimodules. We proved the

following theorem:

Theorem 4.8. Let charF > 3. Then an arbitrary irreducible unital bimodule over
Q(Q)(H is isomorphic to the bimodule of Hermitian 2 X 2 matrices over one of the
4 irreducible involutive associative bimodules over the algebra A.

Now our aim is to establish that all unital Jordan bimodules over Q(2)(*) are
completely reducible.
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Lemma 4.9. (1) Every homomorphism of unital Jordan J-bimodules Vi — V3
gives rise to a homomorphism of L-modules K (V1) — K(Va).
(2) If Vi — Va is an embedding, then K (Vi) — K(Va) is an embedding.

Proof. By the universal property of K (V) a homomorphism V; — V5 gives rise to
a homomorphism ¢ : K(V;) — K(V5). Let W be the largest submodule of K (V)
lying in [V;~,J*] + [V;F,J7]. The image of W lies in [V, ,JT] + [V5©, J7] and
therefore is zero. This proves (1).

If Vi — V4 is an embedding, then the kernel of K(V;) — K(V2) has zero inter-
section with V;~ and with V;*; hence it is zero. The lemma is proved. g

Theorem 4.10. Every unital Jordan J-bimodule is completely reducible.

Proof. Let Vi, V5 be irreducible unital Jordan J-bimodules and let (0) — V; —
V — Vo — (0) be a short exact sequence. It gives rise to (0) — K (V1) = K(V) —
R(Va) - (0).

We do not claim that this sequence is exact, but its restrictions (0) — V& —
VE 5 VE = (0) are exact.

Suppose at first that the irreducible modules K (V;), K (Vz) have different highest
weights. Then K(V1)(z—a) = K(V2)(2—) =0, a # B. Hence VE(z—a)(z— ) =
(0). Now V = Ker(z — a) @ Ker(z — ) is a direct sum of Jordan bimodules.

Now let K(V7), K(V3) have the same highest weight v (which does not imply
that they are isomorphic if v = w; —ws). We have shown above that for each of the
highest weights v = 2wy, w1 — wq, —2ws, the action of Ly on K(V)W is completely
reducible.

Hence K(V)., = K(V1), @& M. Let W be the submodule of K (V) generated by
M. 1t is easy to see that W N K(V)., = M. Hence W N K(V;) = (0).

Since every nonzero submodule of K (V) has a nonzero intersection with V= it
follows that W NV~ # (0). Now {v € V | v~ € W} is a nonzero J-subbimodule of
V which has zero intersection with V3. This proves that V' ~ V; & V5. The theorem
is proved. ([
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